Hindawi Publishing Corporation
Journal of Applied Mathematics

Volume 2012, Article ID 516476, 28 pages
doi:10.1155/2012/516476

Research Article

Three Positive Periodic Solutions to Nonlinear
Neutral Functional Differential Equations with
Parameters on Variable Time Scales

Yongkun Li and Chao Wang

Department of Mathematics, Yunnan University, Yunnan, Kunming 650091, China
Correspondence should be addressed to Yongkun Li, yklie@ynu.edu.cn

Received 20 October 2011; Revised 19 December 2011; Accepted 25 December 2011
Academic Editor: Laurent Gosse

Copyright © 2012 Y. Li and C. Wang. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

Using two successive reductions: B-equivalence of the system on a variable time scale to a system
on a time scale and a reduction to an impulsive differential equation and by Leggett-Williams fixed
point theorem, we investigate the existence of three positive periodic solutions to the nonlinear
neutral functional differential equation on variable time scales with a transition condition between
two consecutive parts of the scale (d/dt)(x(t) + c(t)x(t — a)) = a(t)g(x(t))x(t) - ;?:1 Ajfi(t, x(t -
0j (t)))r (t/ x) € TO(x)/Aﬂ(t,x)E.Sz,' = Hll (tr x) —-t, Axl(t,x)ESZ; = le(tr x) - X, where nll (tr JC) = b1 +
Tois1 (T2 (t, x)) and T2 (t, x) = Bix + Ji(x) +x, i =1,2,.... A; (j = 1,2,...,n) are parameters, T(x)
is a variable time scale with (w, p)-property, c(t), a(t), v;(t), and f;(t,x) (j = 1,2,...,n) are w-
periodic functions of t, Bi,, = Bi, Jirp(x) = Ji(x) uniformly with respect to i € Z.

1. Introduction

In the last several decades, the theory of dynamic equations on time scales (DETS) has
been developed very intensively. For the full description of the equations we refer to the
nicely written books [1, 2] and papers [3, 4]. The equations have a very special transition
condition for adjoint elements of time scales. To enlarge the field of applications of the DETS,
Akhmet and Turan proposed to generalize the transition operator [5], correspondingly to
investigate differential equations on variable time scales with transition condition (DETC).
In [6], Akhmet and Turan proposed some basic theory of dynamic equations on variable time
scales; the method of investigation is by means of two successive reductions: B-equivalence
of the system [7-9] on a variable time scale to a system on a time scale and a reduction to an
impulsive differential equation [5, 7]. Consequently, these results are very effective to develop
methods of investigation of mechanical models with impacts.
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Also, neutral differential equations arise in many areas of applied mathematics, and
for this reason these equations have received much attention in the last few decades; they are
not only an extension of functional differential equations but also provide good models in
many fields including biology, mechanics, and economics. In particular, qualitative analysis
such as periodicity and stability of solutions of neutral functional differential equations has
been studied extensively by many authors. We refer to [10-19] for some recent work on the
subject of periodicity and stability of neutral equations. In [20], the authors discussed a class
of neutral functional differential equations with impulses and parameters on nonvariable
time scales

(x(t) + c(B)x(t =)™ = a(t)g(x())x(t) Z/\ filt, x(t = 7i(t))),

t#E, tET, j=1,2,...,q, (1.1)

() -x(5) = Lx(®), t=t, j=12,.,4

where \;, i = 1,2,...,n are parameters, T is an w-periodic nonvariable time scale, a €
C(T,R*), ¢ € C(T,[0,1)) and both of them are w-periodic functions, 7; € C(T,R),
1,2,...,n are w-periodic functions, f; € C(T x R*,R*), i = 1,2,...,n are nondecreasing
with respect to their second arguments and w-periodic with respect to their first arguments,
respectively; ¢ € C(R,R") and there exist two positive constants /, L such that 0 < < g(x) <
L<cwoforallx>0, I; € C(R,R") (j=1,2,...,9) and is bounded, r1 is a constant.

To the best of authors” knowledge, there has been no paper published on the existence
of solutions to neutral functional differential equations on variable time scales. Our main
purpose of this paper is by using theory of dynamic equations on variable time scales
to investigate the existence of three positive periodic solutions to the nonlinear neutral
functional differential equations on variable time scales with a transition condition between
two consecutive parts of the scale

(x(t) +c(t)x(t—a)) = a(t)g(x(t))x(t) - ZJ\ fi(t,x(t=v;(1))), (tx) € To(x),

(1.2)
Atl(t,x)e_?zf = Hi (t,x)—t,

Axl(t,x)ejz,- = Hiz(t/ x) - X,

where IT (t,x) = tys1 + T (T2 (4, x)) and T (t,x) = Bix + Ji(x) +x, i = 1,2,... A; (j =
1,2,...,n) are parameters, To(x) is a variable time scale with (w, p)-property, c(t), a(t), v;(t),
and fi(t,x) (j = 1,2,...,n) are w-periodic functions of ¢, B;,, = Bi, Ji1p(x) = Ji(x) uniformly
with respect to i € Z.

For convenience, we introduce the notation

0
a= maxa(t), a= min a(t), c¢= minc(t), c¢= maxc(t), ry=ex a(s)ds ;.
te[0,w] () - te[0w] () - te[0w] () te[0,w] () 0 p{fw ( ) }

(1.3)

Throughout this paper, we assume the following.
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(Hy) To(x) is a variable time scale with (w,p)-property, ¢ € C(R,[0,1)), a €
C(R,R"), v; € C(R,R), and f;(t,x) € C(To(x),R"), (j = 1,2,...,n) are w-periodic
functions of t, J; € C(R,R), Biyp, = B;, Jisp(x) = Ji(x) uniformly with respect to
i€Z, J;(0)=0, B; >0 foreachieZ.

(H2) f(t,x) € C(To(x),R*) is nondecreasing with respect to x and f;(t,0) = 0 for each
jel{1,2,...,n}.

(H3) g € C(R,R") and there exist two positive constants [, L such that 0 </ < g(x) < L <
oo for all x > 0.

(H;) There exists a number 6 > 0 such that (c+¢)/2<6<1, 0< (26 -c)(1-¢c%))/(1 -
6-c))<rba-ry/a-rty.

2. Preliminaries
Let E be a real Banach space and P be a cone in E. A map p is said to be a nonnegative
continuous concave functional on Pif p : P — [0, o0) is continuous and

pltx+(1-t)yy) >tp(x)+ (1-tp(y) Vx,yePandtel0,1]. (2.1)

For numbers f1, f4 such that 0 < 1 < p4 and p is a nonnegative continuous concave
function on P, we define the following sets: Py, = {x € P : |x|| < p1}, Ps, = {x € P : [[x| <

P}, P(p,Pr,fa) = {x € P: p1 < p(x), [|x|| < fa}.
Now, we state the following Leggett-Williams fixed-point theorem, which is critical to
the proof of our main results.

Lemma 2.1 (see [21]). Let T : P_ﬂ4 — P_ﬁ4 be completely continuous and p nonnegative continuous

concave functional on P such that p(u) < |lu|| for all u € P_p4. Suppose that there exist positive
constants P, fo, B3, Pa with 0 < f1 < Po < P3 < P4 such that

(1) {u € P(p, 2, B3) : p(x) > P} # P and p(Tu) > f for u € P(p, P2, p3);
(2) |ITul| < 1 for u € Pp;
(3) p(Tu) > Ba for u € P(p, B2, fa) with || Tul| > fs.

Then T has at least three fixed points u1, 1, u3 satisfying
w1 €Ps, ur€{ueP(p,PoPu):pu)>po}, us€Pps) <P(P,ﬂz,ﬂ4) Up_pl> (2.2)

Let T be a periodic time scale, and let E = {x € C(T,R) : x(t) = x(t + w) } be a Banach
space with the norm ||x|| = sup;c( o {X(H)] : x € E}, and let @ : E — E be defined by

(Dx)(t) = x(t) + c(t)x(t — T). (2.3)
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Lemma 2.2 (see [20]). If0 < c(t) < 1 and E is a Banach space, then ® has a bounded inverse ®~!
on E, and forall x € E,

(07x) ) =3 TT (-D¥ett-in)x(t-j) (24)

720 0<i<j-1

and ||@~ x| < [lx]|/ (1 - ).

Definition 2.3 (see [6]). A nonempty closed set Tp(x) in RxR" is said to be a variable time scale
if for any xo € R” the projection of Ty(x() on time axis, that is, the set {t € R : (t, xp) € To(x0)}
is a time scale in Hilger sense.

Fix a sequence {t;} C Rsuch thatt; < t;,1 foralli € Z, and |t;| — oo as |i] — oo. Denote
6i = tri_1 — by, Ki = by — b1 and take a sequence of functions {7;(x)} ¢ C(R",R). Assume that

(Cy) for some positive numbers 6, 0 € R, 0’ <tj1 —1; < 6;

(Cy) there exists Iy, 0 < 2l < 6 such that ||7;(x)|| < [y for all x € R", i € Z.

Denote
li = xlng"{ti +7i(x)}, 1= gsclelan{ti +Ti(x)}. (2.5)
We set
é,’ = {(t,x) eRxR": ty; +T2,'(x) <t<tyg+ T2i+1(x)},
Si={(t,x)eRxR":t=t; + 7;(x)}, (2.6)
D ={(t,x) ERxR": fpi 1 + Toi_1(x) <t <ty +Ti(x)}.

Following [6], we denote Ty(x) := UZ_,, Di and T, = UZ_,, [t2i-1, t2i]-

A transition operator Il; : Sy — Sy, for all i € Z, such that IIi(t,y) =
(T} (t, y), T12(t,y)) where IT} : S5 — Rand IT? : $5; — R", and

[ (L y) = b + i (B (L)), TE(LY) = L(y) +y, (27)

where I; : R — R" is a function. One can easily see that IT! (t,y) is the time coordinate of
(t,y*) = IL(t,y), the image of (t,y) € S, under the operator I1;, and I1?(t, y) is the space
coordinate of the image.

Lett = a; and t = f; be the moments that the graph of y = ¢(t) intersects the
surface Syi-1 and $y;, respectively, where the surfaces are defined previously. Then, we set
the nonvariable time scale

[oe]

Te = | [a ], (2.8)

i=—o0
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which is the domain of ¢, and define the A-derivative as in the introduction. That is, for t = f;,
we have

p(ai) — o (Bi)

A - =

v°(F) a1 —pi

(2.9)
apy - i P6) — o)
o) = ?LI} s—t
for any other t € TY, whenever the limit exists.
Consider the system on variable time scales:
y =AWy +f(ty), (ty)€To(y)
At|(try)€52i = Hzl (t’ ]/) -t (2.10)

Aylayess =TE(LY) -y,

where A(t) : R — R™" is an n x n continuous real-valued matrix function, B; is an n x n
matrix, functions f(t,y) : To(y) — R" and Ji(y) : R* — R" are continuous, H}(t,y) =
triv1 + Toin1 (TI2(t, y)), and TI2(, y) = Biy + Ji(y) +y.

For any a, f € R we define the oriented interval [;B] as

[« 8] - {[a'ﬁ]’ sl (2.11)

[B, a], otherwise.

Consider the nonvariable time scale

[ee]

T = U (Li-1, 1], (2.12)

i=—o0

where l;, 1;, i € Z are defined by (2.5) for the variable time scale Ty(y), and take a continuation
f : TYxR" — R"of f: Ty(y) — R" which is Lipschitzian with the same Lipschitz constant [;
furthermore, if f is a monotone function, a continuation f can also have the same monotony
with f Set TC = Ufj_w [tZi—l/ tZi] .

(Ca) I7i(x) =+ 1T (%) = i)l + 11 (8, x) = £ (£, )l < Lllx — y || for arbitrary x,y € R",
where [ is a Lipschitz constant.

By (C3), in [6], one can see the following important lemma.

Lemma 2.4 (see [6]). Assume (Cs) is satisfied. Then there are mappings Wi(z) : R* — R", i € Z,
such that, corresponding to each solution y(t) of (2.10), there is a solution z(t) of the system

Zl = A(t)Z+f(t,Z), tiétZir
(2.13)
z(tais1) = Biz(ta) + Wi(z(t)) + z(t2i),
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such that y(t) = z(t) for all t € T, except possibly on [t;_lﬁci] and [fit\Zi]/ where a; and P; are the
moments that y(t) meets the surfaces Sy;_1 and S,;, respectively.
Furthermore, the functions W; satisfy the inequality

|Wi(z) - Wi(y)|| < kDI||z -y, (2.14)

uniformly with respect to i € Z for all z,y € R" such that ||z|| < hand ||y|| < h; here k(ly) = k(lo, h)
is a bounded function. Under the sense of Lemma 2.4, we say that systems (2.10) and (2.13) are B-
equivalent.

Proof. Fix i € Z. Let z(t) be the solution of (2.10) such that z(t;;) = z, and assume that a; and
Pi are solutions of a = tyi_1 + Ti1(z(a)) and f = ty; + Ti(z(P)), respectively. Let z;(t) be the
solution of the system

Z = Az + f(t,z) (2.15)

with the initial condition z; (ai.1) = IT7 (B;, z(f;)).
We first note that z1 (ai+1) = (I + B;)z(B;) + Ji(z(Bi)). Moreover, for t € [tji/\ﬁi]r

t
2(t) = z(t) +f [A(s)z(s) + f(s,z(s))]ds, (2.16)

b

and fort € [a;t\zmll

t

20(8) = Z1 (@) + j [A(8)21(5) + £(5,21(5))] ds

Xiv]
t

= (I +B)z(p) + Ji(z(B)) +J [A(S)Zl(s) +f(s, Z1(S))]d5
_ i (2.17)
pi -
=(I+B) I:z(tzi) + L | [A(s)z(s) + f(s,z(s))]ds] +Ji(z(B))
¢

+] A=)+ fs,2109)]ds

Qi1
Thus, we have

pi ~
Wiz) = (1+B) | [A(s)z(s) + f(5,2(5))|ds + Ji(z(:))
o (2.18)
+] A=) + fls,2109)]ds.

Qi+l

Substituting (2.18) in (2.13), we see that W;(z) satisfies the first conclusion of the
lemma.
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Next, we prove (2.14). Let [|z(t2;)|| < h. By employ integrals (2.16) and (2.17), we find
that the solutions z(t) and z;(t) determined above satisfy the inequalities ||z(t)|| < H and

llz1(t)]| < H on [B;, tzi] and[ai.1, tris1], where

H = [M(l +D+(A+N+D)(h+ Ml)eNl”z]eN”lz. (2.19)

Let y(t) be the solution of (2.10) such that y(t»;) = y, and assume that a; and Bi are solutions
of & = tyi.1 + -1 (y(a)) and ﬁ =ty + TZi(y(ﬁ)), respectively. Let y; (t) be the solution of (2.15)
with initial condition y;(ai+1) = Hf(ﬁi,y(ﬁi)). Without loss of any generality, we assume
that Bi > pi and a1 < aj.q. Application of the Gronwall-Bellman lemma shows that, for

te [ﬁi/ t2i]/

=) - y )] < N1z -y (220)
The equation
y(P) =v(pi) + f: [A@G)y(s) + F(s,y(s)]ds (221)
gives us
l#(B,) - y(8)|| < (NH + 15 + M) (B, - ). (2.22)
Thus, we obtain
|28 =y (B.) || < e™"llz = yll + (NH +1H + M) (B, = fi)- (223)

Now condition (Cs) together with (2.23) leads to

_ Je(N+D
PP s ioNm s a7 VI (2:24)
Hence (2.23) becomes
_ o (N+DI
=60 - (7)) < a1 v (2.25)

On the other hand,

Qi+l

i) =y @) + | [A©W() + f(s,y1(5))]ds (2.26)

Xi+1
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gives us
1 (a1 = y1 @e) | < (NH + 1H + M) (@1 - Fava), (227)

Using the transition operators and (2.25) we get

_ (1+ N +1)eN+!

N (| < _4l. 2.8
||Zl(al+1) yl(al+1)” — ]_-l(NH"I‘lH"‘M) |Z y” ( )

Condition (C3) and (2.28) imply that

_ I(1+ N +1)eN+D!
i1 — g1 < -yl 2.29
A T S T (NH + [H + M) 1 vl (229
From (2.27)—(2.29) we obtain

l|z1(@is1) = y1 @in1) || < Hie™ ™|z =y, (2.30)

where Hy = (1+ N +)[1+I(NH +IH + M)]/[1-1(NH +1H + M)]. Solutions z; (t) and y; (t)
on [aﬂ/l,_t\zm] satisfy the inequality

lz1() =y (t)|| < Hie*N |z -y (2.31)

Now subtracting the expression

Wi(y) = (I +By) fi [A(s)y(s) + f(s,y(s))]ds + i <y<ﬁl)> o)
2i 2.32

+ J‘tz_i+1 [A(S)]/l(s) +f(s, yl(s))]ds

from (2.18) and using (2.20), (2.24), (2.29), and (2.31), we conclude that (2.14) holds. The
proof is complete. O

A special transformation called g-substitution [5], which is change of the independent
variable and defined for t € UZ__, (f2i-1, t2i] as

t— Z6k’ t>0,

O<top<t
w(t) = 2.33

t<tr<0
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where 6k = tyrs1 — bk Setting s; = ¢s(t2;), we see that this transformation has an inverse given

by

s+ Zﬁk, 5s>0,

-1 0<sk<s
s) = 2.34
v s - Z Ok, s <0. ( )

s<s5k<0

Lemma 2.5 (see [5, 6]) ([)'/(t) =1 l'ft € Uz_oo(tZifl/tZi]-

Proof. Assume that t > 0. Then,

gltrh) ¢

! — 1
¢'(t) = lim A
1 (2.35)
(e 5 6) (- g8)]
h—0h O<to<t+h O<tpr<t
The assertion for t < 0 can be proved in the same way. The proof is complete. O

Definition 2.6 (see [5]). The time scale Ty is said to have an w-property if there exists a number
w € R* such that t + w € Ty whenever t € Ty.

Definition 2.7 (see [5]). A sequence {a;} C R is said to satisfy an (w, p)-property if there exist
numbers w € R* and p € N such that a;;, = a; + w for all i € Z.

Definition 2.8 (see [6]). The variable time scale Ty (y) is said to satisfy an (w, p)-property if
(t+w,y)isin To(y) whenever (t,y) is. In this case, there exists p € N such that the sequences
{t2i-1} and {t2;} satisfy the (w, p)-property and 7;,,(y) = 7i(y) for alli € Z.

Suppose now that (2.10) is w-periodic; that is, T (y) satisfies the (w, p)-property, A(t)
and f (t, y) are w-periodic functions of t, and B;,, = Bi, Jisp(y) = Ji(y) uniformly with respect
toi € Z.

Lemma 2.9 (see [6]). If (2.10) is w-periodic, then the sequence Wi(z) is p-periodic uniformly with
respect to z € R™.

Proof. Since the variable time scale Ty(y) satisfies an (w, p)-property, by (2.18), one can easily
see that W;(z) is p-periodic uniformly with respect to z € R". The proof is complete. O

Lemma 2.10 (see [5]). If Ty has an w-property, then the sequence {s;}, si = (ta), is (0, po)-
periodic with

=w- > O =¢w). (2.36)

O<trp<ew
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Proof. In order to prove this lemma, we only need to verify that s;,,,, = s; + @ for all i. Assume
thati >0, i=npy+jforsomene€Z, 0<j<ppand0<ty< --- <typ, 1) <w.Then

Sivpy = ¢ (baispn)) = baiop = D, Ok

0<t2k<t2(i+p0)

i+p0—1
=hitw- > G- D Gk=g¢ty)+tw- D b
O<tor<tri toi<tor<ta(i+py) k=i @ 37)
jtpo-1 jtpo-1 po—1 .
=8 +w-— Z Oknpy = Si +w — Z Ok=5+w-— Z(Sk
k=j k=j k=0
=si+w-— Z Ok =si+ 0,
O<trp<w
where we have used the fact that
j+po-1 po—1 j+po-1 po-1
Z 5k = Zak + Z Ok = 25k+25k+p0
k=po
1 - (2.38)
-So- S-S
par
All other cases can be verified similarly. The proof is complete. O
Lemma 2.11 (see [5, 6]). If To(y) satisfies an (w, p)-property, then ¢(t + w) = ¢(t) + ¢(w).
Proof. Assume that t > 0. By Lemma 2.10, we have
gt+w)=t+w- Z O =t+w-— Z O — Z Ok
O<top<t+w O<trr<w w<t<t+w (2.39)
=t= 3 Grg) =g¢l) +gw).
w<t<t+w
The assertion for t < 0 can be proved in the same way. The proof is complete. O

Lemma 2.12 (see [5, 6]). A function ¢(t) is an w-periodic function on T, if and only if (¢~ (s))
is an cw-periodic function on R, where & = ¢ (w).

Proof. By Lemma 2.11, s + @ = ¢s(t + w). Then the equality
$(p (s +@)) =t +w) = d(H) = $(¢7'(9)) (2.40)

completes the proof. O

For any fixed xy € R, we set
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PC(T(x0))
= {x € C((tai-1 + Tai-1(x0), toi + T2i(x0)), R) : [T (t, x) = Bix + Ji(x) + x, i = 1,2,---}
(2.41)
and consider the Banach space
E ={x:x€ PC(T(xp)) : x(t) = x(t + w)}. (2.42)
Let @ : E — E be defined by
(Dx)(t) = x(t) +c()x(t —a) = y(t). (2.43)

Using the inverse transformation of ®, we can obtain

I} (1, @7y) = b + 7t (T (L,@7y) ), TR(1,07y) = By + Ji(07y) + @7y,

(2.44)

From the second equation, it is easy to get
o(12(t,7y)) = (@B )y + (@0 )y +y =T (L, y), (2.45)

that is, [12(t, ®'y) = @' (IT(t, y)). Hence
I} <t, <D‘1y) = toip1 + T2ir1 (q;—lﬁiZ(t, y)) = tyis + T @ <ﬁ,2 (t, y)) 246)

= tois1 + Toivt (ﬁlz (t,y)> = ﬁll (ty)-

Therefore, we can obtain the other variable time scale plane Ty(y) by the inverse
transformation of ® and

E={(ty) ERxR: by +Toi(y) <t < b1+ Toi1 ()},
S ={(ty) eRxR:t=t+T(y)}, (2.47)
D ={(ty) ERxR:tyq1+Ti1(y) <t <+ Ti(y))

Hence, (1.2) can be changed into the following form:

y =a®)g((@'y)(1)y(t) - a®)H(y(t)) - il)‘ifi(tr (@'y)(t-v;(t)), (ty)€To(y),
pa

Atlyes, =1 (Ly) ~t,
AYleyes, =11 (Ly) -y,
(2.48)

where H(y(t)) = c()g(@7'y) () (@ 'y) (t - a).
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Define a cone in E by
Py={y(t) € E:y(t) > k|y|}, (2.49)

where k € (26 - 0)(1 - ¢)/(1 - (26~ %), (L~ r)) /(1 =1},

Lemma 2.13 (see [20]). Suppose that conditions (Hq)—(Hy) hold and 0 < ¢(t) < 1 and y € Py, then

(2.50)

dllyll < (@y) () <
~ Lc
lea|ly|l < H(y(®)) < E||y||, (2.51)

where & = (k/(1-¢?)) - (26 —¢) /(1 - (26 - ©)*).

(Hs) [I7i(x) = ()l + 1Ji(x) = i)l + Zjz 1 fj (%) = fi (& )l < lollx = yl| for arbitrary

x,y € R", where Iy is a Lipschitz constant.
In view of (Hs) by Lemma 2.4, it is easy to get the following lemma.

Lemma 2.14. Assume that (Hs) is satisfied. Then there are mappings Wi(z) : R — R, i € Z such
that, corresponding to each solution y(t) of (2.48), there is a solution z(t) of the system

Z =a(t)g((®7'z)(1)z(t) — a() H(z(t)) - Z)» f,(t (@7'2)(t-vi(t)), t#ta,
z(tis1) = (PB;@) (z(t)) + ((DW(D D (z(t2)) + z(t2i), =t

(2.52)

such that y(t) = z(t) for all t € T, except possibly on [tzi/_i,\ai] and [m] where a; and P; are the
moments that y(t) meets the surfaces S, | and S, respectively.
Furthermore, the functions W; satisfy the inequality

[Wi(z) = Wi(y) || < k(lo)lol|z -yl (2.53)

uniformly with respect to i € Z for all z,y € R" such that ||z|| < hand ||y|| < h; here k(ly) = k(lo, h)
is a bounded function. Under the sense of lemma 2.14, we say that systems (2.48) and (2.52) are
B-equivalent.

Proof. For fixed i € Z. Let z(t) be the solution of (2.48) such that z(f,;) = z, and assume that a;
and f; are solutions of a = tyi_1 + Toi—1(z(a)) and B = to; + Toi(z(P)), respectively. Let z;(t) be
the solution of the system

2 = a®g((07'z)(1)2() - a) H(=(t) - SUF (£ (@72) (t- ;1)) (2.54)

j=1

with the initial condition z1(a;.1) = T12(B;, z(B;)).
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We first note that z; (1) = (PB;® 1) (z(B:)) + (©J; D) (z(Bi)) + z(B:). Moreover, for
t € [t Bil,

z(t) = z(ty) + E [a(s)g<(<plz>(s))z(s) —a(s)H(z(s))
(2.55)

_i)‘ffi <s, ((I)‘lz> (s- vj(s))>] ds,
=1
and fort € [aﬂ/l,—t\zl}l],
z1(t) = z1 (i) + J‘tv [a(s)g«@_lzl) (s))zl(s)

~a(©H(z(s) - 3,7 (s (072) (s - vj<s>))] ds
j=1
- (@Bi®-1>(z(ﬁi)) + ((D]#D‘l)(Z(ﬁi)) +z(fi)
Y
~a(s)H(z1(s)) - ]il/\ifi (s, (@7z1) (s - v;(s)))] ds 2.56)
= (o(B; + D) [z(tzl-) + J'f [a(s) g((@72)(5))2(s) - a(s)H(=(s))
_i)t]‘f]’ (s, <(I>"1z> (s- ’Uj(S)))] ds]
j=1
N <¢)]i¢)—1> (z(Bi)) + E [a(s)g(<®‘121>(5)>21(5)
~a(s)H(z1(s)) - Z";Affj (s, (@721) (s - vj<s>))] ds.
j=1

Thus, we set

Wi(z) = (®(B; + 1)(1)*1) fﬂ [a(s) g<(qr1z) (5)) z(s) - a(s)H(=(s))

b

—il/\]-fj <s, <(I>_1z> (s— U]-(s))>] ds + ((I)],-(I)_l> (z(B))
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+ J‘tzm [a(s)g < <<I)_1 zl> (s) ) z1(s)

Xiv1

—a(s)H(z(s)) - i)tjfj <s, <®*121> (s- vj(s))> ds.

j=1
(2.57)

Substituting (2.57) in (2.52), we see that W;(z) satisfies the first conclusion of the lemma.
The rest of the proof is similar to that of Lemma 2.4, and we can use Gronwall-Bellman

lemma to show that W;(z) satisfies (2.53) and it will be omitted here. This completes the

proof. O

Next, we will use ¢s-substitution, reducing (2.52) to an impulsive differential equation.
Letting m(s) = z(¢ 1 (s)), we obtain, for t #t5;,

<(I>‘1z> (t-vj(t) = (q)_lz) <([}_1(S) - v; (qfl(s))>

- (‘D_lz> <‘/’_1 <‘l’ (‘If RORLY ((/f‘l (S))))) (2.58)

= (07'm) (¢ (67" 0) ~ 05 (¢7(5))) ) = ¥(9),

hence
m = a(y(5))g (0 m) (6))m(s) - a3 () Hm(s) - X4 F (5751 v9)),  (259)
j=1

and for t = t5;, we get
m(s7) = 2(bin) = (OB ) (m(s) + (OW ™) (m(51)) + m(sy). (2.60)
Thus, the second equation in (2.23) leads to

Amloy, = (OB@™) (m(si) + (OWi0™) (m(s), (2.61)

where Amlss, = m(s;) — m(s;). Hence, m(s) is a solution of the impulsive differential
equation:

m' = a(y(9)g((©m)(5))m(s) - a4 () ) Hom(s) - SLF (5761 0(5)), st
j=1

Aml_, = <(I)Bi¢)_1>(m(si)) + <(DWi(D"1>(m(si)), s=si.
(2.62)
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In the following, we set
PC = {m 1l (,5,.0) € C((i,511), R), m(s}) =m(s;), i=1,2,.. } (2.63)
and consider the Banach space
E:{m:meP_C,m(s):m(sHT))} (2.64)
with the norm ||m|| = SUP,c(0,5] {lm(s)| : m € E}, where & = ¢(w). Define a cone in E by
p= {m(s) €E:m(s) > k||m||}, (2.65)

where k € (26 - ¢)(1-¢%)/(1- (26 -¢)), rk @1 -7t/ -]
Let the operator ¥ : P — E be defined by

s+@

(Wrm)(s) = f G(s,e>{ a(y™'(0)) H(m(0) + D0, (7 (6),v(6)) }de
s j=1 (2.66)
+ G(s,5) ((PBO™ ) (m(si)) + (OW: @) (m(s)) ),
L2 Gl ((eBe) (oW (<))
where
elo aly™ (M)g (@ "m) (r))dr
G(s,0) = 5 , Be€lss+w]. (2.67)
1 = ela aly™ ()8 (@71 m)(r))dr
By the assumptions, we have
o <G(s,0) < — (2.68)
s,0) < . .
1-rk ™ 1-7

Lemma 2.15. m is an (o-periodic solution of (2.62) if and only if m is a fixed point of the operator W.

Proof. If m(s) is an cw-periodic solution of (2.62), for any s € R, there exists i € Z such that s;
is the first impulsive point after s. Hence, for 6 € [s, s;], we have

m(0) = ekt ™ M@ m)()dr

0 n
- j ol aly (@ mm)ar { a(y™ (1)) Himr) + Y05 (67 (1, v()) }dr,
j=1

s

(2.69)
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then

m(s;) = ek AT D@ m)(D)dT (o)

- [ et tonstirtmionar { a(y™ (1)) Hom(r) + S 7 (o7 (1), v() }dr.
j=1

S

(2.70)
Again, for 0 € (s;, si+1], then

0 -1 -1
m(s) = efs,. a(y= (1)) g((® m)(T))dTm(s:')

0 n
- f el A @@ s { a(p' ) ) Hm() + S0 (97 (), v() }dr
Si ]=1
= el <T>>g<@lm><f>>df{ (@B (m(s) + (OWi0™) (m(s1)) + m(s»}

0 0 1 —1 C 7
B J‘ or g (X)) (@ m) (2)dr { a<(,,—1(r)> H(m(r)) + > A fj (qf‘l(r), V(r)> }dr
Si j:1

— plat (r))g((m-lmxr))dr( <¢, B (m(s0) + <<DW1~<D‘1> (m(s;) )>

0 n
- f b v @)@ m@)ir { a(p ) ) Hm() + S0 (97 (), v() }dr
Si j:]

1 el A @t

ol ™ (@ mdr oy

Jaly™ () g((@ 7 m)(7))dr

_ ool @)@ m)()dr { . m(s)

si
— f eff‘ a(p™ (7)) g(@7'm)(7))d7

s

x {a(q;_l(r)>H(m(r)) + iAjfj (67" (), v(r) }dr}
=1
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= eJ‘sg a(q)ﬁl (T))g((d)’lm)(”r))d’rm(s)

i J.si oIy ()@ m ) { a<q,—1(r)>H(m(r)) + iliff (‘I"l(r),v(r)> }dr.

s j=1

(2.71)

So we can obtain

m(s) = el 4@ @@ mD)AT (6

S

_ J’ ? ol oty )@ m)as { a(y™ (1)) H(m(r)) + i)t,- Fi(y),v() }dr (2.72)
j=1
+ gl a7 @)@ m)(m)dT [(CI)Bi(I)‘l) (m(s))) + ((DWid)‘l) (m(si))]‘

Repeating the above process for 0 € [s, s + @], we obtain

m(s) = el a0 @@ m@)dry, o)

0 n
_ | of e mg(@ my(m)dr 1 \H v F (o), d
[ {a(qf ) + 05 (' v(r))} "o

3 eff,.a(w*(r))g((drlm)(f))dr[<¢,_1Bi¢,_1>(m(si)) +<¢,Wi¢,_1>(m(si))].

i:s;€[s,0)

Noticing that m(s) = m(s + @) and el 2@ (M@ m)(D)dr _ elzaly™ M(@TmM)AT (e find
that m is a fixed point of ¥.
Let m be a fixed point of ¥. If s #55;,i € Z, we have

j=1

m'(s) = G(s, s + @) { a(qfl(s + (TJ))H(m(s +@)) + ixjf,- <qr1(s + @), (s + (:J)) }

noo 2.74
- G(s,s>{a(qr1<s>)H<m<s>> ORI RIORYO) } 27
j=1

+ a(qfl(s)>g<<¢)‘1m> (s)>m(s).

By Lemmas 2.11 and 2.12, we have ¢(t + w) = ¢(t) + ¢(w) = ¢(t) + 0, so it is easy to have
t+w =g Hp(t)+@) = ¢ (s + @) and v(s + @) = v(s). Therefore, we can obtain

m'(s) = a(qf‘l(s)>g<<CD‘1m> (s))m(s) - {a(qf1 (s))H(m(s)) + iljfj <(,u‘1(s),v(s)> }

j=1
(2.75)
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If s=s;, i € Z, we can get

m(s))-m(s;) = 3 Glsis)((@B@™)(m(s))) + (OWi0™) (m(s))))

j:s,-e[si*,si*ﬂfz)

- > Glus) (B (m(s))) + (OWi0™) (m(s)) )

jisi€ls; s +@)
= G(si, i+ @) ((OBO™) (m(s)) + @) + (OW,d™) (m(s)) + @) )
- G(si, i) ((©B@™) (m(s))) + (@Wid™) (m(s))) )
= ~((@B@™) (m(s))) + (@W:d™) (m(s)))).-

(2.76)

Therefore, m is (-periodic solution of (2.62). The proof is complete. O

Lemma 2.16. Assume that (H1)-(Hs) hold, then ¥(P) C P,and ¥ : P — P is compact and contin-
UOUS.

Proof. By the definition of P, for m € P, we have

s+20

(Wm)(s + @) = f G(s +@,6) { a(y7(0))H(m(©)) + Y\ f; (¢7(0),%(6) ) }de
j=1

s+@

> Gls+@s)((0B@™)(m(s) + (W) (m(s) )

i:5;€[s+,5+20]

= rw G(s+@,0 + &){a(qxl(Q + @)>H(m(9 +w))

+f (q;-l(e +@),v(0 + &)) }de 277)
j=1

Y G(s+(7J,si)<<<I)Bi(D"1>(m(si))+<(I)WiCD‘1>(m(si))>

i:si€[s,s+@]

i js“:) Gs,0) { a((]fl (9)>H(m(9)) + iijfj <qf‘1 ), v(9)> }de

j=1

w3 Glss)((0B@™)(m(s) + (W) (m(s) )

isi€[s,s+w]

= (¥m)(s).
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Thus, (¥m)(s + w) = (¥m)(s), s € R. So in view of (2.66), (2.68), for m € P, s € [0,w], we
have

(¥m)(s) = J‘SHD G(s,0) { a((p‘l (6)>H(m(6)) + Zn:)L]-fj <([I_1(9)/ v(G)) }d@

s j=1

+ Y G5 (0B ) (m(si) + (OWi0™ ) (m(s) )

i:s;€[s,5+@]

f%{a(«p*w))H(m(e)) e S0 (5 0),0) }
j=1

(2.78)

isi€[s,s+W]

3 <(<1)Bi¢r1)(m(s,-))+<¢>wicb (m(sz))}

Jsm){ ( L ))H(m(@))+21)L f}( 1(6), v(6) }

)
+ > ((oB@™)(m(s)) + (OWi0™) (m(s)) }

isi€[s,s+W]

> k[[Wm.

Therefore, ¥m C P. Next, we will show that ¥ is continuous and compact. Firstly, we
will consider the continuity of W. Let m, € P and |m, - m| — 0asn — +oo, then
m € P and |m,(s) - m(s)] — 0asn — +oo for any s € [0,&]. By the continuity of
fiG=12,...,n), g @ o1, W (i=1,2,...,p), for any s € [0,&0] and € > 0, we have

|H (m,(s)) — H(m(s))| < 13;);0 €, (2.79)

and denote v, (s) := (@ 'm,,) (¢ (¢~ (s) —vj (¢ (s)))), and it is easy to see that ||m, —m| — 0
asn — +oo implies ||v, —v|| = 0asn — +oo, thus

l
|f](</f-1(s) vu(8)) = f; (g7 (s), v(s))| <35 Ai . j=12,...,n,

| ((@B@™) (m(s1)) + (WD) (m(s1))) (2.80)

i
1-7,

—(((I)B,-tl)‘l)(m(si)) + ((I)W,d)‘l)(m(sl))” < 2y

3wp
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where n is sufficiently large. For s € [0, w], we have

s€[0,] s

[Wm, - ¥m| = sup {

f " 66s,0) { a(™(©)) Hm,(0)) + S5, (#7(©), %(0)) }de
j=1
+ Y Glss)((@BOT) (ma(s) + (DWid™) (my(s))

i:si€[s,5+W]

_ f " s, 0) { a(y7(0) ) H(m(0)) + SUF (67(0),%(9)) }de

j=1

- X Glss)((@B@)m(s) + (OW, ) (m(s1))) ‘ }

isi€[s,s+@]
= sup {
s€[0,@]
+ZA (i (57 ©,%(0) - Fi(97©0),v®)) }de

+ G(s,5) (((PB@™) (ma(5)) + (OWiD ™) (m(51)))

its; e[s S+@)

-((eB@) (m(s)) + (PWi0 ) (m(51))) ) | }

f Gs, 6>{a(qf1<s>)<H<mn<s>> - H(m(s)))

(2.81)

Therefore, ¥ is continuous on P.

Next, we prove that ¥ is a compact operator. Let S C P be an arbitrary bounded set in
P, then there exists a number Ly > 0 such that ||m|| < Lo for any m € S. We prove that PS is
compact. In fact, from (H;j), one has W;(0) =0, i = 1,2,...; by (2.53), it is easy to see that for
any z € R, one has the following:

IWi(2)[l < k(lo)bollzll + Wi (O)[| = k(o) lollzll,  i=1,2,.... (2.82)

So for any {my},y C S and s € [0, 0], we have

[¥m,| = sup {

s€[0,0]

’[SJr&(s,Q){a(qr‘l(Q))H(mn(Q) YN Fi(y @ vn(9)>}
j=1

s

+ 3, Gls,s)((PBOT) (mals) + (DWi@) (ma(s)) ‘ }

i:si€[s,s+@]
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0

]-:1116[ L Lo]se[Ow

p
+Lo > (Bi + k(lo)lo)} =

i=1

a(47(9))g((@7'ma ) (5)) ma(s)
—{( <s>)H<mn<s>>+ZAf] (), va(s) }l}
)

|(¥m,)'|| = sup {
s€[0,0]

— _ ILc -
<aly||¥my| +a C_ + max Aj f]< “L(s),v(s)
1-¢ j=1ve [—LB,LB]SE[Ow

= n

Lc
<alyK+a——+ max A s),v(s ,
oK + a7 éve[f%%]sﬂol iy 6),v()) = Q

(2.83)

where L) = Lo/ (1-¢), which implies that {¥m,},cy and {(¥m,)'},,y are uniformly bounded
on [0, @]. Therefore, there exists a subsequence of {¥m, }, .y which converges uniformly on
[0, 0]; namely, ¥S is compact. The proof is complete. O

3. Main Results
Our main results of this paper are as follows.

Theorem 3.1. Assume that (Hy)—(Hs) hold, 0 < ¢(t) < 1, for a sufficiently small Lipschitz constant
lo; suppose that the following conditions hold:

(He) & = (1-¢)(1 - ) —@ale - (1 -¢) 37 (Bi + k(lo)lo) > O.

(Hy) There exist positive constants Py, o, and Bs with 0 < B1 < P < P4 such that

SUp,cro1.fi (¢ (s), fr/ (1 -7)) - SUPci0 i (471 (5), fa/ (1-70)) 1nfs€[0,(7)]fj (g7 (s),ap>)
(Br/(1- ) (Bs/ (1-0))dy @papo '

(3.1)
where By = ((1 - rk) /@rl) — @alc and & = ¢ (w).

Then forall j =1,2,...,n, \j € (\j;,A},], (1.2) has at least three positive w-periodic solutions, where

I apapo 1. = (Ps/(1 - ©))a i=12...,n (32
n @ninfeepo,m) f(t, @po)’ & &nsupse[olﬁ]fj(t,ﬂd(l—E))’ Y
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Proof. First of all, since0 <a <1/(1 -c) and 0 < ry <1, we have ap > 0, so

~ -1y 1-7f 1-ry
po = - @walc > = - @alc > = -(1- c)( - r0>
0 0

p
+(1-2) D (B + k(lo)lo) (3.3)

i=1

> (1-7¢) <ré - rOL> +(1- z)i(Bi + k(o)) > 0.

i=1

Furthermore, 0 < \;, < 1, in view of (3.1).
Now, define for each A; € (A, 1;,] and m € P a mapping ¥ : P — P by

s+@

(¥m(s) = [ G(s,0) { a(yp7 (@) ) Hm() + X0, f (47(0),v(0)) }de
° =1 (3.4)
+ Y Glss)((PBOT)(m(s)) + (WD) (m(s)),
isi€[s,s+w]
and a function p : P — [0, ) by
pm) = min m(s) (3.5)
Form € P_p4, by Lemma 2.13, we have
0< (qum> (s) < 1[5% (3.6)

It follows from (2.51), (2.68), (3.6), and (Hy), forall j = 1,2,...,n, A; € (Aj1;, 2] and m € P_p4
that

s+@

(Wrm)(s) = j G(s,6) { a(p™(0)) Hm(8) + S5 (570),v(®)) }de
s j=1

+ Z G(s,si)<<(DBi(I>‘1>(m(si))+<CDW1~CD‘1>(m(si))>

i:si€[s,s+@]

<t {fm{a(we))H(m(e)) +i/\jfj<qfl(9),v(9)>}d9

— T j=1

£ 3 <<®Bi¢)_l>(m(si))+<®Wi®_1>(m(si))>}

i:si€[s,s+@]

<7 : l{ = ﬁ4+wZMz sup f,(qf (s), ﬁ >+ﬂ4Z(b +k(lo)lo)}

s€[0,&0]
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1 _. Lt L (Bs/(1-70))ao Pa
- l{awl‘Eﬁ4+]§;wnsupse[0w]f]((p 1(s), s/ (1 =C)) sel OIZJ fJ(tP (s, —_>

+ﬁ4Z B +k lo)lo)} ﬁ
i=1

(3.7)

By Lemma 2.16, we know that ¥ is completely continuous on P_ﬂ4
We now assert that the condition (2) of Lemma 2.1 holds. Indeed, if m € Pj,, then
similar to above argument, by (3.1), we have

#m)(s) = [ G0 a(o @) HOnE) + S47 (o7 ©,v(0) }de
s =1
+ Y, Gs,s)((0B@™ ) (m(sy) + (OWi0™) (m(s) )

isi€[s,s+@]

1 S+ B
Sl—ré{L {( 1<9>>H<m<9>>+21f7 (), v<e>}

C S (om0t ons) + (oW m(s»)}

i:s;€[s,5+@]

< 1—1r5 { fw{ (v _1(9)>H(m(6))+Z)L]f]< (0, v(e))}de

j=1

. Z <<q)Bi(I)‘1>(m(Si))+<®Wi®_1>(m(si))>}

isi€[s,5+@]

1 - p
<1z _ { ﬁ1 + wZAﬂS:BIZ) f]< (s), fE) + ﬂlg(& +k(lo) zo)}

1 __ Lec n (Bs/(1-0))ag B i
) 1ré{awlfﬁl+;&nsupse a1 fi (w7 (s), ﬁ4/(1—0))56[0€7]f]< (S)’1—6>
14
+B1 > (B; + k(lo)lo)
i=1
< 1_1r0 {‘~1L__ﬂ1+1ﬁ -“°§ +ﬂ12<B +k(lo)lo)} pr.

(3.8)

Hence, ||¥m|| < p1 holds.
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Choose a positive constant f3 such that 0 < ff, < kfi3 < f3 < fs. Next, we show that
the condition (1) of Lemma 2.1 holds. Obviously, p is a concave continuous function on P
with p(m) < ||m|| for m € Pg,. We notice that if m(s) = (2/5)p, + (3/5)ps for s € [0, @], then

m € {m € P(p, P2, P3) : p(m) > P} which implies {m € P(p,po, B3) : p(m) > P} #0. For
m € P(p, B2, P3), we have

p2 < p(m) = 32[1&21’”(5) <|lmll < B, (3.9)
which implies, from (2.50), that

<<I)_1m> (s) > @l|ml|| > aps. (3.10)

And it is also clear that @(x) is nondecreasing for x > 0 and B;, W; € C(R,R*), and we can
easily have ®B,®!, dW;d ' e C (R,R*). Hence

p(¥m) = min (¥m)(s)

= min {
s€[0,0]

+ 3 G(s,si)<<(I)Bi(I)1>(m(si))+<(I)Wi(D1>(m(sl~))>}

S

fw G(s,0) { a(qfl(e))H(m(e)) + znp]- fi (qfl(B),v(G)> }d@
j=1

i:si€[s,s+@]
L

"o - min {IS+&{a<w1 (6)>H(m(6)) + i)tjfj (q,*l (6),&ﬁ2>

1-rysclo@l | Js o1

de

+ 3 ((eB@)om(s)) + (@W@l)(m(%)))}

itsi€[s,s+w]

~ ~ ~ . . f "'. -1 ~
2 {wglgrxﬁz + wjzz;xh nt fi(y7 (), 3p2)

PasmspPsiz

+ min i((@Bi®‘1>(m(si))+ (¢>Wi¢>‘1)(m(si)))}

0 Galcip,+ 53, ol ACROLTS

- L ~ . ~ — irlf~ i
L=y =1 wninfeepo @ f (q;—l (s), txﬂz) s€[0,0]

+ min i((@Bi®‘l>(m(si))+ <¢)Wi®‘1>(m(si))> > By

Po<m<p3 P

(3.11)

forall m € P(p, B2, B3)-
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Finally, we prove that the condition (3) of Lemma 2.1 holds. Let m € P(p, >, fs) and
|[¥ml| > B3, then p(¥m) > p,. We notice that (3.4) implies that

1-7, s

W) < —— f {a(qf_l(9)>H(m(9))+§Ajﬁ(¢_1(9),&ﬂz>}d6
=1
(3.12)

X ((@B@)(m(s) + (@Wid ) (m(s)) }

i:si€[s,s+w]

Thus

p(¥m) = min {

5€[0,]

[ et0 { a(y™0) ) Hm(®) + X0, (47(0),v(0)) }de

s j=1

Y G(s,si)<<CDBi(I)_1>(m(si))+<(I>Wi(1)"l>(m(si))>}

isi€[s,s+w]

L

"o min J‘SMN] { a<q;1(9))H(m(9)) + i)‘iff <(P71(9),v(6)> }d@

= i3 1
1- 1‘0 s€[0,&0] s j=1

+ 3 ((eBa)om(s)) + (@Wi®1)<m<5f>>>}

i:s;€[s,5+@]

2

rk (1 - ré)
1

1-7,

[l > kfz > fo.

(3.13)

To sum up, all the hypotheses of Lemma 2.1 are satisfied. Hence ¥ has at least three positive
fixed points. That is, (1.2) has at least three positive w-periodic solutions. This completes the
proof. O

Corollary 3.2. Suppose (H1)—(Hg) hold. If

) SuPse[o,ai]fj(‘If_l(S)/x)
lim -

X — 0 X

0, (3.14)

} supse[O,&]fj(¢’1(s),x)
lim =

x—0 X

0, (3.15)

where w = ¢ (w); then (1.2) has at least three positive w-periodic solutions.
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Proof. In view of (3.14), we can choose 4 > f, > 0 such that the second inequality in (3.1)
holds, and in view of (3.15), we can choose f; € (0, f2) such that the first inequality in (3.1)
holds. Therefore, the conclusion of Theorem 3.1 holds. This completes the proof. O

4. An Example

Let us consider the variable time scale Ty(x) constructed by t; = i, 7;(x) = (_1)1'10 sin x, where
|x| >1forallt € To(x), 0 <y < (1/2) and consider sr-periodic system:

1 I_ 1. 11 —-x b < 1/2 (1/7)|sint|
<x(t) + §|cos o (t - a)> —;|smt|<§ +§e >x(t) - ﬁéljx (1) ln<x<t —-e ) + 1),

(t,x) € To(x),
o\
x* =0.03<§> x +0.02lpsinx + x,

th =2i+1-lysinx,
(4.1)

where a is a constant, /\]-, j = 1,2,...,n are nonnegative parameters. In this case,
c(t) = (1/9)|cost|, a(t) = 1/, g(x(t)) = (1/3) + (1/3)e™*, Bi = 0.03(2/3)", Jix) =
0.02lysinx, vj(t) = eV/Dsinfl and f;(t, x(t — vj(t))) = (Io/3n)x"/2(t) In(x(t — v;(t)) + 1), j =
1,2,...,n, i € N. Obviously, (H;)-(Hzs) are satisfied, and it is easy to see that (3.14) and (3.15)
hold.

By the formula of ¢-substitution and 6k = 1, one can find

O=¢gw) =w- > G=x-1 (4.2)

0<2k<w

Clearly, L = (2/3), 1 = (1/3), 0 < c(t) < (1/9) < 1, ry = e"™D1/M = 05058 and
¢ =1/9, ¢ =0,s0wecan find 6 = (c +c)/2 = 1/18, and it is easy to check that ((26 —
)(1-¢?))/(1-(26-¢)%) =9/80 = 0.1125 < (rl(1 - 71)) /(1 - rt) = 0.3532. Thus, (Hy) holds.
Furthermore, we also have

ofill I |[In(x+1) x/2 o In (x+1)!/2 x1/2
ox || 3n|| 2x1/2 x+1|~ 3n x1/2 x+1
b (x+1)/? e A <1+ 1>1/2 x1/2 (4.3)
= 3n x1/2 x+1||/ 3n x x+1
Iy Iy
—(2+1)=—.
<3n( 1) n
Hence, for any x1, x; € R, one can get
S of; lo 3
2N fittx) = fit,x)| < |52 |1 = 2o < = = x| = Dolx = xal- (4.4)
j=1
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So (Hs) is satisfied. For a sufficiently small Iy, one can also have

Fo=(1-7) (1 - rg) —@ale-(1- E)Zp:(Bi + k(lo)o) = 0.0768 — gik(zo)zo, (4.5)
i=1

i=1

since k(lp) is a bounded function; for a sufficiently small l;, one can have @&y > 0 such that
(He) holds. Therefore, according to Corollary 3.2, (4.1) has at least three positive sr-periodic
solutions.
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