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We introduce an iterative for finding the zeros point of the sum of two monotone operators. We

prove that the suggested method converges strongly to the zeros point of the sum of two monotone
operators.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. Let A : C — H be a
single-valued nonlinear mapping and let B: H — 2H be a multivalued mapping. The “so-
called” quasi-variational inclusion problem is to find a u € 2H such that

0 € Ax + Bx. (1.1)

The set of solutions of (1.1) is denoted by (A + B)"'(0). A number of problems arising in
structural analysis, mechanics, and economics can be studied in the framework of this kind
of variational inclusions; see, for instance, [1-4]. The problem (1.1) includes many problems
as special cases.

()If B =20 : H — 2 where ¢ : H — RU +oo is a proper convex lower
semicontinuous function and 0¢ is the subdif and if onlyerential of ¢, then the
variational inclusion problem (1.1) is equivalent to find u € H such that

(Auy-u)+¢(y) -pw) 20, VyeH, (1.2)

which is called the mixed quasi-variational inequality (see, Noor [5]).
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(2) If B = 06¢, where C is a nonempty closed convex subset of H and 6c : H — [0, o]
is the indicator function of C, that is,

0, x€C,
6c = (1.3)
+o0, x¢C,

then the variational inclusion problem (1.1) is equivalent to find u € C such that

(Au,v-u) >0, VYveC. (1.4)

This problem is called Hartman-Stampacchia variational inequality (see, e.g., [6]).

Recently, Zhang et al. [7] introduced a new iterative scheme for finding a common
element of the set of solutions to the inclusion problem, and the set of fixed points of
nonexpansive mappings in Hilbert spaces. Peng et al. [8] introduced another iterative scheme
by the viscosity approximate method for finding a common element of the set of solutions of
a variational inclusion with set-valued maximal monotone mapping and inverse strongly
monotone mappings, the set of solutions of an equilibrium problem, and the set of fixed
points of a nonexpansive mapping. For some related works, please see [9-27] and the
references therein.

Inspired and motivated by the works in the literature, in this paper, we introduce
an iterative for solving the problem (1.1). We prove that the suggested method converges
strongly to the zeros point of the sum of two monotone operators A + B.

2. Preliminaries
Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respectively. Let C be
a nonempty closed convex subset of H. Recall that a mapping A : C — H is said to be
a-inverse strongly-monotone if and if only

(Ax - Ay, x - y) > a|| Ax - Ay’ (2.1)
for some a > 0 and for all x, y € C. It is known that if A is a-inverse strongly monotone, then

1
A% - Ayl < < -] @2)

forall x,y € C.
Let B be a mapping of H into 2. The effective domain of B is denoted by dom(B),
that is,

dom(B) = {x € H : Bx#0}. (2.3)

A multivalued mapping B is said to be a monotone operator on H if and if only

(x-y,u-v)>0 (2.4)
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forall x, y € dom(B), u € Bx, and v € By. A monotone operator B on H is said to be maximal
if and if only its graph is not strictly contained in the graph of any other monotone operator
on H. Let B be a maximal monotone operator on H and let B0 = {x € H : 0 € Bx}.

For a maximal monotone operator B on H and A > 0, we may define a single-valued
operator:

JE=(I+AB)™" : H — dom(B), (2.5)

which is called the resolvent of B for \. It is known that the resolvent J} is firmly nonexpan-
sive, that is,

||]fx—]fy||2s <]fx—]fy,x—y> (2.6)

forall x,y € C and B0 = F(J}) forall A > 0.
The following resolvent identity is well known: for A > 0 and y > 0, there holds the
following identity:

JBx = ]5(§x +(1- %)]fx), xeH. 2.7)

We use the following notation:

(i) x, — x stands for the weak convergence of (x,) to x;

(ii) x, — x stands for the strong convergence of (x,) to x.

We need the following lemmas for the next section.

Lemma 2.1 (see [28]). Let C be a nonempty closed convex subset of a real Hilbert space H. Let the
mapping A : C — H be a-inverse strongly monotone and let A > 0 be a constant. Then, one has

(T - 14)x - (T -2 A)y|]* < |x - y|* + A -20)||Ax - Ay|’, Vx,yeC. — (2.8)

In particular, if 0 < A < 2a, then I — LA is nonexpansive.

Lemma 2.2 (see [29]). Let {x,} and {y,} be bounded sequences in a Banach space X and let {p,,}
be a sequence in [0, 1] with

0 <liminfp, < limsup g, < 1. (2.9)
Suppose that
X1 = (1= Pn)Yn + Prxn (2.10)
foralln>0and
hmsup(”y,m - ynll = |lxn - xn“) <0. (2.11)

Then, limn—>oo||yn - xn” =0.
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Lemma 2.3 (see [30]). Assume that {a,} is a sequence of nonnegative real numbers such that
an < (1= yn)an + 6nYn, (2.12)

where {y,} is a sequence in (0,1) and {6,} is a sequence such that

(1) XZ1yn = 00
(2) limsup,, _, 6, <0o0r 377|6,Yn| < co.

Then lim,, _, wa, = 0.

3. Main Results
In this section, we will prove our main result.

Theorem 3.1. Let C be a nonempty closed and convex subset of a real Hilbert space H. Let A be
an a-inverse strongly monotone mapping of C into H and let B be a maximal monotone operator on
H, such that the domain of B is included in C. Let J} = (I + AB)™! be the resolvent of B for A > 0.

Suppose that (A + B)0#0. For u € C and given xo € C, let {x,} C C be a sequence generated by
Xni1 = Puxn + (1= u) J1 (an1e + (1= @) (200 — Ly Axy)) (3.1)

forall n >0, where {A,} C (0,2a), {a,} C (0,1), and {B,} C (0,1) satisfy

(i) lim,, . aty, =0and >, a, = oo;
(ii) 0 < liminf, ., fB, < limsup, B, <1;

(iii) a < A, < bwhere [a,b] C (0,2a) and lim, _, o (Ap41 — Ay) = 0.
Then {x,} generated by (3.1) converges strongly to X = P, 4, py-19(14).

Proof. First, we choose any z € (A + B)'0. Note that

z = ]fn(z - (1 -a,)Az) = ]ﬁl(anz +(1-ay)(z-1,A2)) (3.2)
for all n > 0. Since J} is nonexpansive for all A > 0, we have

72 (e + (1 = ) e = Au ) - 2|

= 172 (@uta + (1= @) (e = 20 Ax)) = TE (a2 + (1 @) (2 = A A2))|| (3.3)

< [t + (1= ) (0 — A AXn)) = (anz + (1 — ay) (z = 1, A2))|?

= |(1 = ) ((n = AnAxn) = (2 = AnA2Z)) + ata(u - 2)|1*.
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Since A is a-inverse strongly monotone, we get

(1 = @) ((xn = AnAxy) = (z = AyAz)) + an(u - 2)|
< (1= )l (xn = AnAxy) = (2 = L AZ)|* + ayllu - z|

= (1= at)||(xn = 2) = \n(Axy = AZ)|]* + @ ||u — 2|

3.4
= (1= ) (Ilxn = 2I° = 200 (Axy = Az, %, - 2) + A2[| Axy = Az|?) + e = 2|1 G4
< (1= ay) (Ilxn - 21 - 2ad,| Ax, = AzIP + 02| Ax, - Az|) + aflu - 2|
= (1= @) (I = 2l + 4O = 20) | Ay = Az ) + aullu = =]

By (3.3) and (3.4), we obtain
2
78 (e + (1= ) G = A Ax) - 2
< (1= ) (Il = 217 + Lo = 20) | Ay = AZ]]) + = (3.5)
< (T =ap)llxn — Z”z +a||u - Z”z-
It follows from (3.1) and (3.5) that
2 B 2
s = 2l = [|Ban = 2) + (1= Ba) (JE (e + (1 = ) (0 = AnA) - 2) ||
2
< Balltn = 2P + (1= B) |72 (e + (1 = ) G = AnAx,)) - 2|
< Balltn = 2P + (1= B) (1 = n)llon — 21 + e - 2|12 (3.6
= [1= (1= Bu)an] 20 = 2I* + (1= Bo) anlle - 2|
< max{ Jay = 2, Ju - =|*}.
By induction, we have
llxns1 = 2l < max{]|xo - |, [|u - z[|}. (3.7)

Therefore, {x,} is bounded. We deduce immediately that {Ax,} is also bounded. Set u, =
au+ (1-a,)(x, — A, Axy) for all n. Then {u, } and {])Ii,u"} are bounded.
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Next, we estimate ||] f Uni1 — J f Uy, ||. In fact, we have
n+ n

||] Ut — ]}
= |72 (@t + (1 = @) Genen = At Axia)) = T2 (e + (1 = @) (6 = An Ax) |
< |78 et + (1= @n1) (tnit = D1 Axe1)) = 5 (e + (1= ) (2 = AnAx,)) |
+ I8 @+ (1= @) (= A0 Axa)) = TP (@t + (1= ) (0 = ApAx))|

< ||(a1’l+1u + (1 - an+1)(xn+1 - )Ln+1Axn+1)) - (anu + (1 - an)(xn - /\nAxn))”

+ H])iﬂun - ])iun
< ”(I - )Ln+1A)xn+1 - (I - /\n+1A)xn” + |)Ln+1 - )Ln|||Axn||

et (lal + et )+ sl A ) + (el + [l + Al Aol + | 2

Up — ]fnun
(3.8)

n+1

Since I — A,11 A is nonexpansive for A1 € (0,2a), we have || (I = Aps1A)Xp1 — (I = A1 A) x| <
|%n+1 — X ||. By the resolvent identity (2.7), we have

ot = Iy <i”"+ <1‘ A" )If un>- (39)
n+l n -A'YlJrl )Ln+1 .
It follows that
n]f Up —]fun = ]f <iun+ <1 _ )‘n >]f un) —]fun
n+l n n -)‘n+1 -)Ln+1 n+l n
A .
: H <)u:1 tn (1 B )tm)]fmun) ~ (3.10)
|An 1= )Ln|

S T Un = ]-fnﬂun N

So,

78 1 = T | < Moter = 2l + wss = Ll A%l + o Qe + ]+ | A )

I)‘n+1 - )tnl
)‘n+1

un—]){3 uy,||.

n+1

+ an([[ull + [l2en ]| + Anl| Axnl]) +

(3.11)

Thus,

timsup (|| 78 st = I8 | = 11 = 2al) < 0. (3.12)

n—oo
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From Lemma 2.2, we get

lim || T — x| = 0. (3.13)
Consequently, we obtain
Tim |1 = x| = lim (1= 6,) |]fnun — x| = 0. (3.14)

From (3.5) and (3.6), we have

2
et = 212 < Bl = 212+ (1= Bo) | JE (arnte + (1= ) (0 = A A)) = 2

< (1= Bu) { (= ) (I = 212 + A = 20) | Ay = Az + t e = 2]}
+ Bl — 21

= [1- (1= Bu)an]llxn = 2> + (1 = Bn) \u(Xy — 2a1) || A, — Az]|*
+ (1= Bu)anllu -z

< lxn = 2l + (1= Ba) a(An = 20) | Ay = Az|* + (1= f) | — 2|,
(3.15)

It follows that
(1= Bu)An(2et = 1) Axy — Az|
< llen = 2l = e = 207 + (1= B ullue = 211 (3.16)

< (loew = 2l = w1 = 2l 11 = xall + (1= B e — 2]
Since limy, oty = 0, limy, —, o || X1 — Xy || = 0, and liminf,, _, (1 — B,) A, (2 — X,,) > 0, we have

;}ilr;o||Axn - Az|| =0. (3.17)

Put X = Py, p)19(u). Set v, = xp = (An/ (1 — an)) (Ax, — AX) for all n. Take z = X in (3.17) to
get ||Ax, — AX|| — 0. First, we prove limsup, ,_(u - X,v, — X) < 0. We take a subsequence
{vy,} of {v,} such that

limsup(u - X,v, — X) = lim (u — X, v,, — X). (3.18)

n—oo

It is clear that {v,,} is bounded due to the boundedness of {x,} and ||Ax, — AX|| — 0. Then,
there exists a subsequence { ’Uni,-} of {v,,} which converges weakly to some point w € C.
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Hence, {xnij } also converges weakly to w because of ||vn1.]_ —Xn,, || — 0.By the similar argument
as that in [31], we can show that w € (A + B) 0. This implies that

limsup(u - X,v, —X) = lim <u—§,vni]_ —3?> =(u-X,w-X). (3.19)

n— oo j—o
Note that x = P(A+B)-10(u). Then, (1 - X, w - X) <0,w € (A + B)"'0. Therefore,

limsup(u - X, v, - X) <0. (3.20)

n—oo

Finally, we prove that x, — X. From (3.1), we have

2
st = FIP < Pallc = 1P + (1= o) |72 00 - 5

= ulln = FIF + (1= ) [T — T2 % - (1 - @), A5) |

< Bullxn = XN + (1= o) llun — (F = (1 - ) Lu AX) |1

= Pullace = FI7 + (1= Bu) e + (1 = ) (xn = A Axy) — (5 = (1 = ) Ly AT) |
= Bullxn = F[? + (1= Bu) (1 = &) (0 = Ln Axy) = (% = L, AK)) + @y (u = 5)|
= Bullxn = %[> + (1= fn)
x (1= )| (n = AnAx) = (% = 1y AT
+20, (1 = ) (1 = %, (X — Ay Axy) = (¥ = Ly AX)) + g |Ju - 3?||2>
< Bulln = %> + (1= )
x (1= )t = FI + 200 (1 = ) (= X, 3 = Ln( Axy — AF) = %)

2 ~112
o u— %)

< [1 - (1 —ﬂn)an] [locn — 52“2 + (1 —ﬂn)“n{z(l — ) (U =X, 0 = X) +aylu- 55”2}
(3.21)

It is clear that 3}, (1 - f,)a, = oo and limsup,, , _ (2(1 —a,){(u - X, v, — X) + a|lu - %|*) <o0.
We can therefore apply Lemma 2.3 to conclude that x,, — X. This completes the proof. O

4. Applications

Next, we consider the problem for finding the minimum norm solution of a mathematical
model related to equilibrium problems. Let C be a nonempty, closed, and convex subset of a
Hilbert space and let G : C x C — R be a bifunction satisfying the following conditions:
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(E1) G(x,x) =0forall x € C;
(E2) G is monotone, thatis, G(x,y) + G(y,x) <0forall x,y € C;
(E3) forall x,y,z € C, lim supth(tz +(1-t)x,y) <G(x,y);

(E4) for all x € C, G(x,-) is convex and lower semicontinuous.

Then, the mathematical model related to equilibrium problems (with respect to C) is to find
X € C such that

G(X,y) >0 (4.1)
for all y € C. The set of such solutions X is denoted by EP(G). The following lemma appears
implicitly in Blum and Oettli [32].

Lemma 4.1. Let C be a nonempty, closed, and convex subset of H and let G be a bifunction of C x C
into R satisfying (E1)—(E4). Let r > 0 and x € H. Then, there exists z € C such that

G(Z,y)+%(y—z,z—x>20, vy e C. (4.2)

The following lemma was given by Combettes and Hirstoaga [33].
Lemma 4.2. Assume that G : CxC — Rsatisfies (E1)—(E4). For r > 0 and x € H, define a mapping
T, : H — C as follows:

T,(x):{zeC:G(z,y)+%(y—z,z—x>20, ‘v’yeC} (4.3)

forall x € H. Then, the following holds:
(1) T, is single valued;
(2) T is a firmly nonexpansive mapping, that is, for all x,y € H,

|| Tx - Try”2 <(T,x-T,y,x-y); (4.4)

() F(T}) = EP(G);
(4) EP(G) is closed and convex.

We call such T, the resolvent of G for r > 0. Using Lemmas 4.1 and 4.2, we have the
following lemma. See [34] for a more general result.

Lemma 4.3. Let H be a Hilbert space and let C be a nonempty, closed, and convex subset of H. Let
G : C x C — Rsatisfy (E1)-(E4). Let Ag be a multivalued mapping of H into itself defined by

(4.5)

{ze H:G(x,y) >(y-x,z), VZyeC}, x€C(,
AGXZ
@, xé&C.
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Then, EP(G) = Aél(O) and Ac is a maximal monotone operator with dom(Ag) C C. Further, for
any x € H and r > 0, the resolvent T, of G coincides with the resolvent of Ag; that is,

T,x = (I +1Ag) 'x. (4.6)

Form Lemma 4.3 and Theorems 3.1, we have the following result.

Theorem 4.4. Let C be a nonempty, closed, and convex subset of a real Hilbert space H. Let G be a
bifunction from C x C — R satisfying (E1)-(E4) and let T\ be the resolvent of G for A > 0. Suppose
EP(G) #0. For u € C and given xy € C, let {x,} C C be a sequence generated by

Xne1 = Prxn + (1= Bn) To, (@nu + (1 — ay) xy) 4.7)

forall n >0, where {A,} C (0,0), {a,} C (0,1), and {B,} C (0,1) satisfy

(i) limy, 0ty = 0and 3, a0, = o0;
(ii) 0 < liminf, . f, < limsup,_, fBn <1;

(iii) a < A, < b where [a,b] C (0, 00) and lim,, _, oo (X471 — Ay) = 0.

Then {x,} converges strongly to a point X = Pgp(c)(ut).
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