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We present preconditioned generalized accelerated overrelaxation methods for solving weighted
linear least square problems. We compare the spectral radii of the iteration matrices of the
preconditioned and the original methods. The comparison results show that the preconditioned

GAOR methods converge faster than the GAOR method whenever the GAOR method is
convergent. Finally, we give a numerical example to confirm our theoretical results.

1. Introduction

Consider the weighted linear least squares problem

min(Ax — b) W™ (Ax - b), (1.1)
XER"

where W is the variance-covariance matrix. The problem has many scientific applications. A
typical source is parameter estimation in mathematical modeling.

This problem has been discussed in many books and articles. In order to solve it, one
has to solve a nonsingular linear system as

Hy=f, (1.2)



2 Journal of Applied Mathematics

where

- (I —CBl ; EIBZ> (1.3)

is an invertible matrix with
Bl = (bif)pxp’ B2 = (bij)(n—p)x(n—p)’ C = (Cif)(n—p)xp’ U = (uif)px(n—p)' (14)

Yuan proposed a generalized SOR (GSOR) method to solve linear system (1) in [1];
afterwards, Yuan and Jin [2] established a generalized AOR (GAOR) method to solve linear
system (1). In [3, 4], authors studied the convergence of the GAOR method for solving
the linear system Hy = f. In [3], authors studied the convergence of the GAOR method
when the coefficient matrices are consistently ordered matrices and gave the regions of
convergence. In [4], authors studied the convergence of the GAOR method for diagonally
dominant coefficient matrices and gave the regions of convergence.

In order to solve the linear system (1.2) using the GAOR method, we split H as

_, (0 0\ /B -U
H=1I <—C 0) (0 B2>' (1.5)

Then, for w #0, one GAOR method can be defined by
y*D =1 y® +wg, k=0,1,2,..., (1.6)

where

(1) Jo-orvta- (% ol )

(1.7)
_ (1-w)I +wBq —wl
" \w(r-1)C-wrCB; (1-w)l+wB,+wrCU
is the iteration matrix and
I 0
s= (e DF (18)

In order to decrease the spectral radius of L., an effective method is to precondition
the linear system (1.2), namely,

(1.9)

PH:<I_Bl u >,

c I-B
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then the preconditioned GAOR method can be defined by

y*® =Lr oy +wgt, k=0,12,..., (1.10)
where
I - (1-w)I +wB] -wlU*
- \w(1-7r)C* —wrC*B} (1 -w)I +wB} +wrC*U*)’

(1.11)
g= (—rIC* (I)>Pf

In [5], authors presented three kinds of preconditioners for preconditioned modified
accelerated overrelaxation method to solve systems of linear equations. They showed that the
convergence rate of the preconditioned modified accelerated overrelaxation method is better
than that of the original method, whenever the original method is convergent.

This paper is organized as follows. In Section 2, we give some important definition
and the known results as the preliminaries of the paper. In Section 3, we propose three
preconditioners and give the comparison theorems between the preconditioned and original
methods. These results show that the preconditioned GAOR methods converge faster than
the GAOR method whenever the GAOR method is convergent. In Section 4, we give an
example to confirm our theoretical results.

2. Preliminaries

We need the following definition and results.

Definition 2.1. Let A = (a,-]-)nxn and B = (bif)nxn' Wesay A > Bif a;; > b;j foralli,j=1,2,...,n
This definition can be carried over to vectors by identifying them with 7 x 1 matrices.

In this paper, p(-) denotes the spectral radius of a matrix.

Lemma 2.2 (see [6]). Let A € R™" be nonnegative and irreducible. Then

(i) A has a positive real eigenvalue equal to its spectral radius p(A);

(ii) for p(A), there corresponds an eigenvector x > 0.

Lemma 2.3 (see [7]). Let A € R™" be nonnegative and irreducible. If

O#ax < Ax < Px, ax#Ax, Ax#px, (2.1)

for some nonnegative vector x, then a < p(A) < f and x is a positive vector.

3. Comparison Results

We consider the preconditioned linear system

Hy=f, (3.1)
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where H = (I + S)H and f = (I + 5) f with

~ SO0
S = (0 0), (3.2)
Sisapxpmatrix with1 <p <n.
We take S as follows:
0 azblz e 0 0
. 0 b, -+ ab
Peb 0 X 0 0 Pabo “20 " apo ”
Si=| o : ;o S=| . o , (3.3)
0 0o . 0 apby 1p ppbpr 0 -+ 0
0 0 - Bpbpp 0

Now, we obtain two preconditioned linear systems with coefficient matrices

>, fori=1,2, (3.4)

=~ (I-[B1-S5(I-By)] (I+S)U
Hi‘( C I-B,

where
B1-5:1(I-By)
b11 + aobnbin e by + azbopb1n
ba1 + azbysbzy — Poby (1 - br) e bap + Pabipba + azbspbos
bp—l,l + ﬁp—l bp—l,p—pr—2,l +apbp—l,pbpl te bp—l,p + ﬂP—le—l/P—2bp—2,p+apbp—2,pbp—l,p—2
bp1 + Ppbp-1,1bpp1 o bpp + Ppbpp-1bp-1p
B1 - S(I - By)
by + aobipboy + - + apblpbpl s b1p + [Xzblzbzp +e 4+ apblp(l - bpp)
by1 — Poboi (1 - b11) - bop + Pabn by
bp1 = Ppbpr (1 = bu1) e bpp + PBpbprbip

(3.5)

We split H, (i=1,2)as

H=1- <_0C 8) - <[Bl - S"(()I -B)l - ;f")u>, fori=1,2, (3.6)
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then the preconditioned GAOR methods for solving (3.1) are defined as follows

y® D =10y ® L s k=0,1,2,..., (3.7)
where
Lo _ (1-w)+w[B;-S;(I-B, )] —w(I +S)HU (38)
e w(r-1)C - wrC[B; - S;(I-By)] (1-w)I+wB,+wrC(I+S;)U ’

are iteration matrices and

i= (e )F (59)

Now, we give comparison results between the preconditioned GAOR methods defined
by (3.7) and the corresponding GAOR method defined by (1.6).

Theorem 3.1. Let L, ,, Lilu), be the iteration matrices associated with the GAOR and preconditioned
GAOR methods, respectively. If the matrix H in (1.2) is irreducible with C <0,U <0,B; >0, B, >0,
0<w<1,0<r<1,bii1>0,biy1;>0forsomeie(2,...,p}, when0<b; <1 (i€ {2,...,p}),

<< bi—1,i—ii[giibl;ii2)ﬂgf lbj—lz(zl—z_) 1115111—22)51—21] fori€{3,....pl, 257 —1b22,
0<pi< bz1—1[(fl—lb:—(llz—_liyal—l;z:jl)ii:llillbm1—1] fori€{2,....p=1}, Py < 1 —1bpp'
(3.10)
orwhenb; >1,a;>0,6 >0 (i € {2,...,p}), then either
p(LY0) <pLrw) <1 (3.11)
or
p(LE) > p(Lyw) > 1. (3.12)

Proof. By direct operation, we have

_ (1 - (A))I + (,(JBl —owolU 0 0
Friw = < ~w(1-7r)C (-wl+wB) “"\-cB, cu) (3.13)
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Since0<w<1,0<r<1,C<0,U<0,B; >0,B, >0, then

0 0
<_CBl cu> >0 (3.14)

and L, is nonnegative. Since H is irreducible, from (3.13), it is easy to see that the matrix
L, ., is nonnegative and irreducible.
Similarly, we can prove that the matrix Lfl,z, is a nonnegative and irreducible matrix.
By Lemma 2.2, there is a positive vector x such that

L, wx = Ax, (3.15)

where A = p(L;.). Since the matrix H is nonsingular, A # 1. Hence, we get either A > 1 or
A<1.
Now, from (3.15) and by the definitions of L, ., and L%, we have

—wSl(I - B]) —wSﬂl x
wrCSl(I - Bl) (UT’CS1U

_j:ls1 8) <_wuo_ ) _a(;u>x (316

(
(

(2 Do S e, a5 )
(

w(r-1)C —wrCB; -wl +wB, + wrCU

S 0 o S 0
~rCS; 0) (L = 1) = (A 1)<—rC51 o>x'

Since bjj1 > 0, biy1; > 0 forsomei e {2,...,p}, when0<b; <1 (i€ {2,...,p}),

bi_1,iobioi +bi1;(1-bi2i>) . 1
O<a; < d d d d forie{3,...,pn}, a < ———,
" bis1io[(1 - bi) (1= big,i) — bijobia] { ) 2T 1 - by
bii-1(1 = biy1,i41) + bi1ibist,i1 1

0<pfi< forie{2,...,p-1}, < —,
P bii-1[(1-bi-1,i-1) (1=bis1,ix1) =bic1,inbiv1,ic1] { p-1} Pr 1-by,
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orwhenb; >1,a; >0, >0({ €{2,...,p}), then S; > 0and S; #0. So we have (—rsclsl 8>x >

0’ (—r%& 8)3(#0
If A <1, then Lﬁlla),x -Ax <0, Lga))x - Ax #0.
By Lemma 2.3, the inequality (3.11) is proved.
If A > 1, then Lﬁ},},x -Ax >0, Lﬁ/la))x - Ax #0.
By Lemma 2.3, the inequality (3.12) is proved. O

Theorem 3.2. Let L, ,,, Lizu), be the iteration matrices associated with the GAOR and preconditioned
GAOR methods, respectively. If the matrix H in (1.2) is irreducible with C < 0, U < 0, B; > 0,
B,>00<w<10<r<1bj1>0 by >0forsomeie {23,...,p}, when 0 < by <1,
0<pi<1/(1-bn),

bii + azb1obyi + -+ i 1b1i1bi1i + @by by + - + apbipby

0<ai< i€{2,3,...,p}

b1i(1 - by;) ’
(3.18)
orwhenbiy >1,a; >0, >0,i€{2,3,...,p}, then either
p(L) <pLrw) <1 (3.19)
or
(L) > p(Lyw) > 1. (3.20)

By the analogous proof of Theorem 3.1, we can prove Theorem 3.2.

4. Numerical Example
Now, we present an example to illustrate our theoretical results.

Example 4.1. The coefficient matrix H in (1.2) is given by

_/I-B, U
H—< c I_B2>, (4.1)



Table 1: The spectral radii of the GAOR and preconditioned GAOR iteration matrices.
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n w r 14 P P1 P2
5 0.95 0.7 3 0.1450 0.1384 0.1348
10 0.9 0.85 5 0.2782 0.2726 0.2695
15 0.95 0.8 5 0.3834 0.3808 0.3796
20 0.75 0.65 10 0.6350 0.6317 0.6297
25 0.7 0.55 8 0.7872 0.7861 0.7855
30 0.65 0.55 16 0.9145 0.9136 0.9130
40 0.6 0.5 10 1.1426 1.1433 1.1436
50 0.6 0.5 10 1.3668 1.3683 1.3691
Where p = p(Ly.), p1 = p(LiL), p2 = p(Lia)-
where B, = (V) , B, = (b?) C = (ci) and U = (u;/) with
ij pxpl ij (n—p)X(n—p)l U7 (n-p)xp”’ 17 px(n-p)
1
W= ——  i=12,...,p,
i T 10x (it 1) p
1 1
bW — o~ i< i=12,..,p-1j=2,...,p,
i T30 30xj+i’ ) p=i P
1 1
bV = — - , i, i=2,...p,i=12,...,p-1,
i 380 30x(i-j+1)+i / P P
1
VW=~  _ i=12..n-p,
i T 0% (prit) P
(4.2)
p@ = L _ ! , i<j, i=12,...,n-p+1,j=2,...,n-p,
T30 30x(p+j)+p+i
1 1
b = — , i, i=2,...,n-p, j=12,...,n-p-1,
i T30 30x(i-j+l)+pri ) P P
1 1
Cij = i=12,...,n-p, j=12,...,p,

Acknowledgments

i = 30x(p+j)+i_%'

1

30x (p+i-j+1)+p+i 30
1

i=12,...,p,j=12,...,n-p.

Table 1 displays the spectral radii of the corresponding iteration matrices with some
randomly chosen parameters r, w, p. The randomly chosen parameters a; and f; satisfy the
conditions of two theorems.
From Table 1, we see that these results accord with Theorems 3.1-3.2.
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