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Lupas-type operators and Szasz-Mirakyan-type operators are the modifications of Bernstein poly-

nomials to infinite intervals. In this paper, we investigate the convergence of Lupas-type operators
and Szdsz-Mirakyan-type operators on [0, o0).

1. Introduction and Main Results

For f € C([0,1]), Bernstein operator B, f (x) is defined as follows: Let

n
Pk (x) = <k>x"(1 -x)"*, 0<k<n, (1.1)
and then we define
L k
(Bnf)(x) = épn,k(x)f (;) (1.2)

Derriennic [1] gave a modified operator of B, f such as

n 1
(M2f)(x) = (n+1) S puk () fo P (O f (), (1.3)
k=0
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and obtained the result that for f € C®([0,1]),

Tim ((M;,f)(x) = f(x)) = (1=2x) f'(x) + x(1 = x) f" (). (1.4)

Lupas investigated a family of linear positive operators which mapped the class of all bound-
ed and continuous functions on [0, o0) into C[0, o0) such that

& k-1 k
(Laf) ) = Z<"+k >x—f(§) x € 0,90). 15)

Py (1+x)"*

Moreover, Sahai and Prasad [2] modified Lupas operators as follows: Let f be integrable on
[0, 00) and let 1 be a positive integer. Then we define

(Mu[f])(x) = (n=1) >\ Poi(x) fo Poi(y)f(y)dy, x€]0,00), (1.6)
k=0
where
p B n+k-1 xk 17
nk(X) = < k >m (17)

In this paper, we assume that 7 is a positive integer. Then they obtained the following;

Theorem 1.1 (see [2], Theorem 1). If f is integrable on [0, co) and admits its (r+1)th and (r+2)th
derivatives, which are bounded at a point x € [0,00), and f*)(x) = O(x%) (a is a positive integer
>2)as x — oo, then

lim 1 ((Mu[f]) " () = 0 (2)) = (r + DA =20 fCD () +x(1 =) f D (x). (1)

n— oo

Theorem 1.1 holds only for bounded x < K, so it does not mean the norm convergence
on [0,00). In this paper, we improve Theorem 1.1 with respect to the norm convergence on
[0, ).

Let 0 < p < oo and let w be a positive weight, thatis, w(x) > 0 for x € R. For a function
g on [0,00), we define the norm by

1/p
<I |g(t)|pdt> , O<p<oo
”g”LP([O,oo)) = [0,00) (1.9)
[S;)up)lg(t)lf p = oo.

For convenience, for nonnegative integersn > 2, r,and n —r -2 > 0, we let

A = (n-1)!(n-2)!

T m-r-ln+r-nr (1.10)
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Then we have the following results:

Theorem 1.2. Let 0 < p < oo. Let a and r be nonnegative integers and n —r —2 > 0. Let f €
Cr+1 ([0, o0)) satisfy

|f<f> (x)| <O(1)(x + 1), |f(’+1) (x)| <O(1)(x + 1) (1.11)

Then we have uniformly for f and n,

Ay (M [ () -f<f>(x)| = o(ﬁ)u +1)%2, (1.12)

a+2

In particular, if || (x + 1) “w(x) ||Lp([0m)) < oo, then we have uniformly for n,

(A (ML) @) - £ 0 0()

1
=0 — ). 1.13
L,([0,00)) <n1/3 ) (1.13)

Remark 1.3. (a) We see that for nonnegative integersn > 2, r,andn—-r -2 >0,

(n-1)!(n-2)!
(n—r—2)!(n+r—1)!_>1 as n — oo. (1.14)
(b) The following weight is useful.
1
1 A>—+a+2, 0<p<oo,
wy(x) = (1.15)
1+ xt _
A>a+2, p = oo.
Let
(x) = — (1.16)
LA '

Theorem 1.4. Let r and p be nonnegative integers and n —r —2 > 0. Let f € C"2([0, 00)) satisfy

“ f(r+1) (x) qu;m (x)

<o, Ifr PP o)

< oo. (1.17)

Lo ([0,00)) Lo ([0,00))

Then we have uniformly for f and n,

Anr(Ma[f1) 7 () = £ () [¢%2(x)

< o(%) (” £ ()4 () (1.18)

+ £ P g )

Lw([o,oo»)’

Lo ([0,00))
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Let us define the weighted modulus of smoothness by

wi(fim;t) = up ||A 20, k=12, (1.19)

Ler([0,00))”

where
Ay f(x) = f(x+h) - f(x), AL f(x) = f(x) =2f (x + h) + f(x +2h). (1.20)

Theorem 1.5. Let p and r be nonnegative integers and n —r —2 > 0. Let f € C"([0, o0)). Then we
have uniformly for f and n,

[ (Anr ML) ) = 72020

L ([0,00))
1 1 1
<C = (T), 2ﬂ+1;_> ( (7), Zﬂ >>
<ﬁ“’1<f v ) ree\ ST

The Szédsz-Mirakyan operators are also generalizations of Bernstein polynomials on in-
finite intervals. They are defined by:

(1.21)

& k
1)) = 25uf (5) (122)
where
-nx k
Suxl) = S0 (123)

In [3], the class of Szdsz-Mirakyan operators S, 4(f; x) was defined as follows:

k
Snira (f;%) _A(nx)z(":%' (niq), x€[0,m), (1.24)
where g > 0 and
A(t) = Z(k),, t € [0,). (1.25)

Theorem 1.6 (see [3]). Let g > 0 and r € N be fixed numbers. Then there exists Mg, = const. > 0
depending only on q and r such that, for every uniformly continuous and bounded function f(x)e™9*
on [0, o), the following inequalities hold;
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(a)

| (Sniqr (f; x) = f(x))p(x)e™ ™ ”Lw([O,oo))
1 (1.26)
(0™ 0wy + 1" @10y )7

X qr

"n+gq

(b)

” (Sn;q,r(f; x) - f(x))‘P(x)eiqx“Lw( [0,00))
(1.27)
< M ((an(U1(f e 6nq) +(AJ2(f e nq))

where 6,4 := (n + q)‘l/z.

(c) for every fixed x € [0,00), we have for every continuous f with f¥(x)e %, j = 0,1,2,
bounded on [0, o0),

B (S (f3) = F(3)) = =axf () + S f (). (1.28)

Now, we modify the Szdsz-Mirakyan operators as follows: let f be integrable on [0, «0),
then we define

(QulNE) = (1) 3500 [ Suops)f )y, xeD0), (129
k=0

where f is a nonnegative integer. Then we have the following results:

Theorem 1.7. Let a, f and r be nonnegative integers. Let f € C7+V ([0, o0)) satisfies
[fO@] <omex+1),  |Fr@)| < 0P e+ 1), (1.30)

Then one has uniformly for f and n,

<n+ﬁ> (QuslN) " (x) - £ (X)‘ < 1/3>eﬂ"(x+1)”‘+2 (1.31)

In particular, let 0 < p < oo. If one supposes ||ef (x +1)**>

formly for f and n,

w(x)||Lp([0,w)) < oo, then one has uni-

[((*22) @il - 70 Yo

1
- o<—>. (1.32)
L, ([0,%0)) nl/3
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Remark 1.8. (a) We note that for nonnegative integers f and r,

<n+ﬂ>’
- —1 asn— oo.

(b) The following weight is useful.
wy,p(x) = e P, (x),

where w) (x) is defined in Remark 1.3.

Theorem 1.9. Let f3, y, and r be nonnegative integers. Let f € C"*2 ([0, c0)) satisfies

| £ e g )

<o, ||fr R ety

Lo ([0,00)) Lo ([0,00))

Then one has uniformly for f and n,

("2 @uls) ") - f<”<x>] )

< O< ><||f"”>(x)e

+ [ 72 e Py ()

L ([0,00))

<n+ﬂ> (Qnﬂ[f])(r (x) - f(’)(x)] —px 2y+2(x)

L ([0,00))

2. Proofs of Results

m(OOO))>

Theorem 1.10. Let f, y, and r be nonnegative integers. Then one has for f € C'([0, o)),

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

First, we will prove results for Lupas-type operators such as Theorems 1.2, 1.4, and 1.5. To

prove theorems, we need some lemmas.

Lemma 2.1. Let m and r be nonnegative integers and n > m+r + 1. Let
Tn,m,,(x) = (n -1 - 1)ZPn+r,k (x) J‘ Pnfr,kJrr (y) (y - x)mdy
k=0 0

Then

(1) Tnor(x) =1,

2.1)
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(ii)

(r+1)(1+2x)

Tuar(x) = (n-r+2) ’
(2.2)
Tr () = 2n-Dx(l+x)  (r+1)(r+2)(1 +2x)%
n2riX T m-r-2)(n-r-3) (m-r-2)(n-r-3)"’
(iii) form > 1,
(n-m-r—-2)Tym1,(x)
(2.3)
= x(1+x) (T} (X) + 2Ty (x)) + (M 41+ 1) (1 + 2X) T s
wheren >m+r+2;
(iv) form > 0,
1
T () = Oz ) s (), 24)

where Gy m,r(x) is a polynomial of degree < m such that the coefficients are bounded inde-
pendently of n and they are positive for n > m+r + 1.

Proof. (i), (ii), and (iii) have been proved in [2, Lemma 1]. So we may show only the part of
(2.4). Form = 1,2, (2.4) holds. Let us assume (2.4) for m(> 2). We note

' 1 ’ ’
Tn,m,r (x) = O<W>qm,r(x)/ qm,r (JC) € pmfl- (25)

So, we have by the assumption of induction,

(m-—m—-r—=2)T,m1,(x)
= x(1+ %) (T ymr (x) + 2Ty o1 (%)) + (M + 1 + 1) (1 + 2%) Ty s
1 1 > (2.6)

< x(l + x) (Cmq'mlr(x) + Zqum,Lr(x)

1
+ (m +71r+ 1)(1 + Zx)mqm,r(x).

Here, if m is even, then

m+2
2

m+1 _m+2_

2

], (2.7)

+1=§+1=m+2=[m+2

2 2

, [%]+1=§+1
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and if m is odd, then

m+1 m+1 m+2 m m-1 m+1 m+2
]+1_ +1_[ e N L e il il ] (2.8)
Hence, we have
T, =0 —1 2.9
n,m+1,r(x) = n[(m+2)/2] qn,m+1,r(x)/ ( . )

and here we see that gy, m+1,(x) is a polynomial of degree < m + 1 such that the coefficients of
Gnm+1,r(x) are bounded independently of n. Moreover, we see from (2.6) that the coefficients
of G m+1,r(x) are positive forn > m +r + 2. O

Lemma 2.2 (see [2, Lemma 2]). Let r be a nonnegative integer and n —r — 2 > 0. Then one has for
feC([0,)):

, 1 - ” ,
(M) ) = C T S Pk [ Prsen ) )y @10

k=0
Let
(M” [f]>(r) (.X') = (Tl —-r-= 1)ipn+r,k(x) J::o Pn—r,k+r (]/)f(r) (y)dy (211)
k=0
Then we have
Vi 1) @
(Malf]) " () = Aur(Ma [ ), (2.12)

where A, , is defined by (1.10).

Proof of Theorem 1.2. Let |y — x| < 1. By the second inequality in (1.11),

[FOw) - FO )| =y ==l fV @)

§u+2

(2.13)
<O |y - x|(x +1)*2

<O()|y - x|



Journal of Applied Mathematics 9

Lete:=n7,0<y<1,

|((F.0) "= )|

(n —-r- 1)ipn+r,k(x)
k=0

g <J|y—x<g Pacrier (¥) |f(r) () - f(r) (x) |dy + f Prurjsr (Y) 'f(r) (v) - f(r) (x) |dy> ‘

ly-x|>e
=:A+B.
(2.14)
First, we see by (2.13) and Lemma 2.1,
A=01)|(n-r- 1)ZPn+r,k(x) f Puricer (¥) |y — x| (x + 1)“+2dy'
k=0 ly-x|<e (2.15)
< OM)e[Toor (0)](x +1)™2 = O(De(x + )2
Next, we estimate B. By the first inequality in (1.11),
B § C (11 i 1)an+r,k(x) | | Pn—r,k+r(y) <|f(r) (y) | + |f(r)(x) ')dy‘
k=0 y—x|>¢
(2.16)
<Cl(n-71-1)D Pruri(x) Porjesr () (¥ + 1) + (x + 1)“)dy‘.
k=0 ly—x|>¢
Here, using
a a < a i a—i
(y+1)" =((y—x)+x+1) =Z i (y-x)'(x+1) (2.17)
i=0
and the notation:
1, (i:odd)
(i) = (2.18)
0, (i:even),

we have

o a a . .
B < Cl(n—r—l)IZPm,,k(x)I Pn—r,k+r(y) X < < ,>(]/—x)1(x+1)a_l +2(x+1)a>dy
k=0 ly—x|>e 1

i=1
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<C Tl r— anwk(x) J‘y—x|>£ Pn—r,k+r (y) X <Z“:< > (]/ x)

i=1

Cltn—r - 1)[3 Pusre() (x+1)°d
+Cl(n-r kgo kxf —rk (y)< ) X+ Yy

ly- x|>£

:= B; + Bs.

Then, we obtain

a /a 1\ 9 y
Bi<C( >, ; | Ty | (;) (x+1)*"
i=1

a a nY<i> iy
<€ <i>o<n[<i+<i>+1)/zl > | ivtiyr ()| (x +1)

@ '
- ‘ (x + 1)“_l>dy

(2.19)

(2.20)

1 _ 1
<O 77— artiy < of L .
< O(n[(i+(i)+1)/2]—y(i) > (x+1) < O<n1—y ) (x+1)*.

Here, we used the following that fori > 1,

i+{(i)+1
B BRI ER RN
because
i+1 .
iv(i)+1] .| Y i:iodd,
2 RAch i i:even
5 : .
And we know that

1 : e 2 a
B < Tzl (2) v < 0 (i anar @l (1) =
2 1 a+2
<O( i Vlanar @l < 0=y )xs ™2

Thus, we obtain

(2.21)

(2.22)

(2.23)

(2.24)
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Therefore, we have uniformly on n,

|(#11)" @ - 7

1 a+2 1 a+2
Here, if we let y = 1/3, then we have

| (M, [f])(r) (x) = f7(x)| = O(#) (x +1)*2, (2.26)

that is, (1.12) is proved. So, we also have a norm convergence (1.13). O

Proof of Theorem 1.4. We know that for f € C*? ([0, x0)),
fO) = fOx) + fU () (E-x) + ft (t—u) f) (w)du, (2.27)

<C| 2 e @) L+ x)% 4 (1+0%) (-2, (228)

t
f— (r+2) d
L( ) £ (u)cu N

where ¢(t) =1/(1 + x). Then we obtain from (2.10) and (2.27),

(Mal1) " @
= £ @)+ fOD T () + (1= 7= 1) S Prayi(0) j:o Pocrieer(Y) fy (v -u) f7? (wdu dy
k=0 x
(2.29)
and from (2.28),
0 [o2] y
(n—r- 1)an+r,k(x) J‘ Pn—r,k+r(y) f (y - u)f(Hz)(u)du dy}
k=0 0 x
<[lF 206, o
x <<1 P+ |17~ D3 Prars) [ Proior ) (1) (0 - x)zdyD-
k=0
(2.30)
Using (1 + y)zﬂ <C((y - x)zﬂ +(1+ x)zﬁ), we have
1 DE s [ P )10 27|
k=0 0 (2.31)

< C(ITuzprar (0] + 40P T2 ()]
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Therefore, we have

|<Mn [f])m(x) —f(’)(x) 4f2ﬂ+2(x)

< | £ g ()

|T1,r ()] ¢ ()

+C|| 2 g

ﬂT 2ﬂ+2
L0, ))( +x) |n2r(x)|‘P (%)

G O] Tuapear (D)0 (2) (2.32)

Lo ([0, ))
<o(5 )0 @e 0| gua Dl
oY, g Pl

so(3 o)

Lo ([0,00)) gn,2ﬂ+2,r(x)|‘l’2ﬂ+2(x)-

Since we know that for x € [0, o0),

|gn,1,r(x)|¢(x) <C, 1+ x)2ﬂ|gn,2,r(x)|(#2ﬂ+2(x) <C |gn,2ﬂ+2,r(x)|(l‘2ﬂ+2(x) <C,
(2.33)

we have

‘ (Ma[1)" @)~ £ ()92

<o(5) (e

(2.34)

Lw([o,oo»)’

Lemma 2.3. Let r and 3 be nonnegative integers and n —r —2 > 0. Let f € C® ([0, 00)) satisfies

o FASRICOr

L ([0,00))

O

2.35
Lo ([0,00)) ( )

Then one has uniformly for n, f and x € [0, o),

|(#111) " 0o

. 2.36
Leo ([0,00)) ( )
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Proof. Using (1 + y)zﬂ < C((y - x)Zﬂ +(1+ x)2ﬂ), we have
0

(n-r- 1)§:Pn+r,k (x) j Prrer (]/) (1 + y)zpdy
k=0

The assumption (2.35) means
FOw)| < caey)®.

Then we can obtain by (2.10),

|(3111) "

<C

L ([0,00))

1 r VS Rcs0)[[ P ()09 | [
k=0 0

< C(quﬂ(x) + |Tn,2ﬂ,r(x)|> ”f(r)‘lfzﬂ

Lo ([0,00))

< C<<P-2ﬁ(x> + O(%) |qn,2,;,r(x>l) A

o ([0,00))

<C(g () + |Tazpr ()])-

13

(2.37)

(2.38)

(2.39)

Consequently, since |g,,2p, (x) |r? (x) is uniformly bounded on [0, o), we have the result. [

The Steklov function [f],(x) for f € C([0,00)) is defined as follows:

4 h/2
[f],(x) = ﬁff 2f(x+s+t)— f(x+2(s+t))]dsdt, x>0,h>0.
0

(2.40)

Then for the Steklov function [ f],(x) with respect to f € C([0, o0)), we have the follow-

ing properties.

Lemma 2.4 (cf.[4]). Let f(x) € C([0,00)) and n(x) be a positive and nonincreasing function on

[0, 00). Then (i) [f],(x) € C?([0,0));

(i1
(U1 = £ N1y oy < M(f;mg);
(i)

(2.41)

(2.42)
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(iv)

| 15 come t[pn (5 ) + qwntrimm)|. .49

<
Lo ([0,00)

Proof. (i) For f € C([0,0)), we have the Steklov functions [f]},(x) and [f]} (x) as follows. We
note

4 h/2 x+h/2 x+h 1
[f],(x) = ﬁf <I 2f(u+t)du—f Ef(u+2t)du>dt, x>0, h>0. (244)
0 x x
Then, we can see from (2.44),

[f]/h(x) = %j:/z [2<f<x+g+t> —f(x+t)> - %(f(x+h+2t)—f(x+2t))]dt
(2.45)

dt.

h/2
= % fo [ZA}I/Zf(x +1) - %A;f(x +2t)
Similarly to (2.44), we know
, 4 x+h/2 h 1 x+h
L1, = ﬁ[z [ (r(u3) s )au- [ Gl —f(u))du]- (2.46)

Therefore, we have from (2.46),

[f];:(x) = %[2<f(x+h)—2f<x+g) +f(x)> —}L(f(x+2h)—2f(x+h)+f(x))]

\ : (2.47)
= = [P0 - ot )|
Therefore, (i) is proved.
(ii) We easily see from (2.44) that
h/2
(@ = [, el = o [ [ a2 seomeodsar
0 (2.48)

h
<wz<f;1z;§>-
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(iii) From (2.46), we have

4 ("2 (x)
= L 2(8) o f (x4 D +1)) n(’lx e dt'

| [l om)| <

h/21
ﬁfo ( hf(x+2t)rl(x+2t)> o2

+

4 1(x) ‘

=

L By 1)
=X w1<f11 >m wl(frl )71(X+h)

(iv) From (2.47), we have
|Themeo| < o [ (Fim 3 ) + qoarimm)].

Proof of Theorem 1.5. We know that for f(x) € C"([0, o)),

V@ =10 @ AV @ =[] o VP =[] @

Then, we have

“ <<M" 7 Dm (x) = f “><x>)4f2f’+2(x)

Lo ([0,00))

< |7, )" (g2

Lo ([0,00))
‘ ((M’n[mh]) ()= L7130 )92 (x)

[0 - £ 0] 0|

Lo ([0,00))

Ly ([0,00))

From (2.51) and (2.41) of Lemma 2.4,

<|[f" e - 1Y @)@,

| (Futs - 171,0) " o922

Lo ([0,00))
=[O - [£] @]w

<wz<f( ) P 2;h>-

L ([0,00))

L ([0,00))

15

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)
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Here, we suppose 0 < h < 1 and then we know that

p) g (x)

g+ ST glarh/2) .

From Theorem 1.4, (2.51), (2.42), and (2.43) of Lemma 2.4, we have

(i) - 0 oo
<O< )(”[f](r+1 ()¢ (x) L..([0,00))

<o2) 170 (%)

Lo ([0,00))

+ [ P e

) (2.55)
Lo ([0,00))

Therefore, we have

[(MLIF D" G0 = £ (00) g2 *2(0)|

o (2.56)
. .
- - (r).,2p+1. - (r).,2p. ()., 2p+2.
<O<n><hw1<f 4 ,h>+h2w2<f H ,h>>+w2(f U ,h>.
If welet h =1/+/n, then
— ")
|(F.11) " - 1) )20
Lo ([00)) (257)
< C<Lw1 <f(r>.q,2ﬁ+1. L) +w2<f(r).q,2ﬂ- L))
~ \/ﬁ 7 7 \/ﬁ 7 7 ,\/ﬁ 7
because wy (f©); ¢?*2;1/v/n ) < wy(f7;¢%;1//n). O

From now on, we will prove Theorems 1.7, 1.9, and 1.10, which are the results for the
Szész-Mirakyan operators, analogously to the case of Lupas-type operators.

Lemma 2.5. Let r be a nonnegative integer. Then one has for f € C"([0, o0)),

(r) B n r oo o .
(Qup[f1) 7 (x) = (n+ﬂ>(n+ ﬂ> kzzosn,k(x) fo Swprer (W7 (y)dy, x€10,00). (2.58)
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Proof. We know that

e\ e () |
Sff,i<x>=2<:> k<! ) (:><—1>’<—1>1n*sn,k_i(x>,

i=0 i=0

- (2.59)
r e ())& 4
s =3 <r> <k, ). <r> (~1)'n S rai().
i—0 \! : i=0 \!
Therefore, we have
(QuslD" ()
=+ )X [ Supn () F W)y
k=0 0
=(n+p)> > <:> (1) (=1)' Sp-i(x) fo Snipi(y) f (v)dy
i=0 k=i
" o w 7 (2.60)
n r ri_1)\i r .
-9 (25) S [ S s b Supint s )
B n r o« o] v ")
= eB) () S [ S (D ()
_ n r oo (oo} (r)
010 8) (555) 50509 [ Sur )£ ).
O
Lemma 2.6. Let a, b, and m be nonnegative integers.
Rn,m,r(al b; x) =(n+ b)isrﬁa,k (x) J‘Ooo Sn+b,k+r (y) (]/ - x)md]/ (2-61)
k=0
Then one has
(i) Ruor(a,b;x) =1and R, 1,(a,b;x) = ((a-b)x+r+1)/(n+b);
(ii) Form > 1
(11 + b)Rn,m+1,r(ar b; x)
(2.62)

= xRill,zn,(a, b;x)+((a-b)x+m+r+1)Rym,(a,b;x) +2xmRym-1,(a,b; x);
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(iii)
R abix) = O —— a,b;x 2.63
n,m,r( , 0, ) [Gme1)/2] gn,m,r( 0, )/ ( )

where gy m,(a,b; x) is a polynomial of degree < m such that the coefficients of gnm(a,
b; x) are bounded independently of n.

Proof. Let Ry, (x) := Rymr(a,b; x). Then (i)

Ruor (x) = (1 +b) > Sprax(x) f Susbeer (y)dy = 1,
k=0 0

Ry (x) = (n+ b)ZSn+a,k(x) 4[0 Snbk+r (]/) (]/ - x) dy

k=0
& 1
= anwlk(x)k’L;+ —x (2.64)
= n+b
& k 1
= 3 Sk () —— + —— —x
= n+b n+b
_(n+a)x+r+1_ _(a-bx+r+1
T n+b n+b - n+b ’

(ii) Using xSfllJ)((x) = (k — nx)S, k(x), we obtain

x<R1(11,2n,r(x) + mRn,m—l,r(x)>

_ ) ” —x)"
-("+b)éx5n+a,k(x) fo Snibjsr (¥) (v = x)"dy (2.65)

= (n+b) D Snk(x) fo (k= (n+ a@)x)Spspier (v) (v — x)" dy.
k=0

Here, we see

(k= (n+a)x)Spibjer (V)

=((k+r—(n+b)y) - (r+(a-b)x)+ (n+b)(y —x))Snv+r(y) (2.66)

= yS1(11+)b,k+r (y) —(r+(a- b)x)sn+b,k+r(y) +(n+ b)Sn+b,k+r (y) (]/ - x)-
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Then substituting (2.66) for (2.65), we consider the following;

(R (%) + MRy ()

— (1) 3540) (S 10, () = 7+ (a= D)y ()
k=0 0 (2.67)

+(n+b)Snivier (v) (y - x)) (y - x)"dy
ekl

Then, we have

[ =m0 35 [y, ) )"dy
k=0
= (14 D)o@ | S0, () (v -2y
k=0 0 (2.68)

+x(1+5)S Sk (2) f St (D" dy
k=0

= —(m+ 1) Ry mr(x) — xRy 1, (X).

Here the last equation follows by parts of integration. Furthermore, we have
J +j =—(r+ (a-b)x)Rymr(x) + (1 +b) Ry ps1,r(x). (2.69)
1 J2

Therefore, we have
(1 + b) Ry a1 (x) = xRUY, (%) + (@ = b)X + 1m0+ 7 + 1) Ry p (x) + 2XMRy 1 o (x).  (2.70)

(iii) It is proved by the same method as the proof of Lemma 2.1 (iv). O

Proof of Theorem 1.7. Let |y — x| < 1. By the second inequality in (1.30),

FOw) - 0| =y -l f @)

(2.71)
< C|y _ x| |eﬂ§§a+2

< Cly - x|ef*(x + 1),



20 Journal of Applied Mathematics

Lete=n7,0<y<1,

(n ; ﬁ>r(Qnrﬂ DY) - f0(x)

(n+P) gsnﬂx) <f

Snspier (V) 'f(r) (y) - FO () |dy
ly-i<e 2.72)

+ J‘y_x|>£ Sueprr W) |[f7 ) = fO ) |dy> ‘

:A+B.

First, we see that by (2.71) and Lemma 2.6(i),

A< C(Tl + ﬂ)zsn,k(x) J‘ Sn+[5,k+r (y) |y - x|d3/ eﬂx(x + 1)a+2
k=0 ly—x|<e (2.73)

< CeeP*(x +1)* < O(%)eﬁx(x +1)*2,

Next, to estimate B, we split it into two parts:

B =

(n+ ﬁ)isn,k(x) f Snipktr (y) |f(r) (y) - f(r)(x) idy‘
k=0 ly—x|>e
< (Tl + ﬂ)kzzosnk (x) J‘y_ﬂ)g Sn+ﬁ,k+r (]/) <|f(r) (]/) | + |f(r) (x) Ddy (2.74)

< (1) 350 L_XPE Suopsor (1) (&P (y +1)% + P (x +1)" ) dy

=: Bl + Bz.

First, we estimate
Bui= (n+9)X50k(0) | Suprer ()e (v + 1)y, (2.75)
k=0 ly—x|>¢

Then, using the following facts:

k+r
SnJrﬂ:kJr?’ (y)eﬂy = Sn,kJrr (y) <n - ‘B> 7 (276)

n
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(n ; ﬁ>k+r Spi(x) = (n :; ﬂ)rsmp,k (x)el*, 2.77)

(y+D)"=((y-x)+x+1)" = A (T) (y - x)i(x+ 1)57, (2.78)

1

]

1]
o

we have

B; < Cef* (n+p) <n : ﬂ) an+ﬁk(x) j Snker(y) (y + 1>ady

y—x|>¢

r+l1 oo
= Ceﬁxn<n * '6) > Suipi(x)
n k=0

(2.79)

X’[|y—XI>s ""+r(y)z< >(y x)'(x + 1) dy

+ CeP*n < 1

P ) SSuns0 | Surer () 1)y
k=0

[y—x[>¢

=: Ceﬂx(Bll + Blz).

Then, using (2.18) and Lemma 2.6, we have
[ee] 24 o i i
B =35 [ S 3 (7)o e 1y
k=0 ly—x[>¢ i=1 \?

(i) )
' (x+1)""'dy

<n§)Sn+ﬂ,k(x)j Sn,k+r(y)za:< >(y x)

ly—x|>¢ i=1

- z a i+(i 1 @ a—i
< nkz_;)Srﬁﬂ,k (x) J‘y_x|>E Shker (y); <1> (y - x) ) (;) (x+1)"'dy (2.80)

g< > wi+(iyr (B, 0; x)( ><i>(x+1)a—i

Z < > <%>q"ri+<i)f (ﬂ, O;x) (x + 1)11—1'.

i=1

Then by (2.21) we have

Bn < o(%)u +1)* (2.81)
n--y
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For B, we have

By = nZSnJ,ﬂ,k(x) I Sn,k+r (y) (x + 1)ady
k=0

ly—x|>e

[0} y - X 2
< nZSn+ﬂ,k (%) Snker (y) <T> dy(x + 1)”
k=0

ly—x|>¢

(2.82)
1\? . n .
< Rupr(B,0;x) (;) (x+1)"=0 ] G2 (B,0;x) (x + 1)
1 a+2
= O(m)(x-i-l) * .
From (2.81), (2.82) and (2.79), we have
B; < o(%)eﬂX(x +1)*2, (2.83)
ntr
We estimate
B= (1 A 350 [ S (el x4 1)y (254)
k=0 ly—x|>¢
Then we can estimate B, by the same method as By,
B,=(n+ ﬂ)ZSn,k(x) ’[ Suiper (y)eﬂx (x+1)*dy
k=0 ly—x|>¢
0 y —x 2 e "
< (n+P) D Snk(x) Snipier (V) . dy eP*(x +1) (2.85)
k=0 ly—x|>¢
1\2
<Rz 0i) () (e,
so we have
B n?r . fx 1)4 1 Px 1 a+2 2
h <O 57 G2 (0,5, x) e (x +1)" < O oy )¢ (x +1)%. (2.86)

Consequently, we obtain from (2.83) and (2.86),

1 1 X a+2 1 X a+2
B < <O<F> +o<n172y>>eﬂ (x+1)"™* < o(nuy>eﬂ (x + 1) (2.87)
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Therefore, from (2.73) and (2.87), we have uniformly on n,

n

Here, if we let y = 1/3, then we have

(% P >r<Qn,ﬂ D2 @) - FO0)

n

1 X 02
:O<m>eﬂx ,

that is, (1.31) is proved. So, we also have a norm convergence (1.32).

Lemma 2.7. Let m and b be nonnegative integers. Let

Uy, (b; x) := (n+b) D Sy ie(x) f Snsbjesr (y) (y — x) " dy.
k=0 0

Then one has

n+ b r+1
un,m,r(b; x) = <T> eben,m,r(bIO} X).

Proof. From (2.76) and (2.77) we have

n+ b k+r
Susser @ = S0 () (20
+b\ n+b\’
<nn ) Sn,k(x)=< n >5n+b,k(x)ebx'

We have from (2.92), (2.93), and noting (2.61),

Uy (b %) = (n+5) S Sk () f Susber () (y = x)"eP¥dy
k=0 0

© /n+b k+r © "
= 3(M) Sk [ Sk () (- 0)"dy

n+b
n

:(n+b)<

S
0

b r+1
= (n; ) eben,m,r(b, 0; x).

<” + ﬁ>r(Qn,p [f])(r>(x) - (x)‘ < O(%)eﬂxx’”z + O(nl{zy)eﬂxx“+2.

) ebeSn+b,k(x)j S (v) (y - x)"dy
k=0

23

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)
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Proof of Theorem 1.9. We prove this theorem, similarly to the proof of Theorem 1.4. Using
(2.93) and (2.27), we have for f € C"*2) ([0, o)),

("2 (@l )" )

n

=(n+ ﬂ)ismk (x) J . Surpier (¥) f (y)dy
k=0 0

= @) + FOD ) (14 B) 3 Saax) f: Suapier (¥) (v = x)dy
k=0

(2.95)
© © y
e (1A X504 | Sopier ) ([ =0 £ w0t ay
k=0 x
= @) + F7 (1) Ry, (0, B x)
© 0 Y
(140250 [ Suopser ) ([ (= £ w0t )ay.
k=0 x
We estimate the last term. We note the given condition:
(r+2) -px, 2y
|72 e Py (x) Loy <% (2.96)
Using the inequality (1 + )% < C((1 + x)? + (t — x)') and Lemma 2.7, we have
= (n+h) X Suk() fo Suspier () (P97 (y) + P47 (x)) (y - x)*dy
k=0
< C+ A F ) [ Supaer (v)
k=0
x (Mg (x) + e ((y = )™ + Py (x) ) (y - ) dy
(2.97)
<C (qf_2r(x)un,2,r (,B/ x) + un,27+2,r (,6/ JC) + eﬂxqj—2y (.X') Rn,Z,r (O/ ﬂ; x))
r+1
<C <eﬂxq;_27(x)Rn,2,r (ﬂ, 0; x) (n ; ﬂ)

n

e n+ ﬂ r+1 px. 2
t+e Rn,2y+2,r (ﬁr 0; x) ( > +tery Y(x)Rn,Z,r (0/ ﬁ; x) .

Then, we can estimate as follows:

S * Y _ (r+2)
(n + ﬂ)%sn,k(x) '[0 Sn+ﬂ,k+r (y) <J; (]/ u)f (u)du) dy
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Lo ([0,00)) Z

eP*
Lo ([0,00))

(R 0 () R, 0 (12E)

+¢ 2 (x)Ry2r (0, B; x)> )

”f r+2)(x)e px 2y(x)

< c|| £ (x)e

(2.98)

Then, we have by (iv) of Lemma 2.6,

—px (F2y+2 (x)

‘(Mﬂ) (QuslfD)” () = O () e

< [ £ e

Lo ([0,00))

X <O< >qf (x)&n2r (B,0; x)+O< >gnzy+2r(ﬁ 0; x) 22 (x) (2.99)
o(%>q;2(x)gn,2,(o,ﬂ; X)>

+0 (%) |f(r+1) (x)e‘ﬂxquyﬂ () gn1, (0, B; x) g (x) |

Consequently, we have

' |<n;ﬂ>r(Qn,p [f])(r)(x) _f(r)(x)] e—ﬂxqf2y+2(x)‘

<0 <%> (||f(r+1) (x)e—ﬁxq}2y+1 (x)

(2.100)

”f(r+2) (x)e" px zy(

Lw<[0,oo>>>’

since we know that |gn,2,r (,6/ 0; x)(‘uz(x) l, |gn,2,r(0/ ﬁ; x)‘lfz(x) l, |gn,2y+2,r (ﬂ/ 0; x)q12y+2 (x)|, and
|9n,1,-(0, B; x)@(x)| are uniformly bounded on [0, c0). O

Lo ([0,00))

Theorem 2.8. Let f and y be nonnegative integers and r > 0 be a positive integer. Then one has uni-
formly for n, f and x € [0, c0),

|[(QuslF D) )] e 2Y(x)|<c"+ﬁ |70 ey (x) (2.101)

Ly ([0,00))



26 Journal of Applied Mathematics

Proof. Using (1+1y)” < C((1+x)* + (y - x)*), we have

(455040 [ S (D61
k=0

< (1’1 + ﬁ)isn,k(x) J‘:O Sn+[5,k+r (y)eﬁy<(l + x)2Y + (y _ x)2)’>dy‘ (2.102)
k=0

<C (un,O,r (,[5/ x) (P'_ZY (x) + un,Zy,r (,B/ x) > .

By Lemma 2.7 and (i) of Lemma 2.6, we know

Upor (i) = <n +ﬂ>r+1eﬂ"Rn,o,r(ﬁ/0,‘x) _ <n;ﬂ>r+1eﬂx’
i 40 = (") o (20 @10

- O<l> <n . ﬂ>m€” *uayr (B,27; %)

nv n

Therefore, we have

(n+p) isn,k(x) fm Surpr(v)e? (1+ y)zydy’
k=0 0

<C<n+'ﬁ>r+1eﬁ ( —ZY(x)+O< )gﬂrr(ﬂ Zy,x)).

(2.104)

n

Since [gn2y,- (B, 2Y; x) @2 (x)] is uniformly bounded on [0, o0), we have

("2 (@ual) ety

< |(n+B) D Snk(x) ,[0 Suspier (¥)e (1+y)* dyle Py (x)
k=0

(2.105)
x || f7 (x)e Py

Lo ([0,00))

((232) (o)l

Therefore, we have the result. O

N

Loy ([0,00))”
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Proof of Theorem 1.10. We will prove this theorem by the same method as the proof of
Theorem 1.5. First, we split it as follows:

|| [(n;ﬁ)r(Qn,ﬁ [f])(r)(x) _ f(r)(x)] e P2 (x)

L ([0,00))

s H <n ; ﬁ>r(Qnrﬂ [f - 1) (e Py (x)

Fe(1020) (2.106)
2 @uttr) e - 11 o ey

Lo ([0,00))
+ ” [[f] ;r)(x) _ f(r) (x)]e—ﬂxq),ZY+2(x) ”

Loo([0,00))"

Then for the first term, we have, using Theorem 2.8 and (2.41),

|(Quslf = LD e P92 (x)

Lo ([0,00))

P[0 - 1)

< Cw, <f(r); e‘ﬂquZY+2(x); h).
(2.107)

Lo ([0,0))

For the second term, we have from Theorem 1.9,

“ [< - ; ﬁ)’(inﬂ [f])™ () = £ (x)] PR ()

<o(5 ) (A ey,

Lo ([0,00)) (2.108)

Lw<[o,oo>)>'

Here, we suppose 0 < h < 1 and then we know that (e #*¢(x))/(e P**P¢(x + h)) and
e P* /e P are uniformly bounded on [0, o). Therefore, we have from (2.42) and (2.43)
of Lemma 2.4,

]| 2 e Py (x)

Lo ([0,00))

”fzim) (x)e Py S Clwl (f; e Pyt (x);h>’

Lo ([0,00)) h
, (2.109)
(r+2) s . X, 2 .
172 (e oy < Cqae2(Fey (0); ).
Therefore, we have
n+ r r X
I[( ”) (Qusli]) @ - £ @] e P
adlese (2.110)

< O(%) <%w1 <f; e’ﬂxtpz+1(x);h> + %wz <f; efﬂxquy(x)}h>>‘
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Consequently, we have

n
< O<%> <%W1 (freP2g? 1 (x); ) + %wz (f; e’ﬂ"quY(X);h)) (2111)

+ Cw ( £ e P22 () (x); h).

(n . ﬁ) (Qup D) () - £ (x)] e PP (x)

If welet h = 1/+/n, then

“ [<n + ﬂ)’(inﬂ [f])(r) (x) - f(r) (x)] e—ﬁxquwz(x)

" 1 1 1 (2.112)
< C<Tﬁw1 (f; e Pyl (x); \/—ﬁ> + 0w, <f; e Py (x); \/—ﬁ»
since wy (fT); e P2 *2(x);1/y/n) < walf;ePXg? (x);1/y/n). O

3. Conclusion

In this paper, Lupas-type operators and Szdsz-Mirakyan-type operators are treated and the
various weighted norm convergence on [0, oo) of these operators are investigated. Moreover,
this paper proves theorems on degree of approximation of f € C"([0, o)) by these operators
using the modulus of smoothness of f.
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