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We study a new system of nonlinear set-valued variational inclusions involving a finite family of
H (-, -)-accretive operators in Banach spaces. By using the resolvent operator technique associated
with a finite family of H (-, -)-accretive operators, we prove the existence of the solution for the
system of nonlinear set-valued variational inclusions. Moreover, we introduce a new iterative
scheme and prove a strong convergence theorem for finding solutions for this system.

1. Introduction

Variational inequality theory has become a very effective and powerful tool for studying
a wide range of problems arising in pure and applied sciences which include work
on differential equations, control problems, mechanics, general equilibrium problems in
transportation and economics. In 1994, Hassouni and Moudafi [1] introduced and studied a
class of variational inclusions and developed a perturbed algorithm for finding approximate
solutions of the variational inclusions. In 1996, Adly [2] obtained some important extensions
and generalizations of the results in [1] for nonlinear variational inclusions. Recently, Ding
[3] introduced and studied a class of generalized quasivariational inclusions and Kazmi
[4] introduced and studied another class of quasivariational inclusions in the same year.
In [5, 6], Ansari et al. introduced the system of vector equilibrium problems and they
proved the existence of solutions for such problems (see also in [7-9]). In 2004, Verma [10]
studied nonlinear variational inclusion problems based on the generalized resolvent operator
technique involving A-monotone mapping. For existence result and approximating solution
of the system of set-valued variational inclusions and the class of nonlinear relaxed cocoercive
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variational inclusions, we refer the reader to Yan et al. [11], Plubtieng and Sriprad [12], Verma
[13] and Cho et al. [14].

Very recently, Verma [15] introduced and studied approximation solvability of a
general class of nonlinear variational inclusion problems based on (A, 17)-resolvent operator
technique in a Hilbert space. On the other hand, Zou and Huang [16] studied the Lipschitz
continuity of resolvent operator for the H (-, -)-accretive operator in Banach spaces. Moreover,
they also applied these new concepts to solve a variational-like inclusion problem. One year
later, Zou and Huang [17] introduced and studied a new class of system of variational
inclusions involving H(:,-)-accretive operator in Banach spaces. By using the resolvent
operator technique associated with H (-, -)-accretive operator, they proved the existence of the
solution for the system of inclusions. Moreover, they also develop a step-controlled iterative
algorithm to approach the unique solution.

In this paper, we introduce a new system of nonlinear set-valued variational inclusions
involving a finite family of H (-, -)-accretive operators in Banach spaces. By using the resolvent
operators technique associated with a finite family of H(:,-)-accretive operator, we prove
the existence of the solution for the system of nonlinear set-valued variational inclusions.
Moreover, we introduce a new iterative scheme and prove a strong convergence theorem for
finding solutions of this system.

2. Preliminaries

Let X be a real Banach space with dual space X*, (:,-) the dual pair between X and X* and
2X and C(X) denote the family of all the nonempty subsets of X and the family of all closed
subsets of X, respectively. The generalized duality mapping J; : X — 2% is defined by

JaX) = {f e X : (o f) = 1%l 7)) = I}, vxeX, (21)

where g > 1 is a constant. It is known that, in general, J,(x) = lx||97 J2(x) for all x#0 and
J4 is single-valued if X* is strictly convex. In the sequel, we always assume that X is a real
Banach space such that ] is single-valued.

The modulus of smoothness of X is the function px : [0,00) — [0, o) defined by

x+y| +||x -
px(t)zsup{“ y”2” y”—1:||x||§1,||y||§t}. (2.2)

A Banach space X is called uniformly smooth if

limPX _ o, (2.3)
t—0 t

X is called g-uniformly smooth if there exists a constant ¢ > 0 such that

px(t) <ctl,  g>1. (2.4)
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Note that ], is single valued if X is uniformly smooth. In the study of characteristic
inequalities in g-uniformly smooth Banach spaces, Xu [18] proved the following result.

Definition 2.1. Let H,57 : X x X — X be two single-valued mappings and A,B: X — X two
single-valued mappings.

(i) A is said to be accretive if

(Ax- Ay, J,(x-y)) >0, VYxyeX, (2.5)

(ii) A is said to be strictly accretive if A is accretive and
(Ax- Ay, J,(x-y))=0, VxyeX, (2.6)
if and only if x = y;

(iii) H(A, ") is said to be a-strongly accretive with respect to A if there exists a constant
a > 0 such that

(H(Ax,u) - H(Ay,u), J;(x-y)) > a|x-y|", VYxyueX; (2.7)

(iv) H(-, B) is said to be p-relaxed accretive with respect to B if there exists a constant
B > 0 such that

(H(u,Bx) - H(u,By), J;(x-y)) >2-f|llx-v||", VYxyueX; (2.8)

(v) H(-,-) is said to be y-Lipschitz continuous with respect to A if there exists a constant
y > 0 such that

|H(Ax,u) - H(Ay,u)|| <yllx-v|" VYxyueX; (2.9)

(vi) Ais said to be 0-Lipschitz continuous if there exists a constant 8 > 0 such that

|[Ax - Ay|| <O|x-vy|", VxyeX; (2.10)
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(vii) 7(-, ) is said to be strongly accretive with respect to H (A, B) if there exists a constant
p > 0 such that

(n(x,u) = n(y,u), Jy(H(Ax,Bx) - H(Ay,By))) > plx-y||", VxyueX (211

Definition 2.2. Letn: X x X — X be single-valued mapping. Let M : X — 2% be a set-valued
mapping.

(i) 7 is said to be C-Lipschitz continuous if there exists a constant C > 0 such that

lnx )l <Tllx-yl, VYryeX; (2.12)

(ii) M is said to be accretive if

(u-v,J;(x-y))>0, VxyeX, ueM(x), ve M(y); (2.13)

(iii) M is said to be rj-accretive if

(u-v,J,(n(x,y))) 20, VYx,yeX, ueM(x), veM(y); (2.14)

(iv) M is said to be strictly #-accretive if M is #-accretive and equality holds if and only
ifx=y;

(v) M is said to be y-strongly n-accretive if there exists a positive constant y > 0 such
that

(u-v,Jy(n(x ) 2yllx-yll", VYxyeX ueM), veM(y);, (215

(vi) M is said to be a-relaxed 5-accretive if there exists a positive constant a > 0 such
that

(u-v,J;(n(x,y))) >-a||lx-y||’, Vx,yeX ueMx), ve M(y). (2.16)
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Definition 2.3. Let A,B : X — X, H : X x X — X be three single-valued mappings. Let
M : X — 2X be a set-valued mapping. M is said to be H (-, -)-accretive with respect to A and
B (or simply H (-, -)-accretive in the sequel), if M is accretive and (H (A, B) + A\M)(X) = X for
every A > 0.

Lemma 2.4. Let X be a real uniformly smooth Banach space. Then X is g-uniformly smooth if and
only if there exists a constant cq > 0 such that for all x,y € X

|+ y||” < lIxl17 + q{y, Jo(x)) + cqlly ]| (2.17)

Lemma 2.5 (see[16]). Let H(A, B) be a-strongly accretive with respect to A, p-relaxed accretive
with respect to B, and a > f. Let M be an H(-,-)-accretive operator with respect to A and B. Then,
the operator H((A, B) + AM ) Lis single valued. Based on Lemma 2.4, one can define the resolvent

operator RAH4(X) as follows.

Definition 2.6. Let H, A,B, M be defined as in Definition 2.3. Let H(A, B) be a-strongly
accretive with respect to A, f-relaxed accretive with respect to B, and a > f. Let M be an

H(-,-)-accretive operator with respect to A and B. The resolvent operator RAH/I(;\") X — Xis
defined by

REG)(z) = (H(A,B)+ \M) \(z), VzeX, (2.18)

where A > 0 is a constant.

Lemma 2.7 (see [16]). Let H, A, B, M be defined as in Definition 2.3. Let H(A, B) be a-strongly
accretive with respect to A, p-relaxed accretive with respect to B, and a > . Suppose that M : X —

2X is an H(-,-)-accretive operator. Then resolvent operator Rﬁ()t) defined by (2.18) is 1/(a — p)
Lipschitz continuous. That is,

iy y 1
[Rii @ - R )] < sl - vl vayex (2.19)
We define a Hausdorff pseudometric D : 2X x 2X — [0, +o0] by

DU, V)= max{sup inf [|u — v||, sup inf ||u — v||} (2.20)
uel1 €V uey v

for any given U, V € 2X. Note that if the domain of D is restricted to closed bounded subsets,
then D is the Hausdorff metric.

Lemma 2.8 (see [19]). Let {c,} and {k,} be two real sequences of nonnegative numbers that satisfy
the following conditions:

(i)0<k,<1forn=0,1,2,... andlimsup, k, <1;
(ii) cp1 < kyey forn=0,1,2,....

Then, ¢, converges to 0 as n — oo.
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3. Main Result

Let X be g-uniformly smooth real Banach space and C(X) a nonempty closed convex set. Let
Si,H; : XxX — X, A;,B; : X — X be single-valued operators, for alli = 1,2,..., N. For
any fixi € {1,2,...,N}, welet M; : X — 2X, H;(A;, B;)-accretive set-valued operator and
U; : X — 2X a set-valued mapping which nonempty values. The system of nonlinear set-
valued variational inclusions is to find a;,...,an € X, u; € Uy(an),...,un € Un(ay) such
that

OeSi(ai,ui)+Mi(ai), Vi= 1,2,...,N. (31)

If N = 2, then system of nonlinear set-valued variational inclusions (3.1) becomes
following system of variational inclusions: finding a1, a> € X, u; € Uj(az) and u, € Uy (ar)
such that

0€ Si(ay,uq) + Mi(aq),

(3.2)
0e Sz(az, uz) + Mz(az).

If N = 1, then system of nonlinear set-valued variational inclusions (3.1) becomes
the following class of nonlinear set-valued variational inclusions see [15]: finding a € X,
u € U(a) such that

0 € S(a,u) + M(a). (3.3)

For solving the system of nonlinear set-valued variational inclusions involving a finite
family of H(-,-)-accretive operators in Banach spaces, let us give the following assumptions.
Foranyie {1,2,...,N}, we suppose that

(Al) H(A;, B;) is aj-strongly accretive with respect to A;, fi-relaxed accretive with
respect to B; and a; > f;,
(A2) M;: X — 2Xisan H;(-,-)-accretive single-valued mapping,

(A3) U; : X — C(X) is a contraction set-valued mapping with 0 < L; < 1 and nonempty
values,

(A4) H;(A;, B;) is r;-Lipschitz continuous with respect to A; and t;-Lipschitz continuous
with respect to B;,

(A5) S; : X x X — X is I;-Lipschitz continuous with respect to its first argument and
m;-Lipschitz continuous with respect to its second argument,

(A6) Si(-,u) is s;-strongly accretive with respect to H;(A;, B;).

Theorem 3.1. Forgiven ay, ..., an € X, w1 € Ui(an),..., un € Un(ay), it is a solution of problem
(3.1) if and only if

a; = Ry [Hi(Ai(as), Bi(ai)) - XiSi(ai, wi)], (3.4)

where \; > 0 are constants.
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Proof. We note from the Definition 2.6 that ay, ..., an € X, u; € Ui(an), ..., uny € Un(a1) isa
solution of (3.1) if and only if, for eachi € {1,2,..., N}, we have

a; = Ry [Hi(Ai(a;), Bi(a:)) - 1iSi(ai, ;)]
& a; = [Hi(A;, B) + LiM;] "' [Hi(Ai(ai), Bi(a;) = \iSi(ai, ui)]
& [H;(Ai(a;), Bi(a;)) — \iSi(ai, u;)] € [Hi(A;, B;) + \iM;](a;) (3.5)
= -ASi(ai, u;) € \iM;(a;)
— 0 € S;(a;, u;) + Mj(a;).

Algorithm 3.2. For given a;, ..., a) € X, uj € Uy(a)),..., ul} € Un(a}), we let
a = opay + (1 - oo)Rf/I"i(,')L"i) [Hl- (Ai<a6>,Bi<a6>> - Ai5i<a6,u6>], (3.6)

foralli = 1,2,...,N, where 0 < 0p < 1. By Nadler theorem [20], there exists u% e U,
(al),..., ul € Un(al) such that

it < DD (@), vimr2 N )

where D(-, ) is the Hausdorff pseudo metric on 2X. Continuing the above process inductively,
we can obtain the sequences {a/,} and {u/,} such that

al | =oua,+(1- On)RAH/Iii(,Xi) [Hi (Ai<ain>,B,~<ail>> - Ai5i<a;,u;)], (3.8)

foralln=1,2,3,...,i=1,2,...,N, where 0 < 0, <1 withlimsup, , o, < 1. Therefore, by
Nadler theorem [20], there exists u},, € Uy(al)),...,ul | € Un(al,,) such that

n+l 7 n+l n+1

i

Uy

| <(1+a+m)D(w(a); ),

u,-@ff‘“‘”)), Vn=1,2,3,...,i=1,2,...,N.

i
_un

(3.9)

The idea of the proof of the next theorem is contained in the paper of Verma [15] and
Zou and Huang [17].
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Theorem 3.3. Let X be g-uniformly smooth real Banach space. Let A;, B; : X — X be single-valued
operators, H; : X x X — X a single-valued operator satisfy (A1) and M;, U;, H;(A;, Bi), Si, Si(-, u)
satisfy conditions (A2)—-(A6), respectively. If there exists a constant cg,; such that

\”/(ri + ti)q - q/\isi + Cq’i.)t?l? -)Limi
+
- pi ai = pi

<1 (3.10)

foralli=1,2,...,N,then problem (3.1) has a solution ay, ..., an, w1 € Ui(an),..., un € Un(ar).

Proof. Forany i€ {1,2,...,N} and \; > 0, we define F; : X x X — X by
Fi(u,0) = Ry, [Hi(Ai(w), Bi(w)) — 1iSi(u,v)], (3.11)

for all u,v € X. Let Ji(x,y) = Hi(Ai(x), Bi(y)). For any (u1,v1), (U2, v2) € X x X, we note by
(3.11) and Lemma 2.7 that

1Fi(ur,01) = Fia, o) = | R [Hi(Aian), Bian)) = XiSiGaun, 00)]
~Ry 3 THi(Ai(12), Bi(u2)) = 1iSi1u2, 02)] |

”RH()L(ul,m) XiSi(aur, 01)] = Ry Uiz, 2) = XiSi (a2, 02)]|

(1, u1) = LiSi(ur, v1)] = [Ji(uo, u2) — LiSi(uz, v2)]||

i

= %”Ui(ulrul) = Ji(uz, u2)] = Xi[Si(ur, v1) = Si(uz, v2)]||

1

. B; Ui (1, u1) = Ji(uz, u2)] = Xi[ Si(u1, v1) = Si(uz, 01)]]|
+ = A 7 I[Si(uz, 1) = Si(uz, v2)]|l-
(3.12)
By Lemma 2.4, we have
1 Ji(u1, u1) = Ji(ua, u2) = Xi[Si(u1,v1) = Si(ua, v1)]|
< iua, wa) = Ji(ug, u) || (3.13)

= gAi(Si(u1, v1) = Si(uz, v1), Jy(Ji(ur, wr) = Ji(uz, u2)))
+ Cqil! [|Si(ur, v1) = Siuz, v1)||9.
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Moreover, by (A4), we obtain

i (w1, u1) = Ji(uo, w) || < [[Ji(ur, wa) = JiCuo, wr)|| + || Ji(ua, u1) — Ji(uz, ua) ||
< rillun — wo| + tillug — uo| (3.14)

< (ri+t)|lwg — uo|.

From (A6), we have

—qLi(Si(u1,v1) = Si(ua,v1), Jo(Ji(ur, ur) = Ji(uz, t2))) < —qAisilluy — ua|?.

(3.15)

Moreover, from (A5), we obtain
[1Si(u1,v1) = Si(uz, v1)|| < Lillur — ua|, (3.16)
Si(u2, 01) = Si(u2, v2)|| < myf|or — o2 (3.17)

From (3.13)—(3.16), we have

i (w1, u1) = Ji(ua, uz) = Mi[ Si(ua, v1) = Si(uz, v1)]||7 < \q/(f’i +1)7 = ghis; + cg il 1] lur — ua|.

(3.18)
It follows from (3.12), (3.17), and (3.18) that
| Fi(u1,v1) = Fi(uz, v2)|| < \q/(ri - ti)qa_,- (Z)LﬁllSl ratl llu1 — us|| + ;:T?i o1 = )| (3-19)
Put
0 - i+ ti): (zxﬂs + gl ’ 6 - a)ninﬂ (3.20)

Defi . Xx---xXb e, = forall (xq,..., eX x---xX. It
efine [|-[[on X x --- x X by [|(x1,...,xn)[| = [|x1 [+ - - [lxn ]| for all (xy, ..., xN) X oo X
i hat (X x - x X, ||| is a Banach F i € X, wech
t that Al . P ,
is easy to see that (X x --- x X, ||-||) is a Banach space. For any given x; XN we choose
N-—-times
a finite sequence w1 € Ui(xn),...,wn € Un(x1). Define Q : X x---xX — Xx-.-xX
N-times N-times
by Q(x1,...,xn) = (Fi(x1,w1),..., FN(xn, wN)). Set k = max{(6] + 6)'Ly),..., (6;L; +
Gi\] )}, where L4, ..., Ly are contraction constants of Uy, ..., Uy, respectively. We note that
6; +6§Li < 6; + 6; <1 foralli = 1,2,...,N, and so k < 1. Let x1,...,xy € X,
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w1 € LIl(xN),...,wN (S LIN(xl) and Yi,.--,YN € X, zZ1 € ul(yN),...,ZN (S LIN(y1). By
(A3), we get

1QGe1, -, x8) = QW1+, yw) |l = I(F1 (et 1), . g (en o)
—(F1(y1,21)r-- .,FN(yN/ZN)>”

= ||Fi(x1, w1) = Fi(y1, z1) ||
+--+ ||Fn(xn, wn) — Fn(yn, zn) ||

IN

(01111 =yl + 63 l1e0n - z1 1)

bt (O aw =y + O [y — 2]

AN

< (O3]l = ]l + O Lallxn — yn || (3.21)

EES <6{V”xN—yN” +6éVLN”xl _y1||>

CREI™I

oot (O + 01 ) [len - yn |

IN

Kl =l + -+ Ky = ]

k(ller=yall -+ llen = ynll)

k[ Ger, o) = (v, yn) |l

and so Q is a contraction on X x ---x X. Hence there exists ay,...,any € X, uy € U,
—_—

N-times
(an),...,un € Upn(ay) such that a1 = Fy(ai,u1),...,an = Fy(an,un). From Theorem 3.1,
ai,...,an € X, u; € Ui(an), ..., un € Un(ay) is the solution of the problem (3.1). O

Theorem 3.4. Let X be g-uniformly smooth real Banach space. For i = 1,2,...,N. Let A;, B; :
X — X be single-valued operators, H; : X x X — X single-valued operator satisfy (A1) and
suppose that M;, U;, H;(A;i, Bi), Si, Si(-, u) satisfy conditions (A2)—(A6), respectively. Then, for any
i €{1,2,..., N}, the sequences {al,};>, and {ul )5, generated by Algorithm 3.2 converge strongly
to a;, w; € U;(an—i-1)), respectively.

Proof. By Theorem 3.3, the problem (3.1) has a solution ay, ..., an € X, u; € Ui(an), ..., un €
Un (ay). From Theorem 3.1, we note that

a; = oa; + (1 - 0,) Ry [Hi(Ai(ay), Bilar) - \iSi(ai, wi))], (3.22)
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foralli=1,2,...,N. Hence, by (3.8) and (3.22), we have

i i
L

oty + (1 - 0,) R, )[H< i(a n),&(ai,))—x\iSi(a;,u;)]
B ) - uiSi(al

[on di g+ (1 - )Ry [Hi(Ai(al, ), B

n1)) ~XiSi(a,
< |4, + (1= o) | R [ (4i(ah), Bi(al) ) = 2iSi(al )]
- ) 5 )
s ()]
= o,|a!, ||+(1 o) || Ry [i(at ad) = 1iSi (i 14|
R (v ) =8 ()|
<oy|al - aj ||+ (1 -0 — ﬂ”[]< ai,) = \iSi(aj, 1)
() 25 )
il Rt RCEEAP [ ACRA RVACHEA]
st -5 )|
<ol -t 1 1)~ k)
~\i[Si(ah 1) - Si((al g, 4 )|

(3.23)
By Lemma 2.4, we obtain
o) ) 2l t) st
q
(k) (i) -

-t (5 o) - 5 () () (o ))
+ cq,i)L?“Si<a;, uln> - S,-(a;_l,uil) q.
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From (A4), we note that

HCEIRMICES] M I ZICHREICHCRICR)]
< It ) - ) )|
() o)) - A ) i)
<(ri+t) a; - a;_l .
(3.25)
From (3.24) and (A#6), it follows that
_in<Si<a;,u;> - S,‘<ai171,uil),]q,1 <],~<ail, a;> - ]i<aiﬂ, a;71>>> < —glis; ail - afH q.
(3.26)
By (3.23), (3.24), and (A5), we have
”Si(“;—wuil) - Si<a;—1’uiz—l> ” < mj\u;, - ”;—1 | | (3.27)
< m;d; (1 + n‘1> a, —a, ||,
”S,~<ail,u;> - Si(a;_l,u;> <I|la,-a | (3.28)
From (3.23)—(3.28), we obtain
ek o)~ 0[5 ek ) - )]
< v +ti)qa_i ‘ftf" Lk a, - al (3.29)
+ a)_tiin/;di (1 + n‘1> a,—a |
Hence, by (3.23), (3.28) and (3.29), we have
i+t = qhisi + e M
S M R LA
+(1-o0y) afifl;i di(l + n*1> a; - afH .
Put k = max{sr; ...,oN}, where
. (/(Ti + )7 = qhis; + cg 1] N Aimid;i(1+n™t) ‘ (3.31)

a; — P a; = P
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It follows from (3.30) that

|ai+1—a}l +e anNH—a,]lV <o, a}l—a;_l ' +(1-0,)k a;—all_ln i
N_ _N 1o klla™N = av (3:32)
+---+oglla, —a, ||+ (A -onk|a, —a,_|-
Setc, = |lah —al |||+ +|laY —a ||| and k, = k + (1 - k)0,,. From (3.32), we obtain
Cn+1 < kycp, Yn=0,12,.... (3.33)

Since limsup,, _, 0, < 1, we have limsup, , _k, < 1. Thus, it follows from Lemma 2.8 that
cne1 — 0and hence lim, . ||a’ | — a}|| = 0. Therefore, {4’} is a Cauchy sequence and hence
there exists a; € X such that al, — a;asn — oo, foralli =1,2,...,N. Next, we will show
that u}l — up € Ui(an) asn — oo. Hence, it follows from (3.9) that {u}l} is also a Cauchy
sequence. Thus there exists u; € X such that ul, — u; asn — co. Consider

d(uy, Uy (an)) = inf{ ||u1 — g| : g € Ur(an)}

< ||u1 - u}l + d(u,lq, Lll(aN)>
< =+ Dt (), ) o
§||u1—u,11 +d1|anN—aN|H0

as n — oo. Since U1 (an) is a closed set and d(u,Ui(an)) = 0, we have u; € Ui(an). By
continuing the above process, there exist u, € Us(an-1),...,un € Un(a1) such that Ul —
uy, ..., ull — unasn — oo. Hence, by (3.8), we obtain

a; = Ry [Hi(Ai(a), Bi(ai) - LiSi(ai,ui)]. (3.35)

Therefore, it follows from Theorem 3.1 that a3, ..., an is a solution of problem (3.1).
Setting N = 2 in Theorem 3.3, we have the following result. O

Corollary 3.5. Let X be g-uniformly smooth real Banach spaces. Let A;,B; : X — X be singled
valued operators, H; : X x X — X a single-valued operator such that H(A;, B;) is a;-strongly
accretive with respect to A;, Pi-relaxed accretive with respect to B; and a; > f; and suppose that M; :
X — 2% s an H;(-,-)-accretive set-valued mapping and U; : X — C(X) contraction set-valued
mapping with 0 < L; < 1 and nonempty values, for all i = 1,2. Assume that H;(A;, B;) is ri-Lipschitz
continuous with respect to A; and t;-Lipschitz continuous with respect to B;, S; : X x X — X is
li-Lipschitz continuous with respect to its first arqument and my;-Lipschitz continuous with respect
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to its second arqument, S1(-,y) is si-strongly accretive with respect to Hq1(Aq, By), and Sy(x,-) is
sp-strongly accretive with respect to Hy(Az, By), forall i = 1,2. If

V/(r; + t; q— )Li i+ l./\qlq M
\/(7‘ ) qAriSi + Cqidi L + Aim; <1, (3.36)
ai = Pi a; = pi

foralli € {1,2}, then problem (3.2) has a solution a;,a, € X, u1 € Ui(az), uy € Uz (ay).
Setting N = 1 in Theorem 3.3, we have the following result.

Corollary 3.6. Let X be g-uniformly smooth real Banach spaces. Let A,B : X — X be two singled
valued operators, H : X x X — X a single-valued operator such that H (A, B) is a-strongly accretive
with respect to A, P-relaxed accretive with respect to B, and a >  and suppose that M : X — 2%
is an H (-, -)-accretive set-valued mapping, U : X — C(X) is contraction set-valued mapping with
0 < L < 1 and nonempty values. Assume that H(A, B) is r-Lipschitz continuous with respect to
A and t-Lipschitz continuous with respect to B, S : X x X — X is I-Lipschitz continuous with
respect to its first arqument and m-Lipschitz continuous with respect to its second argument, S(-, )
is s-strongly accretive with respect to H(A, B). If

Yr+DT—gls+c, 119y
a-p +a—ﬂ

<1 (3.37)

then problem (3.3) has a solution a € X and u € U (a).
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