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This paper investigates robust adaptive switching controller design for Markovian jump nonlinear
systems with unmodeled dynamics and Wiener noise. The concerned system is of strict-feedback
form, and the statistics information of noise is unknown due to practical limitation. With
the ordinary input-to-state stability (ISS) extended to jump case, stochastic Lyapunov stability
criterion is proposed. By using backstepping technique and stochastic small-gain theorem, a
switching controller is designed such that stochastic stability is ensured. Also system states will
converge to an attractive region whose radius can be made as small as possible with appropriate
control parameters chosen. A simulation example illustrates the validity of this method.

1. Introduction

The establishment of modern control theory is contributed by state space analysis method
which was introduced by Kalman in 1960s. This method, describing the changes of internal
system states accurately through setting up the relationship of internal system variables and
external system variables in time domain, has become the most important tool in system
analysis. However, there remain many complex systems whose states are driven by not only
continuous time but also a series of discrete events. Such systems are named hybrid systems
whose dynamics vary with abrupt event occurring. Further, if the occurring of these events
is governed by a Markov chain, the hybrid systems are called Markovian jump systems. As
one branch of modern control theory, the study of Markovian jump systems has aroused lots
of attention with fruitful results achieved for linear case, for example, stability analysis [1, 2],
filtering [3, 4] and controller design [5, 6], and so forth. But studies are far from complete
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because researchers are facing big challenges while dealing with the nonlinear case of such
complicated systems.

The difficulties may result from several aspects for the study of Markovian jump
nonlinear systems (MJNSs). First of all, controller design largely relies on the specific model
of systems, and it is almost impossible to find out one general controller which can stabilize
all nonlinear systems despite of their forms. Secondly Markovian jump systems are applied to
model systems suffering sudden changes of working environment or system dynamics. For
this reason, practical jump systems are usually accompanied by uncertainties, and it is hard
to describe these uncertainties with precise mathematical model. Finally, noise disturbance is
an important factor to be considered. More often that not, the statistics information of noise
is unknown when taking into account the complexity of working environment. Among the
achievements of MJNSs, the format of nonlinear systems should be firstly taken into account.
As one specific model, the nonlinear system of strict-feedback form is well studied due to
its powerful modelling ability of many practical systems, for example, power converter [7],
satellite attitude [8], and electrohydraulic servosystem [9]. However, such models should
be modified since stochastic structure variations exist in these practical systems, and this
specific nonlinear system has been extended to jump case. For Markovian jump nonlinear
systems of strict-feedback form, [10, 11] investigated stabilization and tracking problems for
such MJNSs, respectively. And [12] studied the robust controller design for such systems
with unmodeled dynamics. However, for the MJNSs suffering aforementioned factors in this
paragraph, research work has not been performed yet.

Motivated by this, this paper focuses on robust adaptive controller design for a class
of MJNSs with uncertainties and Wiener noise. Compared with the existing result in [12],
several practical limitations are considered which include the following: the uncertainties
are with unmodeled dynamics, and the upper bound of dynamics is not necessarily
known. Meanwhile the statistics information of Wiener noise is unknown. Also the adaptive
parameter is introduced to the controller design whose advantage has been described in [13].
The control strategy consists of several steps: firstly, by applying generalized Ito formula, the
stochastic differential equation for MJNS is deduced and the concept of JISpS (jump input-
to-state practical stability) is defined. Then with backstepping technology and small-gain
theorem, robust adaptive switching controller is designed for such strict-feedback system.
Also the upper bound of the uncertainties can be estimated. Finally according to the stochastic
Lyapunov criteria, it is shown that all signals of the closed-loop system are globally uniformly
bounded in probability. Moreover, system states can converge to an attractive region whose
radius can be made as small as possible with appropriate control parameters chosen.

The rest of this paper is organized as follows. Section 2 begins with some mathematical
notions including differential equation for MJNS, and we introduce the notion of JISpS and
stochastic Lyapunov stability criterion. Section 3 presents the problem description, and a
robust adaptive switching controller is given based on backstepping technique and stochastic
small-gain theorem. In Section 4, stochastic Lyapunov criteria are applied for the stability
analysis. Numerical examples are given to illustrate the validity of this design in Section 5.
Finally, a brief conclusion is drawn in Section 6.

2. Mathematical Notions

2.1. Stochastic Differential Equation of MJNS

Throughout the paper, unless otherwise specified, we denote by (Q, F, { ¥}, P) a complete
probability space with a filtration {¥;},,, satisfying the usual conditions (i.e., it is right
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continuous and ¥ contains all p-null sets). Let |x| stand for the usual Euclidean norm for
a vector x, and let ||x;|| stand for the supremum of vector x over time period [fo, ¢], that is,
llxtll = sup; ..|x(s)|- The superscript T will denote transpose and we refer to Tr(-) as the
trace for matrix. In addition, we use L, (P) to denote the space of Lebesgue square integrable
vector.

Take into account the following Markovian jump nonlinear system:

dx = f(x,u,t,r(t))dt + g(x,u,t,r(t))dw(t), (2.1)

where x € R", u € R™ are state vector and input vector of the system, respectively.
r(t), t > 0 is named system regime, a right-continuous Markov chain on the probability
space taking values in finite state space S = {1,2,...,N}. And w(t) = {wi,wo,...,w;} is I-
dimensional independent Wiener process defined on the probability space, with covariance
matrix E{dwdw”} = Y(t)YT (t)dt, where Y(t) is an unknown bounded matrix-value function.
Furthermore, we assume that the Wiener noise w(t) is independent of the Markov chain r(f).
The functions f : R™*" xR, x S — R"and g : R*" x R, x S — R"™ are locally Lipschitz in
(x,u,r(t) = k) € R x S for all t > 0; namely, for any h > 0, there is a constant Kj > 0 such
that

| f (1, 11,8, k) = f o2, 1, 8, k)| V | g (1,11, 8, k) — (22, 1, £, k)| < Kp(|201 = x2| + |11 — u])
(2.2)

V(x1,uq,t, k), (x2,uz,t, k) € R™" xR, x S, [x1] V |oca| V |ug| V |uz| < h. (2.3)

It is known by [2] that with (2.3) standing, MJNS (2.1) has a unique solution.
Considering the right-continuous Markov chain r(t) with regime transition rate matrix
I1= [Jl'k]'] NN the entries Tkj, k,j=1,2,...,N are interpreted as transition rates such that

idt + o(dt) if k#7,

. : (24)
1+ arjdt +o(dt) if k=7,

P(r(t+dt)=j|r(t)=k) = {

where dt > 0 and o(dt) satisfies limg; .o(o(dt)/dt) = 0. Here arx; > O(k #j) is the transition
rate from regime k to regime j. Notice that the total probability axiom imposes iy negative
and

N
> mj=0, VkeSs. (2.5)
j=1

For each regime transition rate matrix I, there exists a unique stationary distribution { =
(¢1,82,--.,¢n) such that [14]

N
M1-$=0, D=1 &>0,VkeS. (2.6)
k=1
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Let C*}(R" x R, x S) denote the family of all functions F(x,t k) on R" x R, x S which are
continuously twice differentiable in x and once in t. Furthermore, we give the stochastic
differentiable equation of F(x,t, k) as

OF(x,t,k) .. OF(x,t,k)

dF(x,t,k) = == -~

f(x,u,t k)dt

0%F(x,t, k)

1 T T
+§Tr[Y g (x,u,t k) Fy

g(x,u,t, k)Y] dt
OF (x,t, k) (2.7)

N
+ ZyrkjF(x, t,j)dt+ 3

g(x,u,t, k)dw(t)
=1
N
+ 3 [F(x,t,7) = F(x,t, k)] dM;(t),
i=1

—

where M(t) = (M1 (t), Mz(t),..., MN(t)) is a martingale process.
Take the expectation in (2.7), so that the the infinitesimal generator produces [2, 15]

N
28 (et k) = LA OFOL) 11,1y 4 S g (1)
i1

(2.8)
0%F(x,t, k)

1 T T
+ ETrI:Y g (x,u,t k) Fye

g(x,u,t, k)Y] .

Remark 2.1. Equation (2.7) is the differential equation of MJNS (2.1). It is given by [12], and
the similar result is also achieved in [15]. Compared with the differential equation of general
nonjump systems, two parts come forth as differences: transition rates sry; and martingale
process M(t), which are both caused by the Markov chain r(t). And we will show in the
following section that the martingale process also has effects on the controller design.

2.2, JISpS and Stochastic Small-Gain Theorem

Definition 2.2. MJNS (2.1) is JISpS in probability if for any given e > 0, there exist X £ function
p(-,-), Ko function y(-), and a constant d. > 0 such that

P{|x(t, k)| < B(|xol, t) + y(lue(k)|[) +dc} >1—€ VE>0, k€S, xg € R"\ {0}. (2.9)

Remark 2.3. The definition of ISpS (input-to-state practically stable) in probability for
nonjump stochastic system is put forward by Wu et al. [16], and the difference between JISpS
in probability and ISpS in probability lies in the expressions of system state x(t, k) and control
signal u;(k). For nonjump system, system state and control signal contain only continuous
time t with k = 1. While jump systems concern with both continuous time t and discrete
regime k. For different regime k, control signal u;(k) will differ with different sample taken
even at the same time ¢, and that is the reason why the controller is called a switching one.
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Figure 1: Interconnected feedback system.

Based on this, the corresponding stability is called Jump ISpS, and it is an extension of ISpS.
Let k = 1, and the definition of JISpS will degenerate to ISpS.

Consider the jump interconnected dynamic system described in Figure 1:

dxy = f1(x1,x2,E1(r (1), r(t))dt + g1(x1, %2, E1 (r (1)), 7(£)) AW,
dxy = fo(x1,x2,Z2(r (1), r(1))dt + g2 (x1, %2, Ea(r (1)), (1)) AW,

(2.10)

where x = (xlT,xg )T € R™*™ is the state of system, Z;(r(t)), i = 1,2 denotes exterior
disturbance and/or interior uncertainty. W;; is independent Wiener noise with appropriate
dimension, and we introduce the following stochastic nonlinear small-gain theorem as a
lemma, which is an extension of the corresponding result in Wu et al. [16].

Lemma 2.4 (stochastic small-gain theorem). Suppose that both the xi-system and x,-system are
JISpS in probability with (Z1(k), x2(t, k)) as input and x1(t, k) as state and (Z,(k), x1(t, k)) as input
and x,(t, k) as state, respectively; that is, for any given €1,€, > 0,

P{lx1(t,F)] < pr(1x1 (0, k)1, £) + y1 (lloe2(t, B + yeor (1Ene (R)) + da } > 1= ey,

(2.11)
P{|x2(t, k)| < Ba(|x2(0, k)|, £) + yalllx1 (8, K)II) + Yo (122 (K ) + da} > 1 - €2,

hold with B;(-,-) being KL function, y; and yyi being Ko, functions, and d; being nonnegative
constants,i=1,2.
If there exist nonnegative parameters p1, pa, so such that nonlinear gain functions y1, y, satisfy

(I+p1)yio (1+p2)ya(s) <s, Vs=>so, (2.12)

the interconnected system is [ISpS in probability with 2(k) = (Z1(k),Z2(k)) as input and x =
(x1, x2) as state; that is, for any given € > 0, there exist a X2 function P.(-,-), a K function y,(-),
and a parameter d. > 0 such that

P{lx(t, k)| < pe(|xol, £) + Yo (IEe(F)I) + dc} > 1 - (2.13)
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Remark 2.5. The previously mentioned stochastic small-gain theorem for jump systems is
an extension of nonjump case. This extension can be achieved without any mathematical
difficulties, and the proof process is the same as in [16]. The reason is that in Lemma 3.1
we only take into account the interconnection relationship between synthetical system and
its subsystems, despite the fact that subsystems are of jump or nonjumpform. If both
subsystems are nonjump and ISpS in probability, respectively, the synthetical system is
ISpS in probability. By contraries, if both subsystems are jump and JISpS in probability,
respectively, the synthetical system is JISpS in probability correspondingly.

3. Problem Description and Controller Design
3.1. Problem Description

Consider the following Markovian jump nonlinear systems with dynamic uncertainty and
noise described by

dé=q(y, & t,r(t))dt,
dx; = xjdt + fl-T(Xi, t,r(t)0"dt + Ai(X, ¢, t,r(t))dt + giT(Xi,t,r(t))dw,
dx, = udt + fI (X, t,r(t)0*dt + A, (X, & t,r(t)dt + gL (X, t,r(t)dw i=1,2,...,n—1,

Yy = X1,

where X; = (x1,x2, .. .,xi)T € R(X € R") is state vector, u € R is system input signal, ¢ € R™
is unmeasured state vector, and y is output signal. 6* € R is a vector of unknown adaptive
parameters. The Markov chain r(t) € S and Wiener noise w are as defined in Section 2. f; :
Rix Ry xS — R, g : Rl x R, x S — R! are vector-valued smooth functions, and
Ai(X,¢,t,r(t)) denotes the unmodeled dynamic uncertainty which could vary with different
regime r(t) taken. Both f;, g; and A; are locally Lipschitz as in Section 2.

Our design purpose is to find a switching controller u of the form u(x,t, k), k € S
such that the closed-loop jump system could be JISpS in probability and the system output y
could be within an attractive region around the equilibrium point. In this paper, the following
assumptions are made for MJNS (3.1).

(A1) The ¢ subsystem with input y is JISpS in probability; namely, for any given € > 0,
there exist L£ function (-, -), K function y(-), and a constant d. > 0 such that

Pllet, )l < pUsol, ) +y(llyll) +de} 21-€ VE20, k€S, G eR™\{0}.  (32)

(A2) Foreachi =1,2,...,n, k € S, there exists an unknown bounded positive constant
p; such that

|Ai(X, 8,8, K)| < iy (Xi, k) + P iy (IE], k), (3.3)

where 5;'1 (-, k), 51‘2(" k) are known nonnegative smooth functions for any given k €
S. Notice that p? is not unique since any p; > p; satisfies inequality (3.3). To avoid
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confusion, we define p; the smallest nonnegative constant such that inequality (3.3)
is satisfied.

For the design of switching controller, we introduce the following lemmas.

Lemma 3.1 (Young's inequality [12]). For any two vectors x,y € R", the following inequality
holds

(3.4)

qe"

where € > 0 and the constants p > 1, q > 1 satisfy (p—1)(g—1) = 1.

Lemma 3.2 (martingale representation [17]). Let B(t) = [Bi(t),Bx(t),...,Bn(t)] be N-
dimensional standard Wiener noise. Supposing M(t) is an FN-martingale (with respect to P) and
that M(t) € L*(P) for all t > 0, then there exists a stochastic process ¥(t) € L?(P), such that

AM(t) = W(t) - dB(t). (3.5)

3.2. Controller Design

Now we seek for the switching controller for MJNS (3.1) so that the closed-loop system
could be JISpS in probability, where the parameter 6%, p; needs to be estimated. Denote the
estimation of adaptive parameter 0* with 0 and the estimation of upper bound of uncertainty
p; with p;. Perform a new transformation as

zZi = xi(k) — ai,l(Xi,l,t,Q,p,-, k) Vi=1,2,...,n, kesS. (36)

For simplicity, we just denote a;_1(Xi-1,t,0,pi, k), fi(Xi,t, k), gi(Xi, t, k), Ai(X, ¢, 1, k), q(y,¢,
t,k) by ai_1(k), fi(k), gi(k), Ai(k), q(k), respectively, where ag(k) = 0, a, (k) = u(k), for all
k € S, and the new coordinate is Z(k) = (z1(k), z2(k), ..., zn(k)).

According to stochastic differential equation (2.7), one has

dZi = dxl- - dai_1(k)

= [ + £T 000" + Al |t - O 1(k)d Za"“ 1@[ xjoa + f] ()" + Aj(k)| dt
j=1
_ o 1(k)6d Za"‘l 1) e - L i a;“’é(k) T(k)YYqu(k)dt—Zﬂk,txl 1(j)dt
j= j=1

T < Oai (k) T -
gl (k) - Z g/ (k) dw+z ai-1(k) — ai1 (§)]dM; (t)

j=1
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oa;_1(k) dt — oa;_1(k) lzllaal 1(k)

- [Zi+l +ai(k) + 7/ (k)6 +Ai(k)]dt_ ot 00 Odt- =1 opi pidt
i-1 a2
Zaal 1(k) - P 3 aa“lé(k) T(k)YYTg,,(k)dt—erkjal 1(j)at
j=1
+ piT(k)dw + T (k)dM(¢).
(3.7)
Here we define
i-1
Astk) 2 A(k) - Z%A k),
= O
N i-1 b i k
(k) £ filk) - 3<% 1( )ff< k),
= (3.8)
L da (k
pilk) 2 gtk - 3, 2B g1,
j=1 /

Ti(k) £ [ (k) — i1 (1), a1 (k) = 2i1(2), .. a1 (k) — 2 (N)].

From assumption (A2), one gets that there exists nonnegative smooth function ¢i1;, ¢i
satisfying

|Ai (k)| < pipin (Xi, k) + p;pia (5], K).- (3.9)

The inequality (3.9) could easily be deduced by using Lemma 3.1.

Considering the transformation z; in (3.7) which contains the martingale process M(t),
according to Lemma 3.2, there exist a function ¥(t) € L?(P) and an N-dimensional standard
Wiener noise B(t) satisfying dM(t) = ¥(t)dB(t), where E[¥(H)¥(1)"] = ¢(t)p()’ < Q < o
and Q is a positive bounded constant. Therefore we have

daia(k) aal 1(k) il aa, 1(k)
ot 6~

dz; = {ZM +ai(k) + 7] (k)" + Ai(k) -
j=1

i-1 d i k i-1 az ; k (310)
a; 1‘ ) Xji1 — Z alx g( ) T(k)YYqu(k) Z”k]txl 1(])}
j=1 j=1

+ pT(k)dew + Ti(k) ¥ (H)dB(t).

Differential equation of new coordinate Z = (z1,zp,...,2,) is deduced by (3.10). The
martingale process resulting from Markov process is transformed into Wiener noise by using
Martingale representation theorem. To deal with this, quartic Lyapunov function is proposed,
and in the controller design, consideration must be taken for the Wiener noise B(f).
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Choose the quartic Lyapunov function as
V(k) = 1zn]z4+ Lora s zn:ifi? (3.11)
450 20 .

where y > 0, 0; > 0 are constants. 6 =6 -6 and pi = pM - p; are parameter estimation errors,
where pM £ max{p},p’} and p! are given positive constants.
In the view of (3.10) and (3.11), the infinitesimal generator of V satisfies

oaii(k)  daia(k) y T 0aia(k)
ot 00

2V (k) = En]zf { zin1 + ai(k) + 77 (K)0" + Ai(k) —
i=1

i-1 i—1
Zaaé;](k) _ % Z ai 1(k) T(k)YYqu(k) Zyrk]a, 1(])}
p.g=1

j=1 j=1
n 1 N
—Zz (K)YYT pi(k) + = Zz2f (k) gy TT (k) - 9T9 Zg i+ DV (j)
11 i=1 Vi -
o 3 1 da;_1 (k) aa, 1(k) 2 60{1 1(k)
3 Y 4/3 T i-1
< Ezi{<46i e >z,+a,(k)+’r (K)o - —= 0 - 2

S e 3 ] e R e

p.g=1

N _ —
wzzi[ri(k)r{(k)r—jzzl;zrkjai_l(j)}+[(" T L

9n 2 ~T 1 4 3 w [1~
+—Q -0"|-0- ) z/Ti(k)| - —pipi —
162 [Y ; i )] ; ol P

V()-

(3.12)

The following inequalities could be deduced by using Young’s inequality and norm
inequalities with the help of changing the order of summations or exchanging the indices
of the summations:

5324 + 151 A 3gtr3, L 4
ZZ Zis1 < 42 4264 i+1 Z 4" 454 Zi
i-1

i=1

332 5 2 e
1 1 pg=1
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n i [ 324 (k <
DREDY [#{i)] M0 W0+ 3 S, 16A|YYT|

i=1 p/q:l < 1 = :
n i-1 a a (k) 2 |YYT|2

= 6 el LA Py ~ )

= — )lzip; [ axpax [ P (k)gq(k)] + 961 (n 1)7‘1(27’1 1),

Zz T)YYT p; (k)

n

<z [PiT(k)Pi(k)]z + g%m |YYT|2

i=1

> #12 Herwpo] + —|YYT

i=

3 n
5 DA i(k)gy T (k)
i=1

<23 AR (k)
i=1

M:

S

oz LT ( k)] 21] - 6;42

I
—_

N A T o] 4 O o2
- Xz [rorT (o] + L

(3.13)

where 69 = 0,6, =0and A >0, u1 >0, u» >0,6; >0,i =1,2,...,n are design parameters to
be chosen.
Here we suggest the following adaptive laws [18]:

0= Y[iz?ri(k) ~a(6- 90)],
i1

pi = 0 [Z?wz'(k) -m; <Pi - p?)].

(3.14)

Herea >0,0° e R, m; >0,i=1,2,...,n are design parameters to be chosen. And define
function (k) as

Ei U;

3d; . 6
w'l(k) = ¢i1 (Xi/ k) . tanh[M] + Z? tanh<z_l>’
(3.15)

Bi(k) = p; - wi(k),
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where ¢; > 0, v; > 0,i = 1,2,...,n are control parameters to be chosen, and let the virtual
control signal be

e —em (33, L\, .1 dai-1 (k) aazl(k) 1a11<k)
ai(k) = - cizi <45i +46?_1>zl 7 (k)0 + 5 Zl o

i—1
DI o Z [aai;g;’;’] (7 0z, 0] -zl pi0] @16)
=1
2 N
~ oz LT ()] + Y () - filk)
i=1

Thus the real control signal u(k) satisfies u(k) = a,, (k) such that

LV < — Zn:c,-z;L + a§<9 - 9°> + zn:z? [Ai(k) - lewi(k)] + Zn:miﬁi (pi - p?)
i=1 i=1 N i=1 (317)
(n-1)nn-1) s 9n N
%61 + Tom ]|Y| + @Q +jzzlyrk]V(]).

Based on assumption (A2) and (3.9), we obtain the following inequality by applying
Lemma 3.1:

Shi (X, k z8
Z?A,’(k) —lez?w,-(k) < |zi3Ai(k)| —lez?gbﬂ (Xi, k) -tanh[%jl pl zZ; tanh<v >
< [22] * [pi i (X0, J0) + pipa1) )] = p 23 (X )

T (Xi, k 0
-tanh[#] pMzt tanh<z>

< |Z?|P;¢i1(xi/ k) - pMZ2 i1 (Xi, k) -tanh[

Z2pn (X;, k) ]

Ei

6
A (EASE pMz6tanh<vl>

3h; .
<p’ ||Z?¢i1 (Xi’k)i - 2} (X, k) -tanh[M“

Ei
+p [z -z tanh< > ¢ (|§|/k)]

£ +U; pi”
Y )
(3.18)
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In (3.18), the following inequality is applied:

0<|n|-n- tanh<’1> €. (3.19)

NIH

Notice the fact that

aéT(e - 90) - - %aéTé— %a(G - 6°>T<9 - 90) + %a(@* —6°>T<6* - 90)

- %a§T§+ %a(@* - 6°>T<9* - 90),

IN

: (3.20)

mipi(pi-p?) = - SmiP; - %mi (pi- P?)z + %m,- (pM - P?)Z

IN

1o 1/ M 0\?
- Emlpi + Eml <Pi _Pi> .
Submitting (3.18), (3.20) into (3.12), there is

2

St Lama oS s Laler—60) (65— 6°) + 3 L (pM — 0
LV (k) < gclzl 2a99 ézm,pl+2a<9 6)(9 9>+§2m,<pl pl>

(n-1)nn-1) 9n ] +v; M
+l T T Lo 16 0 zll Pi

+Z” 4202k + SV ()

j=1

< —aV(k) + V(g k) +d= + Zm«;V(]‘)-
j=1

(3.21)
Here parameter a4, d, and K, function V;(|¢|, k) is chosen to satisfy
Ve(lgl, k) > Z ti),z(lél k),  ay=min{4c;,a-y,m-aoi},
L AT /ae 0 "1 (2n - 1) 3.22
d:= sa(0"-6°)" (0 9)+1:212m< ) o 16# Y|t (322)
n a EtTU M
16#2Q +§ 2 pi °

4. Stochastic Stability Analysis

Theorem 4.1. Considering the MJNS (3.1) with Assumptions (A2) standing, the X-subsystem
is JISpS in probability with the adaptive laws (3.14) and switching control law (3.16) adopted;
meanwhile all solutions of closed-loop X-subsystem are ultimately bounded.
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Proof. Considering the MJNS (3.1) with Lyapunov function (3.11), the following equations
hold according to [10]:

N N
EV(r(t) = D EV(DG,  ELV(r(t) = D E(LVD)- (4.1)
=1 1=1

Thus (3.21) can be written as

N
ELV(r(t) = > E(LV (1)
I=1

M-

N
E{ —ar GV (1) + Ve (8L D) + &dz + & D m V() }
j=1

I=1 (4.2)
N N N N
= —m D GEVI)+EQ D0 D> miV(j) ¢ + D GEVe(El]) +d-
I=1 =1 j=1 I=1
< —aEV(r(®) + x(1§(H)) +d,
where positive scalar « is given as
a £ a; — max g * Max im
1jes | ¢ jes | & J
(4.3)

N
XUEDD) £ D GEV: (2], D).
=1

It is easily seen that y(|¢(t)]) is a Ko, function with r(t) given, and appropriate control
parameter ¢;, [ - y, m - 0; can be chosen to satisfy a > 0.
For each integer h > 1, define a stopping time as

T, =inf{t > 0: |z(t)| > h} (4.4)

Obviously, 7, — oo almost surely as h — oo. Noticing that 0 < |z(t)| < hif 0 < t < T, we can
apply the generalized It6 formula to derive that for any t > 0,

B[ Vire Am)] = Vizn 0+ [ e @BV (5) + E£V (r(s))1ds
0

tATR

< V(r(0)) + .[o e™ [aEV (r(s)) — aEV (r(s)) + x(|é(t)]) + d:]ds (4.5)

tATR

= V(r(0) + j [ (&) + da]ds.

0
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Let h — oo, apply Fatou’s lemma to (4.5), and we have

t

E[e"V(r(t))] < V(r(0)) + Ef e® [x(¢@®)) +d:]ds.

0

By using mean value theorem for integration, there is
E[e"V (x(t),t, k)] = e“EV (r(t))

< V(r(0)) + sup [y (&(s)]) + ] - L e .

0<s<t

According to the property of X, function, the following inequality is deduced:

eMEV (r(H) < V(r(0)) + {x<5up|§(s)|> + dz} fo e™ds

0<s<t
= Vo) + [xlle® + ] (3 ) e - )
< V) + [l +di] - (5 )e
According to (3.11), one gives

1

N1
at - 4 at A at
e ;415{21 } <e™EV(r(t)) < EV(r(0)) + [x(lE®]) + d:] (a)e .

Consequently,

- 4
SE{z} <4e Vo) + S {xUe®) +dz).
i=1

Defining X2 function f(-,-), K function y(-), and nonnegative number d. as:

Bzl =47 V@), YUROD = x(&OD,  de=

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

and applying Chebyshev’s inequality, we have that the X-subsystem of MJNS (3.1) is JISpS

in probability.
The proof is completed.

O

Theorem 4.2. Considering the MJNS (3.1) with Assumptions (A1), (A2) holding, the interconnected
Markovian jump system is JISpS in probability with adaptive laws (3.14) and switching control law
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Regime r(t)
=
w

0 20 40 60 80 100 120 140 160 180 200
Time t (0.055s)

Figure 2: Regime transition r(t).

Output y(t)

0 20 40 60 80 100 120 140 160 180 200
Timet (0.05s)

Figure 3: System output y.

(3.16) adopted; meanwhile all solutions of closed-loop system are ultimately bounded. Furthermore,
the system output could be requlated to an arbitrarily small neighborhood of the equilibrium point in
probability within finite time.

Proof. From Assumption (A1), the ¢ subsystem is JISpS in probability. And it has been shown
in Theorem 4.1 that the X subsystem is JISpS in probability. Similar to the proof in [12], we
have that the entire MJNS (3.1) is JISpS in probability; that is, for any given e > 0, there exists
T > 0and 6 > 0 such that if t > T, the output of jump system vy satisfies

P{ly(t)]| <6} >1-e. (4.12)
Meanwhile 6 can be made as small as possible by appropriate control parameters chosen. [

5. Simulation

With loss of generality, in this section we consider a two-order Markovian jump nonlinear
system with regime transition space S = {1,2}, and the system with unmodeled dynamics
and noise is as follows:

dé =q(xi1,¢,t,r(t))dt,

dx1 = xodt + fr(x1,t,7(D)0"dE + Ay (X, &, (1)t + x,dew,
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dxo =udt + fr(X,t,r(t)0%dt + A (X, &, t,r(t))dt,

Yy =X,
(5.1)

where the transition rate matrix is IT = [ 71! 72] = [7 %] with stationary distribution ¢; =
{ =0.5.
Here let noise covariance be E{dwdw!} = 1 and system dynamics for each mode as

q(x1,¢,t,1) = -0.5¢ + 0.3x1, q(x1,¢,t,2) = -0.4¢ + 0.3x; cost,
fi(xi, 1) = x3, fi(x1,t,2) = —x1 cos x1,
A(X, 8t 1) = 05¢ +04x sin2t,  A1(X, & 12) = x1¢, (5.2)
f2(X,t,1) = x1sinxy + xp, (X, t,2) = x1 +2x7,

Ay(X,é,t,1) = 04¢sint+03x1.  Ay(X,¢,12) = x1)¢)>.

From Assumption (A2), we have

Al(X/ g/ t,l) < pﬂ‘;l + p;|x1|/ Al(X/ ér t,2) < PT|§|2 + p;|x1|2/

(5.3)
Ar(X,4t,1) < P;|§| + P§|x1|r Ar(X,¢,1,2) < p;|§| + p;|x1|2r
where p} < 0.5 and p; < 0.5 and the ¢ subsystem satisfies
4.2
LVo (&, 1 k) < =518l + Xo(lx1]) + do, (5.4)

where Vy = (1/2)¢%, xo(|x1]) = 0.15|x1[?, dy = 0.125, and it can be checked which satisfies the
stochastic small-gain theorem. Thus the control law is taken as follows (here 6; = 1).

Case 1. The system regime is k = 1:

a(l) = - 3V oy = 220 — a3 - () - ann (4
1(1) = 1+ 1 X1 — X3 p1x] p1x; ta 6—1 x; tan o
1

1 3 3
a(1) = <C2 + )zz(l — X1 8inxp — ulzz(l)x1 - Zzz(l) <c1 + 1 +2x71 + 4x%x‘11>

x (3 +x2) + e (1) + o 2) - oz (D (1) - ;@) - (10 - 7 (1)

x] x§ xk x§
-p1 tanh<€—> E’:x1 tanh< > - 4plesech2 <€—1> X3 8sech? < p > powi(2),
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z2(1) = x2 — a1 (1),
) 2 5y 0 ]
0 YI:;ZITl(l) a(G 9) ,
p1 =01 [xiwi(l) - m (p1 —p?)],

o =0, [z§(1)w2(1) ~ma(p - pg>],
(5.5)

Case 2. The system regime is k = 2:

3 . xél1 3 x?
a1(2) = — <c1 + Z)xl — x7sinx; — xp — p1x; tanh 6—1 - xj tanh ;l ,

1 1 11 3
a(2) = - (cz + Z>Z2(2) - mz3(2)x] - 123(2) - <c1 Tt Zx% + xf)(xl + )

+anan (1) + 001 (2) = paz2(2) [ar (1) — a1 (2)]* - 12(2)0 - 71(2)6

x* x® x* x®
- tanh(e—i - Bxf tanh ;1 - 4]013c‘1lsech2 6_1 - xfsech2 ;1 - (2),

22(2) = x2 — a1(2),
0= Y[iszi(Z) - a(G - 90>],
i1

p1 =01 [xi’wi(Z) - m (p1 —p?)],

P2 = 0 [zi_’(z)wz(z) —my <p2 - pg>]-
(5.6)

In computation, we set the initial value to be x; = 1.6, x, = =2.7,0 = 0, p1 = p» = 0 let
parameter 0° =1,y =1,a=1,p" =07, & = v; =05, m; = 1, pu1 = p» = 1 and the time step to
be 0.05s. For comparison, two groups of different control parameters are given. First we take
the parameter with values ¢; = ¢c; = 0.7, 01 = 02 = 2, and the simulation results are as follows.
Figure 2 shows the regime transition of the jump system, Figure 3 shows the system output
y which is defined as the system state x;, and Figure 4 shows system state x,. Figure 5 shows
the corresponding switching controller u; finally Figure 6 shows the trajectory of adaptive
parameter 6 and Figure 7; Figure 8 shows the trajectory of parameter p;, p, respectively.

Now we choose different control parameters as ¢; = ¢; = 2, 01 = 02 = 5 and repeat
the simulation. The simulation results are as follows. Figure 9 shows the regime transition of
the jump system, Figure 10 shows the system output y which is defined as the system state
x1 and, Figure 11 shows system state x, and Figure 12 shows the corresponding switching
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Figure 4: System state x».
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Figure 5: Switching controller u.
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Figure 6: Adaptive parameter 0.
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Figure 7: Parameter p;.
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Parameter p,
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Timet (0.05s)

Figure 8: Parameter p,.

Regime r(t)
Juy
&)
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Timet (0.05s)

Figure 9: Regime transition r(t).

controller u; the trajectory of adaptive parameter 0 is shown in Figures 13 and 14; Figure 15
shows the trajectory of parameter p1, p, respectively.

Comparing the results from two simulations, all the signals of closed-loop system
are globally uniformly ultimately bounded, and the system output can be regulated to a
neighborhood near the equilibrium point despite different jump samples. As could be seen
from the figures, larger values of ci, ¢z, 01, 02 help to increase the convergence speed of
system states. This reason is that the increase of these parameters increases the value of a,
which determines the system states convergence speed. Also adaptive parameters 8 and p1,
p2 approach convergence faster with the increasing of aforementioned parameters.

Remark 5.1. Much research work has been performed towards the study of nonlinear system
by using small-gain theorem [16, 19]. In contrast to their contributions, this paper considers
a more general form than nonjump systems. The controller u(k) varies with different regime
r(t) = k taken, and it differs in two aspects (see (3.16)): the coupling of regimes sryja;_1(j) and
HoZi [Fi(k)l"l.T(k)]z, which are both caused by the Markovian jumps. The switching controller
will degenerate to an ordinary one if 7(t) = 1. This controller design method can also be
applied for the nonjump nonlinear system.

6. Conclusion

In this paper, the robust adaptive switching controller design for a class of Markovian jump
nonlinear system is studied. Such MJNSs, suffering from unmodeled dynamics and noise
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Figure 10: System output y.
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Figure 11: System state x;.
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Figure 12: Switching controller u.
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Figure 13: Adaptive parameter 0.
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Figure 14: Parameter p;.

Parameter p;

0.5 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200

Timet (0.05s)

Figure 15: Parameter p».

of unknown covariance, are of the strict feedback form. With the extension of input-to-
state stability (ISpS) to jump case as well as the small-gain theorem, stochastic Lyapunov
stability criterion is put forward. By using backstepping technique, a switching controller is
designed which ensures the jump nonlinear system to be jump ISpS in probability. Moreover
the upper bound of uncertainties can be estimated, and system output will converge to
an attractive region around the equilibrium point, whose radius can be made as small as
possible with appropriate control parameters chosen. Numerical examples are given to show
the effectiveness of the proposed design.
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