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This paper discusses the mean-square exponential stability of uncertain neutral linear stochastic
systems with interval time-varying delays. A new augmented Lyapunov-Krasovskii functional
(LKF) has been constructed to derive improved delay-dependent robust mean-square exponential
stability criteria, which are forms of linear matrix inequalities (LMIs). By free-weight matrices
method, the usual restriction that the stability conditions only bear slow-varying derivative of the
delay is removed. Finally, numerical examples are provided to illustrate the effectiveness of the
proposed method.

1. Introduction

Dynamical systems, such as the distributed networks, electric power systems, and com-
munication systems, can be efficiently modeled by neutral stochastic functional differential
equations, which have been extensively studied in recent years, see [1-8] and references
therein. Basically, sufficient conditions on stability of time delay systems are divided into
two categories: delay-dependent and delay-independent cases. It is well known that the
latter is less conservative than the former, especially when the delay is very small. Therefore,
increasing attention has been focused on delay-dependent stability analysis of delay systems
in recent years, see [1-25].

There are unstable systems without delay that can be stabilized with proper nonzero
delay, see [26]. Therefore, it is of great significance to consider the stability of systems with
interval time-varying delay, it is a time delay that varies in an interval, in which the lower
bound is not restricted to 0. Recently, interval time-varying delay was introduced and
investigated, see [11-17].
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In the past years, as an effective approach of improving the performance of delay-
dependent stability criteria, free-weighting matrices method has attracted much attention,
see [2-5, 10-12]. The mean-square exponential stability was studied for neutral stochastic sys-
tems with fixed delays in [2, 3]. The global asymptotic stability for a class of neutral stochastic
neural networks was studied in [4]. Improved delay-dependent robust stability criteria of
uncertain stochastic systems with interval time-varying delay were proposed in [12].

The usual restriction on derivative of the time-varying delay that 7(t) < 1 in [5-7, 18]
brings conservatism, which shows that the resulting conditions can only bear slow-varying
delay. In order to remove this limitation, fast-varying rate condition was studied in [4, 12, 23].

Stability of stochastic differential delay systems with nonlinear impulsive effects is
studied in [24, 25], the equivalent relations are established between the stability of the
stochastic differential delay equations with impulsive effects and that of a corresponding
stochastic differential delay equations without impulses.

To our best knowledge, few works on the robust delay-dependent exponential
stability analysis have been reported for uncertain neutral stochastic distributed system
with fast-varying interval time-varying delay. This paper focuses on the stability analysis
of uncertain neutral stochastic distributed system with interval time-varying delay. By
Lyapunov-Krasovskii functional theory and free-weighting matrices method, a new delay-
dependent mean-square exponential stability criterion is formulated in terms of LMI, and
the usual restriction of 7(t) < 1 is removed. Finally, three numerical example are given to
illustrate the effectiveness of the proposed method.

Notation 1. Throughout this paper, the notations are standard. If A is a vector or matrix, its
transpose is denoted by AT. P > 0 means that P is a symmetric positive definite matrix.
* denotes the symmetry part of a symmetry matrix. * indicates terms that can be induced
by symmetry, for example, A + AT = A + x and MPM? = MPx. Denote by Ay {-} and
Am{-} the maximum and minimum eigenvalue of a matrix, respectively. Let p(-) denote the
spectral norm of a matrix, while | - | refers to the Euclidean vector norm. Let (2, ¥, D) be
a complete probability space relative to an increasing family {¥},,, of o algebras F; C ¥
and E{-} the mathematical expectation operator with respect to the probability measure .
2,0, 00) denotes the space of square integrable vector functions over [0, c0). Let 7 > 0 and
C([-7,0],R") denote the family of all continuous R"-valued functions ¢ on [-7,0] with the
norm ||$|| = sup{|p(0)] : -7 < 6 < 0}. Let ﬁéo([—T,O];R") be the family of all Fo-measurable
bounded C([-7,0],R")-valued random variables ¢ = {¢(0) : -7 < 6 < 0}.

2. Preliminaries

Consider the following uncertain It6-type neutral stochastic system with both discrete and
distributed interval time-varying delays

(2) : d[x(t) — Dx(t;)]
= {[Ao +AA(t)]x(t) + [Ar + AAL () ]x(tr) + [A2 + AAx(t)] J

tr

x(s)ds} 2.1)

+ {[BO + ABy(#)]x(t) + [B1 + AB1(£)]x(t;) + [B2 + ABy(t)] Jt x(s)ds}dB(t),

tr

x(t) =¢(t), te[-1,0], (2.2)
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where x(t) € R" is the state vector; B(t) is a standard scalar Brownian motion defined on a
complete probability space (2, ¥, ), we assume E{dB(t)} = 0,E{d’B(t)} = dt. ¢(t) is any
given initial data in 1;0([—7,0];R"). Denote 7(t) = x(t) - Dx(t;),t; =t —7(t),ty, =t — 71,15, =
t — 1, T(t) is time-varying delays, satisfying

T() <T<+o00, 0< 7 <7(t) <™ <+0o, 6=1T —T11. (2.3)

Remark 2.1. It should be noted that system (2.1)-(2.2) encompasses many state space
models of neutral delay systems, which can be used to represent many important physical
systems such as a large class of distributed networks containing lossless transmission lines,
population ecology, heat exchangers, wind tunnel, and water resources systems (see [27-
29] and the references therein). For example, signal transformation cannot be finished in
time due to the finite signal propagation speed in distributed networks containing lossless
transmission lines, or to the finite switching speed of amplifiers in electronic networks, so the
models only depending on the discrete time delays are not complete, the more exact models
should include the distributed time delays, and the delays are found both in the states and in
the derivatives of the states.

Remark 2.2. It is worth pointing out that, when a time-varying delay appears, it is usually
assumed that 7(t) < 1 is satisfied and the lower bound of the delay is restricted to be zero
in the literature [5, 7, 8] and so forth. However, in this paper, we only require 7(f) < 7, in
addition, the range of delay may vary in a range for which the lower bound is not restricted
to be zero. Therefore, the time-varying delay in this paper is more general.

Ai,Bj, i,j = 0,1,2, are known real constant matrices of appropriate dimensions;
AA;, ABj, i,j = 0,1,2, are unknown matrices representing time-varying parameter uncer-
tainties. For the sake of convenience, we assume that the uncertainties are norm-bounded
and can be described as

(AAi(t) ABi(t)) = GF()(Si Ty), (2.4)

where S;,T;, i = 0,1,2, are known real constant matrices, F(t) is an unknown real time-
varying function with appropriate dimension satisfying

FY(t)F(t) < L. (2.5)
It is assumed that the elements of F(t) are Lebesgue measurable. Throughout this paper, the
following assumption, definitions, and lemmas will be used to develop our results.

Assumption 2.3. The difference operator matrix D satisfies | D|| < 1.

Definition 2.4 (see [1]). The neutral stochastic delay system (2.1)-(2.2) is said to be mean-
square exponentially stable if there is a pair of positive constants a, f such that

E{xT(t)x(t)} <ae P sup ]E{@(G)}. (2.6)

-T2 §9<0
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Lemma 2.5 (see [30]). If there exists a vector function v(t) : [0,r] — R" such that
[ 2" (s)Po(s) ds and [y v(s) ds are well defined, then the following inequality:

UOT U(S)ds] Tp U; v(s)ds] <r J: o (s)Po(s)ds 27

holds for any pair of symmetric positive definite matrix P € R™" and r > 0.

Lemma 2.6 (see [31]). For any vectors x,y € R", matrices A,D,E, P, and F are real matrices of
appropriate dimensions with P > 0 and FTF < I, the following inequalities hold:

(1) 2x"DFEy < e 'x"DD"x + ey"EE"y;

(2) for any scalar € > 0 such that P — eDDT > 0, then (A + DFE)'P-Y(A + DFE) <
e 'ETE + AT(P - eDD") ' A;

(3) 2xTy < x"P'x + y'Py.
3. Main Results
In this section, a robustly stochastically exponentially stable criterion for the uncertain linear
neutral stochastic distributed delayed system (X) will be established by applying the Lyapun-

ov-Krasovskii theory and free-weighting matrices method.
For convenience, define a new state variable

t
f(B) = (Ao + AA(1))x(E) + (A1 + AA (1) x(tr) + (A2 + AAz(8) [ x(s)ds  (B.1)

tr

and a new perturbation variable
t
g(t) = (Bo + ABy(t))x(t) + (B1 + ABy(t))x(t;) + (B, + ABy(t)) f x(s)ds. (3.2)
tr

Then, system (2.1) becomes

d[x(t) - Dx(t:)] = f(t)dt + g(£)dB(b). (3.3)
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Applying Leibniz-Newton formula to (2.1), it yields the following zero equations which will
be used in our main result:

ZéT(t)N[X(t) = Dx(tr) — x(tr) + Dx(tr = 7(tr)) - t f(s)ds - t g(S)dB(S)] =0,
tr tr

28" (HH [X(tn) = Dx(tr, - 7(tr,)) = x(tr) + Dx(tr - 7(tr)) - Jtl f(s)ds - 'rrl g(S)dB(S)] =0,

t

2§T(t)M|:x(tT) —Dx(t; —7(t;)) — x(tr,) + Dx(t;, — 7(t5,)) — ftT f(s)ds - ' g(s)dB(s)] =0,

t"'Z
(3.4)

where N, H, and M are any matrices with appropriate dimensions, and

tT

&) = [XT(t)/xT(fr)/ L jt x'(s)ds, x" (tr,), x" (tr,),
T2
(3.5)
xT(t’n - T(tTl))/xT(tTZ - T(th))/ xT(t’r - T(tT))] .

With zero equations (3.4) above, we obtain the following theorem.

Theorem 3.1. For given scalars 0 < 71 < T and T, system (X) is robustly stochastically
exponentially stable for all time-varying delays satisfying (2.3) and for all admissible uncertainties
satisfying (2.4) and (2.5), if there exist symmetric positive definite matrices P > 0,R; > 0,i =
0,1,2,...,10, scalars €j,j = 1,2,3 and any matrices N, H, M with appropriate dimensions, such
that the following LMI (3.6) holds:

(D D,
oD = <* ®3> <0, (3.6)
where

© PG VfZz 0 Vv/u o
x -l 0 0 0 0
*
*
*
*

o, x -Z ZG 0 0

* x —el 0 0o |
* * * -U uG
* * * * —e3l



6 Journal of Applied Mathematics
©=(NHMN HM),
®; = diag = {-R; -Rs -R;—Rs —Rg —Rig —Ro - Ryo}.
O=T+¥+¥", Vi=[A) Ay A, 00000], V,=[By B B,00O0ODQ],

P=[P-PD 000000, Z=nR+6R, U=P+7Ry+5Ry,

N = [NT,O,O,O,O,O]T, H-= [HT,O,O,O,O,O]T, M= [MT,O,O,O,O,O]T,

(3.7)
with
/1"11 I'p I'is 0 0O 0 O O\
* F22 F23 0 O 0 0 0
* x I35 0 0O 0 0 O
ro| * * * - 0 0 0 O
- x * * % —-Rg 0 0 0 |
* ok % * x I O O
* ok % * * * I 0
\ * % % * * * % Fgg/
¥Y=(N (M-H)-N(D+I) 0 H -M -HD MD (N+H-M)D), (3.8)
I = PAO + Agp +Ri+Ry+ R3+mRg + (€1 + 62)5550 + €3T§T0,
1"12 = PA1 = AEPD + (61 + 62)5551 + €3TJT1, F13 = PA2 + (61 + 62)5352 + €3T(;FT2,
T»=Ri+Rs+Rs— (1-T)Ry —~ D'PA; — A[PD + (€1 + €)S]S1 + &3T/ T,
I3 = —DTPA, + (e1 + 62)S¥52 + 63T1TT2, I35 =-TaRo + (€1 + €2)5§52 + €3T2TT2f
I'ss = Ry, I'77 = Rs, I'gs = (1 -T)Rs.
Proof. Choose a Lyapunov-Krasovskii functional candidate as
4
V(t/ ét) = Z‘/l(t/ ét)/ (39)
i=0

where

Vo(t, x:) = [x(t) - Dx(t;)]"P[x(t) - Dx(t;)];

Vit x) = .[:1 <x(sx—(ST)(s))>T<1(§1 184) <x(5x—(i')(5)))ds
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! x(s) ! R, 0 x(s)
S, Ge2mn) (6 w0 (e )2

| (x(sx—(i)w)))T(% 7o) (s ntsn)

t

Valt, ) = f [s — (t = m2)]x"(s) Rox(s)ds;

tr,

0 -7
Vg(t,xt)szj t fT(s)R7f(s)dsd9+6f t fT(s)Rgf(s)dsdG;

t+6 t+6
0 t -T1 ot
Vilt, x;) = J J tr(gT(s)Rgg(s)>ds do + f tr<gT(s)R10g(s)>ds de.
-1 J t+0 -1 Jt+0
(3.10)
According to Ito’s differential formula [1], the stochastic differential is
dV(t,x;) = LV (t, x;)dt + 2[x(t) — Dx(t,)]"Pg(t)dB(t), (3.11)
where
4 .
LV (t,x;)dt = 2[x(t) - Dx(t:)]"Pf (t) + g(t) ' Pg(t) + Y Vi(t, x1). (312)

i=1

Direct computations give

Vi(t, x1) < x"(8)(R1 + Ra + Ra)x(t) = x' (tr ) Rix(br,) — X (tr,) Rax(tr,)
+x (t;)(Ry + Rs + Rs — (1 = T) Ry)x ()
= X" (b, = 7(tr))Rax(br, = T(tr,))
= (1=T)x" (tr = 7(tr)) Rox (tr = T(tr))

— x"(t, = T(t))Rex (tr, — T(tr,)) {by 7(t) < T)
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Va(t, x;) < Tox" (£) Rox(t) - It x"(s)Rox(s)ds
br

1( ! 1(
< mx (D) Rox(t) — <T—f x(s)ds> (T2Ro) <T—f x(s)ds>; by Lemma 2.5,
2Jt 2 J)t,
Va(t,x) = 10 (2R + 6%Rs ) f (1)
t tr)
- f f(s)'R;f(s)ds - & f fY(s)"Rsf(s)ds;
try tr,
Vi(t,xi) = tr(g"(®)" (12Ro + 6Ri0)g (1))

- f tr(gT(s)TRgg(s)>ds - J‘tTl tr<gT(s)TR10g(s)>ds.

try try

(3.13)

By (1) of Lemma 2.6, for any scalar e; > 0, we have

2[x(t) - Dx(t;)] ' Pf(t) = 28T (1) PVi&(t) + 2&T () PGF () V3¢ (1)
(3.14)
<28T(HPViE(t) + €] ¢T () PG % +e12" (1) VS %,

and by (2) of Lemma 2.6, for any e, > 0 satisfying [72R; + 6°Rs] " — €;'GG" > 0, we have

F1(0)[72Ry + 82Rs| £ (1) = &7 (H) (Vi + GF())V3)" Zx
(3.15)
<& 0Vi[z7 - &'6d] e (V] x.

For any scalar e; > 0 satisfying [T,Rg + 5Ryo] ™" - €5'GG" > 0, the following inequality holds:
tr(87 ([P +m:Rs + 6Ri0]g (1)) = 8" () [P + TRy + 6R10]g (1)
=& (t)(V2 + GF(t)Va) U (3.16)

-1
<&V [u-l - eglccT] *+esd (VI %
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In addition, it follows from (3.4), (3) of Lemma 2.6 and Lemma 2.5 that

! T
—2§T(t)NJ‘: f(s)ds <§T(t)NR;1*+< L f(s)ds) Ry*

SEWNR! % +15 f fY(s)R7 f(s)ds,
tr
try try T
—2§T(t)Hf f(s)ds < E"(HHRG' +<j f(s)ds) Rg*
tr tr
< gT(t)HRgl * +06 J‘trl fT(S)RSf(S)dS,
tr
tr
2T OM [ f(s)ds
t T
< ET(HM(Ry + Rg) ™" % +<I f(S)dS> (R7 + Rg)*
try

<T(HOM(Ry + Re) ™ %+ r F7(s)(2Ry + 6Rs) f (s)ds,
try

t t T
—2§T(t)NJt g(s)dB(s) < gT(t)NR;1 * +<L g(s)dB(s)> Rox,

t tr T
—2§T(t)HJ g(s)dB(s) < ¢ (HHRy; *+<J't g(s)dB(s)> Rig*,

t

tr
28 (M f g(s)dB(s) < &7 (M (Ro + Rig) %

t T
+ <L g(s)dB(s)> (Rg + Ryp) *.

Note that

T
]E{ (Jj g(s)dB(s)) Rg*} = Jt tr(gT(s)Rgg(s)>ds,
ty T tr
E{ <L g(s)dB(s)> Rw*} = L <gT(s)R10g(s)>dS,

(3.17)

(3.18)
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t T t
E{ <I g(s)dB(s)> (Ry + Rlo)*} = f <gT(5)(R9 + Rlo)g(s)>ds. (3.19)

try tr,
Applying inequalities from (3.13) to (3.19) to (3.12), it yields
L,V (&) <E(DA(E), (3.20)
where

A=O+ e{@G(ﬁG)T LT [Z—l _ €£1GGT] _1V1 + V) [u‘l - eglGGT]_le

+ N(R' + RN+ H(Rg! + Ry )H™ + M((Ry + Rs) ™ + (Ro + Rio) " )M o
with © being defined in Theorem 3.1.
By applying the Schur complement to (3.6) results in A < 0, which implies
LV (t,x;) < ET(H)A&(H) <0 (3.22)
therefore,
LV (t,x) < —vg(DE() < —vx' (Hx(b), (3.23)

where v = 1,,{—A}. Now, integrating both sides of (3.23) from 0 to t > 0, and then taking the
expectation, we obtain

E{ V (s, xs) |;:g} - ]E{f LV(s, xs)ds} < v f E{xT(s)x(s)}ds. (3.24)

0 0

On the other hand, it follows from (3.9) that
E(V(t,x)) 2 E{q"OPn(t) } > 4 PIE{7"O1() }. (3.25)

Therefore, by (3.24) and (3.25)

Am{P}E{nT(t)n(t)} < E{V(0,x0)) —vf;]E{xT(s)x(s)}ds. (3.26)
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Since p(D) < 1, choose € > 0 such that e™¢p?(D) < 1, which implies p?(D) < e ™¢ < 1, denote

€p = e ™°. Let 0 be any nonnegative real number. For all 0 < t < o, it follows from (1) of
Lemma 2.6 that

E{nT(t)q(t) } > ExT(t)x(t) - ZE{xT(t)Dx(tT)} +ExT(t.)D"Dx(t,)

(3.27)
> (1-e0)ExT()x(t) - <€51 - 1>IExT(tT)DTDx(tT).
Hence
T 1 T 1 T T
ExT () x(t) < E]E{n (t)q(t)} + €—OIE{x (t;)D Dx(tT)}. (3.28)
By (3.25), (3.27), and (3.28), we then derive that forall 0 < t < o,
ExT(£)x(t) < ! sup E{qT(t)q(t)} + e sup E{xT(tT)DTDx(tT)}
1-ep 0<t<o €0 0<t<o
< sup E{nT(Hn(t) | + —=———L sup E{xT(t)x(t
ey S B On@}+ 20— swp E{x0x0)}  @29)

sup E{qT(t)q(t)} + ”S—”z sup E{xT(t)x(t)}.

(1-eo) 0<t<o 0 -p<i<o

However, this holds for all -7 < t < 0 as well. Therefore,

sup ]E{xT(t)x(t)} < % sup ]E{qT(t)q(t)} + @ sup ]E{xT(t)x(t)}. (3.30)

-n<t<o (1_ 0)0<t<o 0 —np<t<o

Since p?(D) < €y and P > 0, we obtain that

(1-eo) (€0 — p*(D))

- sup E{x"(H)x()} < sup E{n"()n(t) }. (3.31)
0 -n<t<o 0<t<o
By supremum property,
sup E{xT(t)x(t)} > sup E{xT(t)x(t)}. (3.32)
- <t<o 0<t<o

By (3.31) and (3.32),

(=)@ =2 O) vl T2y} < sup E{aT o) (333)

€0 0<t<o 0<t<o
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For any t > 0, it follows from (3.26), (3.33) and o being an arbitrary nonnegative real number
that

sup ]E{xT(t)x(t)} < UE{V(0,x0)} — vy I; E{xT(s)x(s) }ds. (3.34)

t>0

Since ¢ is an arbitrary nonnegative number, we have
t
E{xT(t)x(t)} < UE{V(0,x0)} - ”/‘f E{xT(s)x(s)}dS, VE > 0. (3.35)
0

Then, applying Gronwall-Bellman lemma to (3.35), it yields
E{xT(t)x(t)} < HE{V (0, xq) Je ™. (3.36)

Note that there exists a scalar a > 0 such that

HE{V(0,x0)} < a sup E{$(6)]}. (3.37)

—ngego
Denote p = o[ (1 — €o) (€0 — pz(D)))Lm{P}]_1 > 0,p =vu >0, then we have

E{x"Hx() ] <ac? sup E{p(0)}. (3.38)

-1,<0<0

By Definition 2.4, system (X) is robustly stochastically mean-square exponentially stable. [

Remark 3.2. Theorem 3.1 provides a delay-dependent condition with a new Lyapunov-
Krasovskii functional, which makes full use of the relationship among the time-varying delay,
its upper and lower bounds, and their difference. It is noted that this condition is obtained by
free-weighting matrices techniques; model transformation is not resorted to in the derivation
of Theorem 3.1. Thus, the conservatism caused by model transformation will be reduced.

Ifr =1 =1, thenT = 0,7(t) = 7. Applying Leibniz-Newton formula to (2.1), it
yields the following zero equations:

2§T(t)L[x(t) - Dx(t - 1) — x(t — 1) + Dx(t - 27) — t f(s)ds - t

by by

g(s)dB(s)] -0,
(3.39)

where L is any matrices with appropriate dimension, and

t

t—19

gt = [xT(t),xT(t -1), Tl I xT(s)ds, xT(t - 270)]. (3.40)
0

With zero equations (3.39) above, we obtain the following corollary.
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Corollary 3.3. For given constant delay Ty, system (X) is robustly stochastically exponentially stable
for all admissible uncertainties satisfying (2.4) and (2.5), if there exist symmetric positive definite
matrices Py > 0,Zy > 0,21 > 0,Z, > 0,23 > 0,Z4 > 0O, scalars €;, i = 1,2,3 and any matrices L
with appropriate dimensions such that the following LMI (3.41) holds:

(2 PG gWiZy 0 mW;Z, 0 L L \
* —e1l 0 0 0 0 0 0
* % —ng_o, TgZ3G 0 0 0 0
x % * -] 0 0 0 0

Q= * * * * —Toz4 T()Z4G 0 0 < 0’ (341)

* ok * * * —e3l 0 0
* % * * * * -Z3 0

\* * * * * *] 0 —Z4/

where
E=H+Y+YT, W1=[A0 Al Ay 0], WzZ[BO B, B, O],
— T _ T (3.42)
Poz[Po —DPOOO], L=[LTOOO],
with
Iy I Iz O
| ox IIp Iz O B
I1= . « Iy 0 , Y—(L -L(D+1) 0 LD),
* * * —Zo
H11 = P()AO + Agpo + Z1 + 22 + T()ZO + (61 + 62)5350 + €3TgTo,
: : : (3.43)
I1;p = POA1 — AODPO + (61 + 62)5051 + €3T0 T,
H13 = POA2 + (61 + €2)S$Sz + €3T(;rT2,
Iy = - Zy - Py D"A; - A|DPy + (€1 + €2)S]S1 + e3T| T4,
Il = — P()DTA2 + (61 + €2)S¥52 + €3TET2, 1133 = —19Zp + (61 + 62)5552 + €3T;T2.
If Ay =B, =0,AAy(t) = AB,(t) =0, D =0, then, system (2.1) becomes
dx(t) = f(t)dt + g(t)dB(t), (3.44)
where
F(t) = (Ao + AAg(D)x(t) + (A1 + DAL (D)) x(Er), 65

g(t) = (Bo + ABo(t))x(t) + (By + ABy(t))x(t:).
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Applying Leibniz-Newton formula to (3.44), it yields the following zero equations which will
be used in our main result

t t
28 ()N [x(t) ~x(t) - [ Fods- | §<s>dB<s>] ~0,

bz

ZST(t)ﬁ[x(tn)—x(tT)— " Fls)ds - §<s>dB(s>]=o, (3.46)
tr

tr

tr tr
2" (t)M[x(t» ~ x(ts) - f f(s)ds - f §<s>dB<s>] -0,

where N, H, and M are any matrices with appropriate dimensions, and
£ (1) = [¥"(0), xT (k) %" (), %" (1) (347)

With zero equation (3.46) above, we obtain the following corollary.

Corollary 3.4. For given scalars 0 < 71 < T and T, system (3.44) is robustly stochastically
exponentially stable for all time-varying delays satisfying (2.3) and for all admissible uncertainties
satisfying (2.4) and (2.5), if there exist symmetric positive definite matrices P > 0, R; > 0, i =
1,2,...,10, scalars €j,j = 1,2,3 and any matrices ﬁ, ﬁ, M with appropriate dimensions, such that
the following LMI (3.48) holds:

D= <CD1 (?2> <0, (3.48)
* @3
where

© PG V/z 0o Vju o
* —el 0 0 0 0

| * * -Z ZG 0 0

2l & * —el 0 0 |

* % * * -uU ucG
* * * * * —e31

(3.49)
&)3:diag: {—R7 —Rg —R7 —Rg —R9 —R10 —R9 —Rlo},

=f+{I}+{i}T, ‘71= [AQ A1 0 0], ‘72= [Bo B, 0 0],

[P 00 O]T, Z=T2R7+6Rg, u=P+T2R9+6R10,
T

e)
p
N = [NT,O,O,O,O,O] H= [ﬁT,o,o,o,o,o]T, M = [MT,O,O,O,O,O]T,
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with
Iy T, 0 0
1‘-12 * 1”22 0 0
x x -R 0 |

* % * —R3

¥=(N M-H-N H -M), (3.50)

i:n = PAO + AgP + R1 + Rz + R3 + (€1 + €2)S§SO + €3T(;FT0,

f12 = PA; + (6'1 + 62)5551 + €3T(;FT1, fzz = —(1 —?)Rz + (6‘1 + €2)S¥51 + €3T1TT1.

Ifry =7 =1, Ay = B, =0,AA;(t) = AB;(t) =0,i =0,1,2, then T = 0,7(t) = 79 and
(2.1) becomes

d[x(t) - Dx(t — )] = f(t)dt + g(£)dB(t), (3.51)
where
F(t) = Apx(t) + Ayx(t - 1), g(t) = Box(t) + Bix(t — 70). (3.52)
Applying Leibniz-Newton formula to (3.51), it yields the following zero equations

2gT(t)i [x(t) —Dx(t —719) — x(t — 79) + Dx(t — 279) — Jt f(s)ds - Jt g(s)dB(s)] =0,
' A (3.53)

where L is any matrices with appropriate dimension, and
¢'() = <"1, 2" (t - ), %" (¢t - 2m). (3.54)

With zero equations (3.53) above, we obtain the following corollary.

Corollary 3.5. For given constant delay 7y, system (3.51) is robustly stochastically exponentially
stable, if tAhere exist symmetric positive definite matrices Py > 0,Z1 > 0,Z, > 0,23 > 0,Z4 > 0, any
matrices L with appropriate dimensions, such that the following LMI (3.41) holds:

é TgWiFZQ, TOW;Z4 i i

~ *  —T2Z3 0 0 0

Q= * * —T0 24 0 0 <0, (355)
* * * -Z3; 0
* * * * =2y
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where

~ ~ — ~ - T
=+¥+Y,  Wi=[4 41 0], Wo=[B B 0], L=[L"00], (56

[

with

B Iy ljlz 0 o ~
fi=| » fip 0 |, ¥=(L-Lo+D LD),
* * —Zz
(3.57)

1:[11 = POAO + AgP() +7Z1+ 2o, ﬁlz = P0A1 - AgDP(),

[y = -Z, - RDTA; - AIDPR,.

Deterministic systems may be regarded as special class of stochastic systems, let B; =
0,AB; =0,i =0,1,2, then system (2.1)-(2.2) becomes the following uncertain neutral system
with both discrete and distributed interval time-varying delays

(Zo) : X(t) = Dx(tr) = [Ao + AAo())]x(t) + [Ar + AAL (D) ]x(Er) + [A2 + AA(1)] t x(s)ds,

tr
(3.58)
x(t) = ¢(t), te[-7,0]. (3.59)

Applying Leibniz-Newton formula to (3.58), it yields the following zero equations which will
be used in our main result:

2§T(t)N|:x(t) —Dx(t;) — x(t;) + Dx(t; — T(t;)) — ft f(s)ds] =0,
tr
2§T(t)H[x(tT1) - Dx(t"n - T(t’n)) - x(t’r) + Dx(t’l' - T(t’r)) - J.tTl f(S)dS] = O, (360)
tr

2§T(t)M|:x(tT) - Dx(t”r - T(tr)) - x(th) + Dx(t”rz - T(trz)) - ) f(S)dS] =0,

try

where N, H, and M are any matrices with appropriate dimensions, and ¢(t) is defined in
(3.5). With zero equations (3.60) above, we obtain

Corollary 3.6. For given scalars 0 < T < 7 and T, system (2g) is robustly stochastically
exponentially stable for all time-varying delays satisfying (2.3) and for all admissible uncertainties
satisfying (2.4) and (2.5), if there exist symmetric positive definite matrices P >0,R; >0,
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i=0,1,2,...,8, scalars €j, j = 1,2,3 and any matrices N, H, M with appropriate dimensions, such
that the following LMI (3.61) holds:

© PGV/IZ 0 N H M
* —e1I 0 0 0 0 0
* % -Z ZG 0 0 0
D= % x x —el 0 0 0 <0, (3.61)
* % * * —-R;, 0 0
* * * * * —Rg 0
* % * * * * —Ry—Rg

where
@=1—‘+1P+1PT, V]=[A() A1 AzOOOOO], V2=[Bo By BzOOOOO],

ﬁ: [P -PD 000O00O O]T, Z=T2R7+6R8, LI:P+7'2R9+6R10,

(3.62)
with
/rll F12 F13 0 0 0 0 0
* Fzz F23 0 O 0 0 0
* % I3 0 0 0 0 O
I *x * x -R 0 0 0 O
- *x * *x x —-Rg 0 0 0 |
x ok % % * I 0 O
* k% * * * I 0
\ *  x % * * * % r88/
lPZ(N (M-H)-N(D+I1) 0O H -M -HD MD (N+H—M)D), (3.63)
T11 = PAg+ AjP+ Ry + Ry + Ry + TaRo + (€1 + €2) S So + e3T, Ty,
r12 = PA1 - AgPD + (€1 + €2)SOTSl + €3T(;FT1, F13 = PAZ + (61 + €2)SF552 + €3T§T2,
I»=Ri+Rs+Rs—(1-T)Ry — D'PA; — A[PD + (e1 + €2)S{S1 + €T, Ty,
I'z3= — DTPA2 + (61 + €2)S¥Sz + €3T;FT2, I's3=-mRy+ (61 + 62)53—52 + €3T;T2,
Tes = — Ry, I'77 = —Rs, I'gs =—(1-7) Rs.
Proof. Choose a Lyapunov-Krasovskii functional candidate as
3
V(tlét) = Z‘/I(tlét)r (364)
i=0

where V;(t,¢),1=0,1,2,3 are defined in (3.9). It can be concluded from Theorem 3.1. O
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If T = Ty = Ty, A2 = O,Bi = AA,(t) = ABl(t) = 0, i= 0, 1,2, then T = O,T(t) =170 and
(2.1) becomes

%(t) - Dx(t - 10) = Aox(t) + Arx(t - 10). (3.65)

Applying Leibniz-Newton formula to (3.65), it yields the following zero equations:

ZQT(t)i[x(t) —Dx(t —1y) — x(t —19) + Dx(t — 2719) — t f(s)ds] =0, (3.66)

try
where L is any matrices with appropriate dimension, f (t) = Apx(t) + Ai1x(t — 7p), and
¢'(H) = [xT<t), x"(t—70),x"(t - 2ro)]. (3.67)

With zero equations (3.66) above, we obtain the following corollary.

Corollary 3.7. For given constant delay Ty, system (3.65) is robustly stochastically exponentially
stable, if thereA exist symmetric positive definite matrices Py > 0,21 > 0,2, > 0,23 > 0,Z4 > 0, and
any matrices L with appropriate dimensions, such that the following LMI (3.68) holds:

é TgWing, L L
2
~ * —TOZ3 0 0
G=|7 e <o (3.68)
* * x =74
where
o _ o T
E=1+¥+¥, Wi=[4 a0, L=[I"00|, (3.69)
with
B I ljlz 0 - R
fi=| » fip 0 |, Y=(L-Lo+1 LD),
* * —Zn
(3.70)

ﬁn = P()AO + AEP() + Zl + Zz, ﬁlZ = P()Al - AgDpo,

[y = -Z; - BRDT A, — AIDPR,.
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Figure 1: Mean-square exponential stability of the neutral stochastic system with interval time-varying
delay.

Table 1: Allowable lower bounds and upper bounds for different 7.

T 0.3 0.6 1.0 1.2 1.5 1.52

(5 1.5970 1.6724 1.8719 1.9717 2.1215 2.1315
Ty 0.1500 0.3000 0.5000 0.6000 0.7500 0.7600
o 1.4470 1.3724 1.3719 1.3717 1.3715 1.3715

4. Numerical Examples

Example 4.1. Consider the uncertain neutral linear stochastic time-varying delay system (X)
with

-2.0 0.0 -1.0 0.0

Ao = [0.0 —1.9]' Ar= [—1.0 -1.0

By=-011, B; =021, By,=01I, G=01I, S;=T;=0.1I, i=0,1,2,

]/ AZZ_I/ D:_0.5I,
4.1)

and 7(t) = aexp(-1/(1 + t)z),O < a < 21315, set a = 1, in this situation, 7, = 0.3679, 1, =
1,7 = 0.7358,6 = 0.6321. Set ¢(0) = [xf(@),xg(e)]T, where x1(0), x,(0) are random initial
values with zero mean and variance 1.0, and F(t) = sin(t), the trajectories of x;(t) and x,(t)
are shown in Figure 1. According to Theorem 3.1, the lower bounds and the upper bounds on

the time delay to guarantee the system is robustly stochastically mean-square exponentially
stable are listed in Table 1.

Example 4.2. Consider the uncertain linear stochastic system (3.44) with

-2.0 0.0 -1.0 0.0
Ao = [0.0 —0.9]' A= [-1.0 -1.0]' (4.2)

By=B; =0, G=02], Si=Ti=1, i=0,1,2
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Table 2: Allowable upper bounds of 7, for different 7.

T 0.3 0.5 0.9
Yan et al. [15] 0.7288 0.5252 0.1489
Corollary 3.4 0.9012 0.7498 0.5640

Table 3: Allowable upper bounds of 7, for different c.

c 0 0.1 0.3 0.5 0.7 0.9
Fridman and Shaked [19] 447 3.49 2.06 1.14 0.54 0.13
Corollary 3.7 4.47 4.05 3.29 2.58 1.85 0.92

According to Corollary 3.4, for 71 = 0, the upper bounds on the time delay to guarantee the
system is robustly stochastically mean-square exponentially stable are listed in Table 2. At the
same time, Table 2 also lists the upper bounds obtained from the criterion in [15].

Example 4.3. Consider the uncertain neutral linear stochastic system (3.51) with

Ay = [0.5 0.0], A = [—1.0 0.0]’

0.0 0.3 1.0 -1.0
(4.3)
-0.2 0.0

b= 1—0.95 0.2

], By=02I, B;=03L

If Corollary 3.5 in this paper is applied, the maximal admissible delay 7y of this example is
7z = 0.6001.

Example 4.4. Consider the uncertain neutral linear stochastic system (3.65) with

~2.0 0.0 ~1.0 0.0 c 0
Ao = [o.o —0.9]' Ar= [—1.0 —1.0]' D= [0 C], 0<c<l. (4.4)

The maximum upper bound 7 for this system in case of different cs is listed in Table 3, which
shows that the results obtained by the methods proposed in this paper are less conservative
than that in [19].

5. Conclusion

The mean-square exponential stability for uncertain neutral stochastic system with both
discrete and distributed time-varying delays has been investigated in this paper. Sufficient
conditions have been established without ignoring any terms in the weak infinitesimal
operator of Lyapunov-Krasovskii functional by considering the relationship among the time-
varying delay, its upper bounds, and their difference. The usual restriction that 7(t) < 1 has
been removed by free-weight matrices method. According to the numerical examples, it has
been shown that the proposed results improve some existing ones.
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