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We introduce a new class of meromorphic functions associated with spirallike functions. Such
results as subordination property, integral representation, convolution property, and coefficient
inequalities are proved.

1. Introduction

Let X denote the class of functions f of the form
1 &
f(2) ==+ Dlaz", (1.1)
Z =
which are analytic in the punctured open unit disk
U':={z:z€C,0<|z| <1} ==U\ {0}. (1.2)

Let P denote the class of functions p given by

p(z) =1+ ipkzk (z€), (1.3)
k=1

which are analytic in U and satisfy the condition

Re(p(z)) >0 (z€l). (1.4)



2 Journal of Applied Mathematics

Let f, g € X, where f is given by (1.1) and g is defined by
8(z)=_+ > bz, (1.5)
k=0
then the Hadamard product (or convolution) f * g is defined by
1 0
(f*8)(@) =+ > bzt = (g% ) (2). (1.6)
k=0

For two functions f and g, analytic in U, we say that the function f is subordinate to g
in U and write

f(z) <g(z) (z€l), (1.7)

if there exists a Schwarz function w, which is analytic in U with

w(0)=0, |w(z)|<1 (z€), (1.8)
such that
f(z) =gw(z)) (z€U). (1.9)
Indeed, it is known that
f(2) <g(z) (z€U)= f(0)=g(0), [f(U)cCg). (1.10)

Furthermore, if the function g is univalent in U, then we have the following equivalence:
f(z)<g(z) (zeU) < f(0)=g(0), f(U)cg). (1.11)

A function f € X is said to be in the class /MS*(p) of meromorphic starlike functions of
order f if it satisfies the inequality

Re (ZJ{((Z ) <= (zeU; 0<p<1). (1.12)

For the real number § (0 < < 1), we know that

Sz

zf(z) 2ﬁ' 25 < Re (Zfl(z)) <-p (1.13)

f(2)
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If the complex number «a satisfies the condition

1 1
a-3 <3 (1.14)
it can be easily verified that
f(z) 1 1 < 1zf'(2) >
— <= &= —— 1. 1.15
2 x| S am TR e ) (1.15)

We now introduce and investigate the following class of meromorphic functions.

Definition 1.1. A function f € X is said to be in the class M.S, if it satisfies the inequality

Re(—% Z]{;g)> >1 (z eU;

Remark 1.2. For 0 < a < 1, the class MS, is the familiar class of meromorphic starlike
functions of order a.

1

<§). (1.16)

“-3

Remark 1.3. If a = |ale" (-or/2 < ¢ < xr/2), then the condition (1.16) is equivalent to

iy 2f(2)
Re(e ¢ @) > <—la|] (zel), (1.17)
which implies that f belongs to the class of meromorphic spirallike functions. Thus, the class
of meromorphic spirallike functions is a special case of the class #.S,.
For some recent investigations on spirallike functions and related functions, see,
for example, the earlier works [1-9] and the references cited in each of these earlier
investigations.

Remark 1.4. The function

1] 1
f(Z) — Z—l(l _ Z)Za[Re(l/a)—l] (Z cU |a- E < E) (118)
belongs to the class M.S,.
Itis clear that
Re(%) >1 <‘ —% < %) (1.19)
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Then, for the function f given by (1.18), we know that

1zf'(z)\ _ 1 1 z
Re(-3 7)) = Rz 2re(5) 1] 52)
> Re<1> —Re<l> +1=1,
a a
which implies that f € #.S,.

In this paper, we aim at deriving the subordination property, integral representation,
convolution property, and coefficient inequalities of the function class #.S,.

(1.20)

2. Preliminary Results
In order to derive our main results, we need the following lemmas.

Lemma 2.1. Let A be a complex number. Suppose also that the sequence { Ak } 7o is defined by

2\ .
Ag =21, Ak+1:m<1+§Al> (k € Ny:=NuU{0}). (2.1)
Then
1 k
A = mg(uﬂ) (k € No). (2.2)

Proof. From (2.1), we know that

k
(k+2)Ags1 = 2A<1 + ZA1>,

1=0

(2.3)
k-1
(k +1)Ax = ZA<1 + ZA1>.
1=0
By virtue of (2.3), we find that
Ak k+1+2)
= . 2.4
=g (ke 24)
Thus, for k = 1, we deduce from (2.4) that
Ay As Ay A 1 & :
A: ..._.—.—~A= 2.)L+ . 2.5
T A A A A Y (k+1)!g( ) 23)

By virtue of (2.1) and (2.5), we get the desired assertion (2.2) of Lemma 2.1. O
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Lemma 2.2 (Jack’s Lemma [10]). Let ¢ be a nonconstant reqular function in U. If |§| attains its
maximum value on the circle |z| = v <1 at zy, then

209 (20) = t§(20), (2.6)

for some real number t (t 2 1).

3. Main Results

We begin by deriving the following subordination property of functions belonging to the
class _MS,.

Theorem 3.1. A function f € _MS, if and only if

_zf'(z) 1 . 1 1
o <1+2a [R <a> 1]1 . <zeU,cx—§<§>. (3.1)
Proof. Suppose that
h(z) = -(1/a)(zf'(z)/ f(z)) -1 —iIm(1/a) (2 Us fesy) (32)

Re(1/a) -
We easily know that h € P, which implies that

~(1/a)(zf'(2)/f(2)) —1—-ilm(1/a) 1+ w(z)
Re(1/a) -1 C1-w(z2)

(zeU; feMS,), (3.3)

where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U).
It follows from (3.3) that

_zf'(2)

@ 2

a Re(%) - 1] % (z € U), (3.4)

which is equivalent to the subordination relationship (3.1).
On the other hand, the above deductive process can be converse. The proof of
Theorem 3.1 is thus completed. O

Theorem 3.2. Let f € MS,. Then

flz) == exp< 2a[Re< ) ” t(lw(:))(t))dt> (ze U), (3.5)

where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U).
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Proof. For f € MS,, by Theorem 3.1, we know that (3.1) holds true. It follows that

_z2f'(2)

f() =1+2

a Re(%) - 1] 1?(—;()2) (z € ), (3.6)

where w is analytic in U with w(0) = 0 and |w(z)| <1 (z € U).
We now find from (3.6) that

f’(z) 1 _ 1 w(z) )
f(Z) = [Re<a> 1] 21— w(2) (zeU"), (3.7)

which, upon integration, yields

_ B w(t)
log(zf(z)) = —2a [Re( ) 1] I = w() ——2 _dt (zel). (3.8)
The assertion (3.5) of Theorem 3.2 can be easily derived from (3.8). O

Theorem 3.3. Let f € MS,. Then

(1-¢e®)z +2a[Re(1/a) - 1]e®(1 - z)
z(1 - z)?

f(z) * #0 (zeU"; 0<6 <2r). (3.9)

Proof. Assume that f € M.S,. By Theorem 3.1, we know that (3.1) holds, which implies that

_Z]{(,S) 1+ 2a [Re(%) _ 1] - iieeie (zeU*; 0<0<27). (3.10)

It is easy to see that the condition (3.10) can be written as follows:

(1 - eif’)zf’(z) + (1 — e 420 ReG) - 1] eie)f(z) £0. (3.11)
We note that
F@ =@ (310152 ) = F@ Lo,
L, (3.12)
' z Z
~2f'(z) = f(>*<——(1 > @

Thus, by substituting (3.12) into (3.11), we get the desired assertion (3.9) of Theorem 3.3. O
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Theorem 3.4. Let A = [Re(1/a) —1]|al. If f € MS,, then
lak| < i 1),]‘[(2“]) (k € No).

The inequality (3.13) is sharp for the function given by

1
f(Z)_Z(l_—Z)Z_Z“ (0<tX<1).

Proof. Suppose that

h(z) :=

Re(1/a) -

We easily know that h € p.
If we put

h(Z)=1+h12+]’l222+'~,

it is known that
el <2 (ke N).

From (3.15), we have

1 1im(3) [ s

We now set

A=1+ iIm(l>,
a
B := Re<1> -1.
a

It follows from (3.18) that

-zf'(z) = [aA + aBh(z)]f(z).

-(1/a)(zf'(z)/ f(z)) -1 -ilm(1/a)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Combining (1.1), (3.16), and (3.20), we obtain

1 -
—z(——2+a1 +2apz + -+ kagzF 4+
z

1
:<1+thlz+---+thkzk+---><E+a0+alz+--~+akzk+---

In view of (3.21), we get

ap + tXBhl =0,

—kay = ai + aB(ak,1h1 + axohy +--- + aohk + hk+1) (k € N).

From (3.17) and (3.22), we obtain
lao| < 2|a|B = 2).

Moreover, we deduce from (3.17) and (3.23) that

k-1
|ak|gf<'“%<1+z|a|> o 1<1+Z|al|> (keN).

Next, we define the sequence { Ax };2, as follows:

21 g
Ay =21, AH1=E:E<1+§}m> (k € No).
1=0

In order to prove that

lax| = Ak,
we make use of the principle of mathematical induction. By noting that
|aol = 21 = Ao.
Therefore, assuming that

lal <A (1=0,1,2,...,k keN).

Combining (3.25) and (3.26), we get

24 . 21 .
|aks1] = m<1 +1§—(;|al|> = m<1+2/\1> = Ag1.

(3.21)

(3.22)
(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)
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Hence, by the principle of mathematical induction, we have

lax| < A, (k € No) (3.31)

as desired.
By means of Lemma 2.1 and (3.26), we know that

1 & ,
Ak=mg(2A+]) (k € Np). (3.32)

Combining (3.31) and (3.32), we readily get the coefficient estimates asserted by Theorem 3.4.
For the sharpness, we consider the function f given by (3.14). A simple calculation
shows that

Re(—Z){(,S)) - Re(%) >2_as>a (3.33)

Thus, the function f belongs to the class #S,. Since 0 < a < 1, we have

l=1-a. (3.34)

Then f becomes

fz)=z11-z)2 =z (i ("ff) (—z)"> - % + i 2120 Jr(i)+ '1')(!2)‘ 0 (335

n=0 n=0

This completes the proof of Theorem 3.4. O

Theorem 3.5. If f € X satisfies the inequality

& 1 1
(ke lk+2ablad < 12011 (|- 3] <3), (3.36)
pard 21 2
then f € MS,.
Proof. To prove f € MS,, it suffices to show that
flz) 1] 1
—| < == 37
zf’(z)+20c <2|th (ze), (3.37)
which is equivalent to
zf'(z) +2af(2)
<1 (zeU). 3.38
e (zeT) (338)
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From (3.36), we know that

o]

1- > klax| = 2a - 1|+ > |k + 2al|ax| > 0. (3.39)
k=0 k=0

Now, by the maximum modulus principle, we deduce from (1.1) and (3.39) that

zf'(z) + 2af (z)| | Ra—1)+ X2k +2a)apz"""
zf'(z) - -1+ 38, kagzk+
o 12a =1+ 3|k + 2al a1
B 1- 37 kla|z*"! (3.40)
2a - 1| + 372,k + 2al|ax|
1 - 3o klax]
=1,
which implies that the assertion of Theorem 3.5 holds. O
Theorem 3.6. If f € X satisfies the condition
zf"(z) zf'(z) 1-a 1 )
- - 3.41
+f’(z) @ < 72 <2<a<1 , (3.41)
then f € MS,.
Proof. Define the function ¢ by
(zf'(2)/f(z)) +1

p(z) = (z €U). (3.42)

T (zf'(2)/f(2)) +2a -1

Then we see that ¢ is analytic in U with ¢(0) = 0.
It follows from (3.42) that

_zf'(z) _ 1+ (1 -2a)¢(z)

= 3.43
f@ 196 o4
By differentiating both sides of (3.43) logarithmically, we obtain
" ! 2(1 = !
L HE @ (1-a)z'(2) a1

fiz) fx) [1+A-2m)¢(z)](1-¢(z)
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From (3.41) and (3.44), we find that

1+zj: (2) zf'(2) _ 2(1 - a)zy'(z) <1—a_ (3.45)
fz  f= [1+1-2m)p(=2)](1-¢(2)) 2
Next, we claim that |p(z)| < 1. Indeed, if not, there exists a point zg € U such that
‘rlrng‘Iw(Z)l = |p(z0)| = 1. (3.46)
Z|=120
By Lemma 2.2, we have
¢(z0) = €”, 209/ (20) =t (£ 2 1). (3.47)
Moreover, for z = zy, we find from (3.44) and (3.47) that
‘1 L 20f"(z0) _ z0f'(20)
f'(z0) f(20)
B 2(1 - a)te®
(1 + (1-2a)ei®) (1 - ei®)
(3.48)
3 2(1-a)t
\/1 +2(1-2a)cosO + (1-2a)*-v2-2cos0
l-a 1
> Z
Z 5 <2 <a< 1).
But (3.48) contradicts to (3.45). Therefore, we conclude that |p(z)| < 1, that is
! 1
Gf@/FE)+1 | 549
(zf'(2)/ f(2)) +2a -1
which shows that f € _#S,. O
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