Hindawi Publishing Corporation
Journal of Applied Mathematics

Volume 2012, Article ID 540746, 12 pages
doi:10.1155/2012 /540746

Research Article

Duality of (h, ¢)-Multiobjective Programming
Involving Generalized Invex Functions

GuoLin Yu

Research Institute of Information and System Computation Science,
Beifang University of Nationalities, Yinchuan 750021, China

Correspondence should be addressed to GuoLin Yu, nxyugl@126.com
Received 1 March 2012; Accepted 2 October 2012
Academic Editor: Naseer Shahzad

Copyright © 2012 GuoLin Yu. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

In the setting of Ben-Tal’s generalized algebraic operations, this paper deals with Mond-Weir type
dual theorems of multiobjective programming problems involving generalized invex functions.
Two classes of functions, namely, (h, ¢)-pseudoinvex and (h, ¢)-quasi-invex, are defined for a
vector function. By utilizing these two classes of functions, some dual theorems are established
for conditionally proper efficient solution in (h, ¢)-multiobjective programming problems.

1. Introduction

The theory and applications of multiobjective programming problems have been closely tied
with convex analysis. Optimality conditions and duality theorems were established for the
class of problems involving the optimizations of convex objective functions over convex fea-
sible regions. Such assumptions were very convenient because of the known separation the-
orems and the guarantee that necessary conditions for optimality were sufficient under con-
vexity. However, not all practical problems, when formulated as multiobjective programs, ful-
fill the requirements of convexity. Fortunately, such problems were often found to have some
characteristics in common with convex problems, and these properties could be exploited
to establish theoretical results or develop algorithms. Many notions of generalized convexity
having some useful properties shared with convexity have been defined by a sizeable number
of researchers. A meaningful generalization of convex functions is the introduction of invex
functions, which was given by Hanson [1], for the scalar case. Nowadays, with and without
differentiability, the invex functions are extended to vector functions in finite dimensions or
infinite dimensions abstract spaces, and sufficient optimality criteria and duality results are
obtained for multiobjective programming or vector optimization, respectively, see [1-15].
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In 1976, Ben-Tal [8] introduced certain generalized operations of addition and multi-
plication. This kind of generalized algebraic means has many applications in pure and appl-
ied mathematical fields, see [6, 7, 10-16]. The biggest advantage under Ben-Tal’s generalized
means is that the function has some transformable properties. As pointed out in literature [12]
that a function is not convex or differentiable, however it may be transformed into convex
function or differentiable function in the setting of Ben-Tal’s generalized algebraic opera-
tions. In this way, Ben-Tal’s generalized means provided a manner in extension of convexity.
Recently, more and more interest has been paid on dealing with optimality and duality of
multiobjective program problems involving generalized convexity under Ben-Tal’s general-
ized means circumstances, for instance, see [10-16].

The properness of the efficient solution of the multiobjective programming problem
is of importance. In 1991, Singh and Hanson [9] introduced conditionally properly efficiency
for multiobjective programming problems. This kind of proper efficiency has specific signifi-
cance in the optimal problem with multicriteria. In present paper, we first extend the notions
of the conditionally proper efficiency for multiobjective programming problems, pseudoin-
vexity and quasi-invexity for vector functions in the setting of Ben-Tal’s generalized means.
Then, for a class of constraint multiobjective program problem, we will establish several
duality results by using the new defined proper efficient solutions and generalized invex
functions. This paper is organized as follows. In Section 2, we present some preliminaries and
related results which will be used in the rest of the paper. In Section 3, some duality theorems
are derived.

2. Preliminaries

Let R" be the n-dimensional Euclidean space and R.. be the set of all positive real numbers.
Throughout this paper, the following convention for vector in R” will be used:

x>y iffxi>y, i=1,2,...,n,
xz2y iffx; 2y, i=12,...,n, (2.1)

x>y iffx;2y;, i=12,...,n butx#y.

We first present the generalized algebraic operations given by Ben-Tal [8].

Definition 2.1 (see [6, 8]). Let h : R* — R” be a continuous vector function. Suppose that the
inverse function h™! of h exists. Then the h-vector addition of x,y € R" defined by

xoy=h"(h(x)+h(y)), (2.2)
and the h-scalar multiplication of x € R” and a € R is defined by
a®x =h"' (ah(x)). (2.3)

Similarly, generalized algebraic operations for scalar-valued functions can be defined
as follows.
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Definition 2.2 (see [6, 8]). Let ¢ : R — R be a continuous and scalar function. Suppose that
the inverse function ¢! of ¢ exists. Then the g-addition of a € R and f € R, is given by

al+1f =97 (p(@) +9(B)), (24)
and the ¢-scalar multiplication of « € Rand ff € R as
Plla =9 (Pp(@). (25)

Definition 2.3 (see [6, 8]). The (h, ¢)-inner product of vector x,y € R" is defined as

(x"y), =" (h0)h(y)). (2.6)

hyp

In this paper, we denote

Xi=xX1®x®---®x,, xceR',i=1,2,...,m,

1Ps

2.7)

Mz

[,.

For the differentiability of a real-valued function in the setting of generalized algebraic
means, Avriel [6] introduced the following important concept.

](xi =ay[+]aa[+] - [+]am, ai€R,i=1,2,...,m,

I
—_

al-1p = al+]((-D['1p), apeR.

Definition 2.4 (see [6]). Let f be a real-valued function defined on R", denote f t) =
@(f(h7L(t))), t € R". For simplicity, write f(t) = @ fh71(t). The function f is said to be (h, ¢)-
differentiable at x € R", if f (t) is differentiable at t = h(x), and denoted by V*f(x) =
h (Vv f ()|t=n(x))- In addition, It is said that f is (h, ¢)-differentiable on X C R"ifitis (h, ¢)-dif-
ferentiable at each x € X. A vector-valued function is called (h, ¢)-differentiable on X C R" if
each of its components is (h, ¢)-differentiable at each x € X.

We collect some basic properties concerning Ben-Tal’s generalized means from the
literatures [12, 14], which will be used in the squeal.

Lemma 2.5 (see [12, 14]). Suppose that f, f; are real-valued functions defined on R", fori = 1,2,
...,m, and (h, ¢)-differentiable at x € R". Then, the following statements hold:

1) VLX) = A e Vf(X), for L € R,

@) (@i @ V' F@) )y, = [SE IV L1 @)Yy, for y € RY L €R.
Lemma 2.6 (see [12, 14]). Leti=1,2, ..., m. The following statements hold:

(1) ALl la) = pl-1(A[]a) = Ap[]a, for A, p,a € R;

(2) A[[(a[-]1p) = A[-]a[-]A[']B, for X, a,p € R;
B) [ZiZ (ail=16) = [ a1 X218, for ai, pi € R.
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Lemma 2.7 (see [12, 14]). Suppose that function ¢, which appears in Ben-Tal generalized algebraic
operations, is strictly monotone with ¢(0) = 0. Then, the following statements hold:
(1)letA20,a,peR, and a < B. Then A[-]Ja < A[-]B;
(2) let A>0, a,p € R, and a < B. Then A[-]a < A[-]5;
B)letA<0,a,peR, and a < B. Then A[-]a = A[-]5;
4) leta;, pieR,i=1,2,...,m. Ifa; £ B; forany i € M, then

[z] < [Z] b 29)

i=1 i=1

Ifa; < Biforanyi=1,2,...,m, and there exists at least an index k such that xj < yy, then

m m
[Z] a; < [Z] pi. (2.9)
i=1 i=1

Lemma 2.8 (see [12, 14]). Suppose that ¢ is a continuous one-to-one strictly monotone and onto
function with ¢(0) = 0. Let a, p € R. Then,

(1) a < Bifand only if a[-]p <O,
(2) a[+]p =0 ifand only if a = (1)1,

Throughout the rest of this paper, one further assumes that k is a continuous one-to-
one and onto function with h(0) = 0. Similarly, suppose that ¢ is a continuous one-to-one
strictly monotone and onto function with ¢(0) = 0. Under the above assumptions, it is clear
that O[-]a = a[-]0 = 0.

Let X be a nonempty subset of R" and the functions f = (f1,..., f,,)T :X > RPand g =
(g1, gm)T : X — R™ are (h, p)-differentiable on the set X with respect to the same (h, ).
Consider the following (h, ¢)-multiobjective programming problem:

min  f(x) = (fi(x), fo(x),..., [,(x))], x€XCR"

(MOP),,.,
st. g(x)=0.

Definition 2.9. A point x is said to be an efficient solution for (MOP) hp if x € Xand f(x) £
f(x) forall x € X.

Singh and Hanson [9] introduced the concept of conditionally properly efficient for
multiobjective optimization. Now, we extend this notion under Ben-Tal’s generalized alge-
braic operations as follows.

Definition 2.10. The point X is said to be (h, ¢)-conditionally proper efficient solution for
(MOP)W if x is an efficient solution and there exists a positive function M (x) such that, for i,
one has

i) [=1£;() = M), (2.10)
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for some j such that f;(x) > f;(x), whenever x € X and
f,-(x) < fl(f) (211)

Example 2.11. Consider the following multiobjective problem:

T
min £(x) = (i), £0)" = (2,2)

JCQl X1
st gx)= (& (x),gz(x))T = (x1,x)" =1 (MOP),,,

x = (x1,x)" € R2.
Taking h(x) = x, ¢(t) = t2, it can be shown that every point of the feasible region is efficient.

Let x* = (a,b) be an efficient solution. Choosing M(x) = (bxy/ax;), where x = (x1,%2)T.
Fori=1, we get

AL YO/ - /) b 212)
HE[-1fi(x) \3/(x1/x2)3— (a/b)° Caxy — ’ '

for j = 2 such that fo(x) = x2/x1 > b/a = f,(x*) whenever x = (xl,xz)T is feasible and

fi(x) = z—l < g = fi(x"). (2.13)

Thus, x* is (h, p)-conditionally proper efficient solution.

Xu and Liu [10] introduced (h, ¢)-Kuhn-Tucker constraint qualification and used it to
establish Kuhn-Tucker necessary condition for (h, )-multiobjective programming problems,
for more details concerning (h, ¢)-Kuhn-Tucker constraint qualification, please see [10]. We
now state this result as the following (Lemma 2.12).

Lemma 2.12 (Kuhn-Tucker-type necessary condition). Let f; for i = 1,2,...,p, gj for j =
1,2,...,m be (h,¢)-differentiable on R", X be an efficient solution of (MOP),,, and the (h,¢p)-

Kuhn-Tucker constraint qualification be satisfied at x. Then there exist T = (T1, T, . .. ,?p)T > 0 and
X= (A, Ay, e, A)" = 0 such that

<€m? Fi®V*fi(§)> ® <€m? A ®v*g]-(x)> =0,
i= j=

Lllgx) =0, j=12,..,m

(2.14)

Jeyakumar and Mond [2] introduced the notion of V-invexity for a vector function
f = (fu f2,-.., fp) and discussed its applications to a class of constrained multi-objective
optimization problems. One now gives the definitions of generalized V-invexity for a vector
function in the setting of Ben-Tal’s generalized algebraic operations as follows.
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Definition 2.13. A vector function f : X ¢ R" — IRP” is said to be (h, ¢)-V-invex at x € X if
there exist functions 7 : X x X — R" and a; : X x X — R,, such that for each x € X and for
i=12,...,p

[/ 2 ailx, D1 (VA n(x,5)) (2.15)

h,lp‘

If we take h and ¢ as the identity functions, the above definitions reduce to the V-invex
function given by Jeyakumar and Mond [2].

Example 2.14. The functions f : R — R2, f(x) = (f1(x), f2(x))" = (Ix],/|x])". Let h(x) = x
and ¢(t) = 2. Then, f is (h, ¢)-V-invex function at X = 0 with respect to any 7(x, x) and a;(x,
X),i=1,2.

Definition 2.15. A vector function f : X C R” — R? is said to be (h, ¢)-V-pseudoinvex at x €
X if there exist functions 7 : X x X — R"and f; : X x X — R, such that for each x € X and
fori=1,2,...,p,

P

p
[Z] (V@ D), 20— [Z]ﬁi(x,?)[-]ﬁ(x) > [

i=1 i=1

P
i=1

]ﬁi(x, 0)[1fi(x). (2.16)

If in the above definition x # x and (2.16) is satisfied as

r P

4
[z] (VA@ ), 20= [Z]ﬁxx,%)[-]fi(x) > [Z] B DL, 17)

i=1 i=1 i=1

then we say that f is strictly (h, ¢)-V-pseudoinvex at x € X.

Example 2.16. The functions f : (0,1] — R?, f(x) = (fi(x), f2(x)) = (cos?(x),~sin?(x)). Let
h(t) = t and @(a) = arctan(a). Then, f is (h, ¢)-V-quasi-invex function at X = 1 with respect to
n(x,%) = 0 and any f;(x, %) > 0 (i = 1,2). In fact, observing that ¢! («) = tan(a) and h(0) = 0,
¢(0) = ¢71(0) = 0. In this case, we have

0= [22]] (v* fi(l)TO);,(,, >0, (2.18)

i=1

and for x € (0, 1], it follows that

202 _ el
fi)[-1/11) = tan(arctan(cosz(x)> - arctan<c052(1)>> = 1Ciscf)§2)(x;$s2((11)) =0,

—sin?(x) - <—sin2(1)> N

1 + sin®(x)sin®(1)

f(0)[-1f2(1) = tan(arc’can(—sin2 (x)) - arctan(—sin2(1)>) =
(2.19)
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Thus, we get from Lemmas 2.6 and 2.7 that

2

2
[Z] Pi(x, X)[-1fi(x) 2 [Z] Pi(x, X)[-]1fi(%). (2.20)

i=1 i=1

By Definition 2.15, we have shown that f is (h, )-V-pseudoinvex at x = 1.

Definition 2.17. A vector function f : X C R* — RP is said to be (h, ¢)-V-quasi-invex at x € X
if there exist functions 7 : X x X — R"and §; : X x X — R such that for each x € X
andfori=1,2,...,p,

4 P

p
[Z] 6(x, D)1 fi(x) < [Z] 6i(x, D) [1fi(®) = [Z] (V@ D) <0 (@21)

i=1 i=1 i=1 ho

Example 2.18. The function f : R — R is defined as f(x) = x°. Taking h(x) = x* and ¢(t) = ¢,
then, f is (h, ¢)-V-quasi-invex at X = 0 with respect to 77(x, x) = x ©x and any 6(x, x) > 0.

3. Duality

In this section, we will establish the weak and strong duality theorems under the generalized
(h, ¢)-V-invexity assumptions for Mond and Weir type dual model in relation to (MOP),, ,
Considering the following dual problem:

max  f() = (i), o)., fu(w)" (DMOP),,

s.t. <é T ® V*fi(u)> ® (é e V*g,-(u)) =0, (3.1)
i=1 j=1

Ail1gi(u) 20, (3.2)

>0, 7=(1,T,. ..,T,,)T, (3.3)

A20, A=, d. )T (3.4)

ueXcR" (3.5)

Theorem 3.1 (weak duality). Let x and (u,7,1) be any feasible solutions for (MOP)M, and
(DMOP),, ,,, respectively. Let either (a) or (b) below hold:

@) (ml1fi,=l1f2 .- ,Tp[-]fp)T is (h,¢)-V-pseudoinvex and (Aq[-]1g1,X2[-1g2, ..., Am
gm)" is (h, @)-V-quasi-invex at u with respect to same 1;

(b) (i [1f1, 2[1f2-- -, Tp[-]fp)T is  (h,¢)-V-quasi-invex and (A[-]g1,A2[1g2, ...,
Am[] gm)T is strictly (h, ¢)-V-pseudoinvex at u with respect to same 1. Then

[0 f(w). (3.6)
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Proof. Since (u, T, \) is a feasible solution for (DMOP) Iy by Lemma 2.5 and (3.1), for all x’ €
R" we obtain that

m

[Z] (V' (®l1fi@) n(x, u)) [Z] (V" (g ) n(x, u)) 0. (3.7)

i=1 j=1

(a) Let x be feasible for (MOP),, , and f(x) < f(u). Since 7 > 0 and fi(x,u) > 0, for all
i=1,...,p, it follows from Lemmas 2.6 and 2.7 that

[Z]ﬂz (x, ) []m[] fi(x) < [Z] Pi(x, w) [ 17l-1 fi(w), (3.8)

i=1 i=1

and (h, ¢)-V-pseudoinvexity at u of (T1[-] f1,..., Tp[-]fp)T implies

P . T
[Z’] (v (nl1fi ) n(x, u))w <0. (3.9)

i=1

Observing that x and (u, 7, \) are feasible of (MOP) I and (DMOP);W, respectively,
we get from Lemma 2.7 that

Aillgi(w) =02 ,[gi(x), Yji=1,2,...m. (3.10)

Again, since 6;(x,u) >0, for all j =1,2,...,m, it follows from Lemma 2.7 that

j=1 j=1

[Z] 6j(x, u) [ 14 [1gj(x) = [Z] 6j(x, u)[-1A;[-18j(w). (3.11)
Now, (h, ¢)-V-quasi-invexity at u of (A1[-]g1,..., 4m[] gm)T implies that

[Z] (V" (181 ) n(x, u)>w <0. (3.12)

=1
Together with (3.9) and (3.12), it yields from Lemma 2.7 that

m

L T
[Z](V*(Ti[-]ﬁ(u)) nxw), [+] [Z] (V' iHg) 1 w), <o, (313

i=1 j=1

which contradicts to (3.7)
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(b) Let x be feasible for (MOP)M, and (u, T, ) feasible for (DMOP),W. Suppose that
f(x) < f(u). Since 6;j(x,u) > O,foralli = 1,...,p, and 7 > 0, we get from
Lemmas 2.6 and 2.7 that

1

P
I:Z:I&i(xru)[‘]Ti[‘]fi(x) < [ :|6i(x/u)[']7'i[’]fi(u)- (3.14)

14
i=1 =1

The (h, ¢)-V-quasi-invexity at u of (71[-] f1,..., T[] fp)T implies that

p
[z] (Vv (@l fiw) nxw) <o0. (3.15)

i=1 vy

By (3.7), we get from Lemmas 2.7 and 2.8 that

[Z] (v (W18 @) nx,w) 2 0. (3.16)

= e

and since (M[-]g1, ..., Am['] gm)T is strictly (h, ¢)-V-pseudoinvex, we have

[i] PO, u); 1418 (x) > [i] PO, u); 1418 (). (3.17)
= =1

According to Lemma 2.7, this is a contradiction, since A;[-]gj(x) = 0, A;[-]gj(u) = 0
and ﬂ(x,u)]- >0,forall j=1,2,...,m.

O

Theorem 3.2. If X is feasible for (MOP),, ,, and (1,7, ) feasible for (DMOP),, ,, such that f(x) =
f(u). Let neither (a’) or (b’) bellow hold:

@) @@L Tl f Tl f) T ds (B, @)-Vepseudoinvex and — (Li[]gi, A2l1g2, -,
A [1gm)" is (h, 9)-V-quasi-invex at u with respect to same 1;

©) @1 fumllfor Bl 1f)" s (hg)-V-quasiinvex and  (L[gi,dal1g2, -,
A [1gm)" is strictly (h, @)-V-pseudoinvex at u with respect to same 1.

Then X is (h, p)-conditionally properly efficient for (MOP), , and (1, T, A) is (h, p)-con-
ditionally properly efficient solution for (DMOP),, .

Proof. Suppose X is not an efficient solution for (MOP),,,, then there exists x feasible for
(MOP),, , such that

f(x) < f(). (3.18)



10 Journal of Applied Mathematics

Using the assumption f(x) = f(u), a contradiction to Theorem 3.1 is obtained. Hence, X is an

efficient solution for (MOP) I Similarly it can be ensured that (i, 7, X)) is an efficient solution
for (DMOP) hp- O

Now suppose that X is not (h, ¢)-conditionally properly efficient solution for (MOP),, ..
Therefore, for every positive function M(x) > 0, there exists X € X feasible for (MOP),W and
an index i such that

fi@)[-1£i(x) > M(x)[1(f;(2) [-1f; (X)), (3.19)

for all j satisfying f;(x) > f;(x), whenever f;(X) < fi(x). This shows that f;(x)[~]fi(X) can
be made arbitrarily large and hence for 7 > 0 and f;(x,u) > 0, forall i = 1,2,...,p, the
inequality

p
[Z]ﬁi(fl w)[ 17 [ (i) [-1fi(x)) > 0. (3.20)

i=1

is obtained. Consequently, we ge from Lemmas 2.7 and 2.8 that

P P
[Z]ﬂi(f/ﬁ)[']?i[']ﬁ(f) > [Z]ﬂi(flﬁ)[']?i[']fi(f)- (3.21)
i=1 i=1
Now from feasibility conditions, we have
L[1gi(®) S \lgi@), Yi=1,...,m. (3.22)
Since 6;(x,u) >0, forall j =1,...,m,
[Z] 6;(%, W[ [1g;(%) < [Z] 6;(%, W) [1A;[1g; (@) (3.23)
j=1 j=1

Suppose that the hypothesis (a”) holds at u#, we can get from (h, ¢)-V-quasi-invexity at u of
(L[1g1A2l 182, - -, A[]gm)" that

[i] (V*@[']g]‘(ﬁ))Tn(f,ﬁ)) <0. (3.24)

=1 hp

Therefore, from (3.1), we get from Lemmas 2.5, 2.7, and 2.8 that

4
[Z] (V' @A@) @ ®) 20 (3.25)

i=1 hip
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§ince (T1l1f1, T2[] fo, - - .,?p[-]fp)T is  (h,¢)-V-pseudoinvex and (Xl[-]gl,xz[-]gz, ..,
Am[] gm)T is (h, ¢)-V-quasi-invex at 1, we have

p
[Z]ﬂz(ffﬁ) [1fi(x) 2 [Z]ﬂi(fﬂ)[-]ﬂ[']f:’(ﬂ)- (3.26)

i=1 i=1

On using the assumption f(X) = f(u) in the above equation, we get

p
[Z]ﬁl(ﬁ?ﬁ)[ Ti[-1fi(x) = [Z]ﬂi(fﬁ)[‘]ﬂ[']ﬁ(f)/ (3.27)

i=1 i=1

which is a contradiction to (3.21). Hence x is a (h, ¢)-conditionally properly efficient solution
for (MOP),W.
We now suppose that (i, 7, ) is not (h, ¢)-conditionally properly efficient solution for

(DMOP) I Therefore, for every positive function M(x) > 0, there exists a feasible (i, T, X)
feasible for (DMOP);, , and an index i such that

fi@[=1fi@) > M) [1(f; @) [-1f; @), (3.28)

for all j satisfying f;(i)[~]f;(u) > 0 whenever f;(u)[~]fi(#) < 0. This means f;(u1)[~] fi(%)
can be made arbitrarily large and hence for 7 > 0 and fi(x,u) > 0, for all i = 1,2,...,p, the
inequality

[Z] pi(x, w)[-17i[-] fi(u) > [Z]ﬁz(f w7l fi(u (3.29)

i=1 i=1

is obtained. Since x and (u, T, X) are feasible for (MOP),W and (DMOP)M,, respectively, it fol-
lows that as in first part:

P
[Z]ﬁ,(w)[ 7[1fi(@) < [Z]ﬁi(f,ﬁ)[-]a[-]fi(m, (3.30)

i=1 i=1

which contradicts (3.29). Hence, (i, T, A) is (h, )-conditionally properly efficient solution for
(DMOP);, -

Assuming that the hypothesis (b”") holds, we can finish the proof with the similar argu-
ment.

Theorem 3.3 (strong duality). Let x be an efficient solution for (MOP),, . If the (h, ¢)-Kuhn-Tuck-

er constraint qualification is satisfied, then there are T > 0, X = 0 such that (X, T, \) is feasible for
(DMOP),, , and the objective values of (MOP),, , and (DMOP),, , are equal at X. Furthermore, if the
hypothesis (a’) or (b”) of Theorem 3.2 hold at X, then (X, T, X) is (h, )-conditionally properly
efficient for the problem (DMOP);, .
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Proof. Since X is an efficient solution for (MOP),, , at which the (h, ¢)-Kuhn-Tucker-type nec-

essary conditions are satisfied, it follows from Lemma 2.12 that there exist T > 0, X = 0such
that (x,7,\) is feasible for (DMOP),W. Evidently, the objective values of (MOP)M, and
(DMOP),, , are equal at X, since the objective functions for both problems are the same. The

(h, p)-conditionally proper efficiency of (X,7,1) for the problem (DMOP),,, yields from
Theorem 3.2. O

Acknowledgment

This research is supported by Zizhu Science Foundation of Beifang University of Nationalities
(No. 20112QY024); Natural Science Foundation for the Youth (No. 10901004); Natural
Science Foundation of Ningxia (No. NZ12207); Ministry of Education Science and technology
key projects (No. 212204).

References

[1] M. A. Hanson, “On sufficiency of the Kuhn-Tucker conditions,” Journal of Mathematical Analysis and
Applications, vol. 80, no. 2, pp. 545-550, 1981.

[2] V.Jeyakumar and B. Mond, “On generalised convex mathematical programming,” Australian Mathe-
matical Society B, vol. 34, no. 1, pp. 43-53, 1992.

[3] S.K.Mishra, “On multiple-objective optimization with generalized univexity,” Journal of Mathematical
Analysis and Applications, vol. 224, no. 1, pp. 131-148, 1998.

[4] S. K. Mishra, G. Giorgi, and S. Y. Wang, “Duality in vector optimization in Banach spaces with gen-
eralized convexity,” Journal of Global Optimization, vol. 29, no. 4, pp. 415-424, 2004.

[5] S. K. Mishra and M. A. Noor, “Some nondifferentiable multiobjective programming problems,” Jour-
nal of Mathematical Analysis and Applications, vol. 316, no. 2, pp. 472-482, 2006.

[6] M. Avriel, Nonlinear Programming, Prentice-Hall, Englewood Cliffs, NJ, USA, 1976.

[7] L. B. Dos Santos, R. Osuna-Gémez, M. A. Rojas-Medar, and A. Rufian-Lizana, “Preinvex functions
and weak efficient solutions for some vectorial optimization problem in Banach spaces,” Computers &
Mathematics with Applications, vol. 48, no. 5-6, pp. 885-895, 2004.

[8] A.Ben-Tal, “On generalized means and generalized convex functions,” Journal of Optimization Theory
and Applications, vol. 21, no. 1, pp. 1-13, 1977.

[9] C.Singh and M. A. Hanson, “Generalized proper efficiency in multiobjective programming,” Journal
of Information & Optimization Sciences, vol. 12, no. 1, pp. 139-144, 1991.

[10] Y. Xu and S. Liu, “Kuhn-Tucker necessary conditions for (h, ¢)-multiobjective optimization pro-
blems,” Journal of Systems Science and Complexity, vol. 17, no. 4, pp. 472-484, 2004.

[11] Y. H. Xu and S. Y. Liu, “Some properties for (h, ¢)-generalized invex functions and optimality and
duality of (h, ¢)-generalized invex multiobjective programming,” Acta Mathematicae Applicatae Sinica,
vol. 26, no. 4, pp. 726-736, 2003 (Chinese).

[12] G. Yu, “Some (h, p)-differentiable multiobjective programming problems,” International Journal of
Optimization: Theory, Methods and Applications, pp. 136-157, 2009.

[13] G.Yuand S. Liu, “Some vector optimization problems in Banach spaces with generalized convexity,”
Computers & Mathematics with Applications, vol. 54, no. 11-12, pp. 1403-1410, 2007.

[14] G. Yu and S. Liu, “Optimality for (h, ¢)-multiobjective programming involving generalized type-I
functions,” Journal of Global Optimization, vol. 41, no. 1, pp. 147-161, 2008.

[15] Q. X.Zhang, “On sufficiency and duality of solutions of nonsmooth (%, ¢)-semi-infinite programming
problems,” Acta Mathematicae Applicatae Sinica, vol. 24, no. 1, pp. 129-138, 2001 (Chinese).

[16] D. Yuan, A. Chinchuluun, X. Liu, and P. M. Pardalos, “Generalized convexities and generalized grad-
ients based on algebraic operations,” Journal of Mathematical Analysis and Applications, vol. 321, no. 2,
pp. 675-690, 2006.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



