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We perform the stability analysis and we study the chaotic behavior of dynamical systems, which
depict the 3-particle Toda lattice truncations through the lens of the 0-1 test, proposed by Gottwald
andMelbourne. We prove that the new test applies successfully and with good accuracy in most of
the cases we investigated. We perform some comparisons of the well-known maximum Lyapunov
characteristic number method with the 0-1 method, and we claim that 0-1 test can be subsidiary to
the LCN method. The 0-1 test is a very efficient method for studying highly chaotic Hamiltonian
systems of the kindwe study in our paper and is particularly useful in characterizing the transition
from regularity to chaos.

1. Introduction

The most popular technique for distinguishing between ordered and chaotic regions in
Hamiltonian systems is to calculate Poincaré surface of section for various energies. We
characterize the periodic orbit as stable or unstable by means of the Hénon’s index [1].
However, the chaoticity of the nonperiodic orbits is estimated via the calculation of the
maximum Lyapunov Characteristic Number (LCN). If LCN > 0, then we say that the orbit is
chaotic, while if LCN → 0, the orbit is inside an island of closed invariants, hence is ordered.

Usually this technique requires quite a lot of computing time. In the case of a
Hamiltonian system, we integrate two nearby orbits, and we compute the limit of the
quantity, LCN(t) = limt→∞ ln |ξ(t)/ξ(t0)|, where ξ(t0) and ξ(t) are the distances between
two points of the nearby orbits at times t = 0 and t, respectively. This limit is the maximal
Lyapunov Characteristic Number (LCN), while the quantity LCN(t) is known as the finite
time LCN [2]. LCN measures essentially the average exponential deviation of two nearby
orbits. For a definition, as well as for applications of LCN in other dynamical systems, see, for
example, Contopoulos [3]. Later, Gao et al. [4, 5] introduced the scale-dependent Lyapunov
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exponent (SDLE) that can be accurately computed from short noisy time series and readily
classify various types of motions.

In the present paper, we examine the chaotic behavior of the time-continuous trun-
cated 3-particle Toda lattice through the lens of the “0-1 test”, amethod proposed byGottwald
and Melbourne [6]. This test distinguishes between order and chaos in deterministic systems
and especially in cases at the edge of chaos and weak chaos. The central idea of the “0-1 test
for chaos” is to distinguish the transition from an ordered to a chaotic region. The input is a
time series of a relevant variable (if the equations of motion are known) or a time series of
measurements (if the underlying equations are unknown). The output is 0 (zero) if the data
correspond to motion in an ordered region or 1 (one) if the data correspond to motion in a
chaotic region. Thus, our paper tries to contribute to the discussion by using this tool in a
Hamiltonian that we have extensively studied its dynamical properties [7, 8].

The original method has been greatly improved recently [9, 10] and has been applied
in several cases as in the van der Pol system, the driven and damped Kortweg-de Vries equa-
tion and an ecological model [6]; in Hénon-Heiles Hamiltonian system and Lorenz system
[11]; in Ricker’s population model [12]; in experimental data [13, 14]; in fluid dynamics
[15]; in Hamiltonian dynamics [16, 17]; in a quasiperiodically forced system and strange
nonchaotic attractors [18]; in nonsmooth mechanical systems [19, 20]. The method has been
proven successful in most of these cases.

In Section 2, we briefly review the main steps of the 0-1 test. In Section 3, we present
the 3-particle Toda lattice and its truncations. In Section 4, we compare the results of LCN
[7, 8]with the results of the 0-1 test. In Section 5, we summarize the conclusions of this work.

2. Description of the 0-1 Test for Chaos

The method of the “0-1 test” starts with a data set ϕ(tj) for j = 1, . . . ,N (i.e., an observable of
the underlying dynamics of finite length), sampled at discrete times 0 < t1 < t2 < t3 < · · · <
tN . In Hamiltonian dynamics, the sample data set is an orbit (i.e., a solution of the system,
denoted by x) and the length of the sampled set depends on the time step used in the Runge-
Kutta algorithm of determination of the orbit and on the selection of tj , j ≥ 1. The truncated
3-particle Toda lattice is a 2D potential (see next section), and let x = (x, y, ẋ, ẏ) be a solution
of its equations of motion. We choose ϕ = y and tj are the intersection times with a Poincaré
cross section (i.e., x = 0, see next section). So, the time series ϕ(tj) corresponds to observing
a Poincaré map and thus we overpass any possible issues with oversampling [9]. In all our
cases, we have integrated the equations of motion with a time step of Δt = 0.01 and saved
N = 100, 000 data points.

Then we introduce the following new coordinates:

p(n) =
n∑

j=1

ϕ
(
j
)
cos

(
jc
)
, q(n) =

n∑

j=1

ϕ
(
j
)
sin

(
jc
)
, (2.1)

where n = 1, 2, . . . ,N, and c ∈ (0, π) [9, 10, 21].
Next, the diffusive (or nondiffusive) behavior of p(n) and q(n) is analyzed by

calculating the mean square displacementM(n) of one of the above new variables, say p(n):

M(n) = lim
N→∞

1
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(
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, n = 1, 2, 3, . . . . (2.2)
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If the orbit is ordered, then M(n) is a bounded function of n. If the orbit is chaotic,
thenM(n) scales linearly with n and the behavior of p(n) is like a Brownian motion [9, 21].

Originally Gottwald and Melbourne [6, 21] tried to calculate the asymptotic growth
rate via the linear regression method using M(n). Later, they improved their own method
introducing two major modifications. First, they replaced the mean square displacement
M(n) with the modified mean square displacement D(n), where D(n) = M(n) − Vosc(c, n).
The need of the subtraction of the oscillatory term is the regularization of the linear behavior
of M(n) [9]. Second, they replaced the method of linear regression with the correlation
method, which greatly outperforms the regression method in discrete dynamical systems.

Since in our paper all data sets in all cases we have studied, the observable data sets
come from Poincaré cross section, we decided to apply the first method of linear regression
and without subtracting any oscillatory terms. The possible need of improving our results
will be investigated in a future paper by applying the correlation method.

Having calculated the mean square displacement M(n) for n = 1, 2, . . . ,N, and since
there was no oversampling, the next step was to estimate the asymptotic grown rate with the
original method of linear regression.

In order to have an index of chaoticity, we define the asymptotic growth rate of the
mean square displacement:

K = lim
n→∞

logM(n)
logn

. (2.3)

Then, K = 0 signifies regular dynamics (ordered motion), whereas K = 1 signifies
chaotic dynamics.

But since the data set has finite length, the mean square displacement (2.2) takes the
following form:

M(n) =
1

N − n

N−n∑

n=1

[
p
(
j + n

) − p
(
j
)]2

, (2.4)

and the indexK is practically computed by performing a least-squares fit of logM(n) versus
logn, in the range 1 ≤ n ≤ N1 for a choice of N1 such that 1 � N1 � N and N1 = N/10.
Although the observable is a Poincaré map and there is no oversampling and in order to
exclude any possible resonances between the frequencies of the Hamiltonian dynamical
system and the arbitrary constant c, we performed all our computations of K for 100 values
of c chosen randomly from the interval (π/5, 4π/5) (instead of (0, π), as it was suggested in
[9]). The final value of K is the median of the computed set [9, 21]. Then, K ≈ 0 stands for
ordered motion and K ≈ 1 signifies chaotic motion.

The new coordinates p(n) and q(n) in (2.1), along with ϑ(j) = jc, can be viewed as a
component of the solution to the skew product system:
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driven by the dynamics of the data set ϕ(j), j = 1, . . . ,N. Here (ϑ, p, q) represents the
coordinates on the Euclidean group of rotations ϑ and the translations (p, q) in the plane
[6]. It will be shown (Section 4) that the inspection of the dynamics of the trajectories on the
(p, q)-plane provides a quick and simple visual test of whether the underlying dynamics is
regular or chaotic.

3. The Truncations of the 3-Particle Toda Lattice

The Hamiltonian model we are studying is the special case of the periodic 3-particle Toda
lattice first studied by Contopoulos and Polymilis [22]:

H =
1
2

(
q′1

2 + q′2
2 + q′3

2
)
+ exp

(
q1 − q2

)
+ exp

(
q2 − q3

)
+ exp

(
q3 − q1

) − 3, (3.1)

where qi, q
′
i (i = 1, 2, 3) are the positions and momenta of the 3 particles, respectively.

The general form of the Toda lattice [23] is a Hamiltonian for N particles in a cyclic
configuration. The Toda lattice can be generalized to infinite dimensions. In the limit, we
reach the Korteweg-de Vries partial differential equation that has solitary wave solutions,
called solitons [3].

Applying a canonical transformation, we can reduce the Hamiltonian, (3.1), to a 2-
dimensional system. If we expand the reduced Hamiltonian in series and truncate it at orders
3 ≤ n ≤ 20, we get 18 new Hamiltonians [7, 8]. The most known is the third-order truncation,
which coincides with the Hénon-Heiles system [24]. The 18 analytical functions are presented
in the Appendix of Zachilas [7, 8].

The general form of the truncated Hamiltonians is

Hi =
1
2

(
x′2 + y′2

)
+ Φi

(
x, y

)
= E, (3.2)

where Φi(x, y) is the potential function and E is the energy integral (i = 3, 4, . . . , 20). The
initial conditions to all orbits we calculated were chosen on the Poincaré surface of section
x = 0 (i.e., the initial conditions have the form (y, y′, x′ =

√
2(E −Φi) − y′2) for a given value

of the energy E and considering that x′ > 0).
The 18 Hamiltonian systems are divided in two major categories. The odd-order ones

(i.e., those that are truncated at odd order, for example, n = 3, 5, 7, . . . , 19) and the even-
order systems (i.e., those that are truncated at even order, for example, n = 4, 6, 8, . . . , 20).
The behavior and the characteristics of the two categories have some common features, but
they also have a lot of differences [7, 8]. The main differences are (i) the odd-order systems
have escape energy, while the even-order ones do not, (ii) the onset of chaos in odd-order
truncations comes via an unstable invariant point on the y-axis, while in even-order systems
chaos comes via a couple of unstable invariant points on the y′-axis, and (iii) the transition
to chaos is not abrupt in even-order systems, while in odd-order ones is quite abrupt (mainly
because of the escape energy).

Apart of the crucial differences, the two categories have a significant similarity, namely,
that both are characterized by the presence of chaos. Extensive presentation of Poincaré
surfaces of section and plots of y-coordinate versus LCN has been done in Zachilas [7, 8].
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Figure 1: Poincaré surface of section at E = 0.166666 (in fifth-order Hamiltonian). We observe four families
of closed invariants: I (blue), II (purple), III (green), and IV (orange). The surrounding curve is the ZCV
(Zero Velocity Curve).

4. Tracing Chaotic Regions by Means of the 0-1 Test

In order to distinguish the main points of interest and to cover all the range of truncations,
we have selected two characteristic Hamiltonians of each category (one Hamiltonian with
low-order and one with high-order truncations). In the odd-order category, we have chosen
the fifth-order and the 19th-order Hamiltonians. In the even-order category, we have picked
out the cases of sixth-order and 20th-order truncations. In Contopoulos [3] and Zachilas [7, 8]
is proved that the Toda lattice Hamiltonians become less chaotic as we increase the order of
truncations. This task had to be verified by means of the 0-1 test.

4.1. Odd-Order Hamiltonians

The fifth-order truncation is a potential that has a lot of similarities with the Hénon-Heiles
potential. The escape energy has the value of 0.3586468 (approximately the double with
respect to the Hénon-Heiles one). In fifth-order truncation (like in all odd-order ones), we
have found four families of closed invariant curves, plus one that surrounds all the curves and
it is called Zero Velocity Curve (in Figure 1, ZVC is in pink). The Poincaré surface of section,
at E = 0.166666 (Figure 1), depicts these families, which are named: I (blue), II (purple), III
(green), and IV (orange).

At this energy chaos does not appear [5] and all initial conditions give LCN → 0.
The corresponding behavior of an orbit (with initial conditions inside the closed invariant
of family I) in the (p, q)-plane is depicted in Figure 2. We can see that ordered motion
corresponds to a bounded trajectory. The calculation of the mean square displacement in
(2.3), gives K = 0, which also characterizes the orbit as regular.

Chaos appears for E = 0.21, as we can see in the Poincaré surface of section in Figure 3.
It is introduced via the unstable invariant point (U) (y ≈ −0.21, y′ = 0). The calculation
of LCN (for T = 3 × 106 time units) gave the value about 0.0183, which is a positive
number, signifying that the orbit is a chaotic one. The corresponding motion on the (p, q)-
plane is depicted in Figure 4. The figure shows a “fuzzy” shape. The chaotic motion, which is
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Figure 2: A regular orbit at E = 0.166666 on the (p, q)-plane.
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Figure 3: Poincaré surface of section at E = 0.21 (in fifth order Hamiltonian). We can distinguish the four
families (I, II, III, and IV) plus an unstable invariant point (U), which characterizes the case as weakly
chaotic.

also detected by the 0-1 test, is well reflected by the unbounded Brownian-like diffusion.
The presence of darker circle-shaped regions in Figure 4 indicates that inside the chaotic
layer—that we observe among the islands of stability in Figure 3—we have the presence of
cantori. As a consequence, we observe the phenomenon of stickiness [25]. We, also, observe
that despite the fuzziness of the shape, the points in the (p, q)-plane occupy a box with
approximate dimensions (44 × 77). The calculation of index K gave, K ≈ 0.7558, which is
rather far from 1 (as the theory provides). The possible explanation of this value of K might
be that for E = 0.21, chaos is not yet so evident and the case is characterized as weakly chaotic.
The small value of LCN ≈ 0.0183 verifies, also, the result. It is then probable that the 0-1 test
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Figure 4: The weakly chaotic orbit at E = 0.21 (in fifth-order Hamiltonian) on the (p, q)-plane.
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Figure 5: Index K versus Energy in fifth-order Hamiltonian. The red dashed line corresponds to K = 1.

cannot classify such cases not simply regular nor fully chaotic [14], and we have to reexamine
it with the correlation method and/or subtracting oscillatory terms.

We have studied 15 cases (for E = 0.22 up to escape energy E = 0.3586468), taking
initial conditions of strongly chaotic orbits. Figure 5 gives the successive values of index K
versus Energy. We can see that as we increase the energy E, the indexK increases too, tending
to 1 (K → 1) (i.e., at E = 0.22, K ≈ 0.7928, at E = 0.24, K ≈ 0.8863, at E = 0.3, K ≈ 0.9337,
while at the escape energy, E = 0.3586468, K ≈ 0.9838).

The 19th-order Hamiltonian is the most complicated odd-order one. It has 112 terms
[7], where the last 10 terms are the 19th-order ones. The escape energy is much higher than in
the fifth order, and now it is 13.08725629. We have calculated and plotted quite a lot of orbits
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Figure 6: (a) LCN versus Energy in 19th-order Hamiltonian, (b) Index K versus Energy in the 19th-order
Hamiltonian. There is conformity of both curves, but the onset of strong chaos appears abruptly at E = 6
and is better shown in (b).

for E = 2 up to E = 6 with initial conditions inside closed invariants. In all tests, we observed
that the points are bounded and constrained on ring-like shapes.

Chaos is absent at small energies and the first chaotic area appears at E = 6. From E = 6
up to escape energy E = 13.08725629, the chaotic area increases considerably [7], but in all
cases the Brownian-like motivo on the (p, q)-plane remains the same (more or less like the
one in Figure 4). In Figures 6(a) and 6(b), we can observe the conformity in the evolution of
the LCN and index K, respectively, versus Energy. Nevertheless, chaoticity is better shown
in the diagram of indexK versus Energy, where at E = 6 the index rises rapidly to 0.8575 and
remains close to 1 for all energy values up to the escape energy.

4.2. Even-Order Hamiltonians

The sixth-order Hamiltonian, like all even-order Hamiltonians, has no escape energy, but
contrary to odd-order ones, there are fivemain families of closed invariants, which are named
[8] (Figure 7): I (blue), II (brown), III (purple), IV (green), and V (orange). On the axis y =
0 (at y′ ≈ 0.14 and y′ ≈ −0.14), we can see two important families (VI and VII) of unstable
invariants. The pink points belong to a single chaotic orbit. Using the initial conditions of this
chaotic orbit, we get the corresponding plot on the (p, q)-plane, which is depicted in Figure 8.

We observe (as in Subsection 4.1. in odd-order Hamiltonians) the unbounded
Brownian diffusion. At this small energy (E = 0.4), chaos is weak and that causes the motion
to be trapped for a while in specific circle-shaped regions (i.e., the phenomenon of stickiness),
but the general pattern is Brownian. Since there is no escape energy, there is no energy upper
limit. In Zachilas [8], we have studied the sixth-order Hamiltonian up to the huge energy
value of E = 5×106. In the present work, there was no need to explore again all those energies,
and we just picked out some distinct energy values, so as to test the efficiency of 0-1 test.

We have calculated the Lyapunov Characteristic Number in a wide range of energies
(Figure 9). If we pass over two energy values (E = 300 and 500), LCN increases rapidly from
0.03 (at E = 0.8) to 1.03 (at E = 250), while after this energy, LCN keeps increasing and
it reaches the value of 1.267 (at E = 1000). In all cases, the chaotic areas occupy important
portions of the corresponding surface of section [8]. Small islands of closed invariants of one-
periodic families (I, III, IIa,VI,VII), of double-periodic families (IV2a,V2a,VI2a,VII2a), or even
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Figure 7: The Poincare section at E = 0.4 (in sixth-order Hamiltonian). We distinguish five families of
closed invariants: I (blue), II (brown), III (purple), IV (green), and V (orange). The unstable invariant
points are marked as VI and VII, while the big pink area is a single chaotic orbit.
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Figure 8: A regular orbit or a chaotic one? The calculation of index K verifies the chaoticity.
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Figure 11: Representative chaotic orbits at the energy E = 18 on the (p, q)-plane.

higher-periodic can be distinguished (Figure 10). We may, also, observe a small chaotic sea
(in dark pink) surrounding families I, IIa, IV2a, and V2a embedded in the large chaotic sea (in
pink).

Having used the same initial conditions, we have calculated and studied many orbits
in various energies. The results were almost identical in all energies, except for E = 18, where
we have observed the two chaotic seas. We have taken initial conditions in both chaotic seas,
and we have plotted two characteristic orbits (Figure 11). The one that has initial conditions
inside the small sea is in brown colour, while the other in green colour has initial conditions
inside the big sea. The second orbit diverged remarkably towards the q-direction (Figure 11).
The pattern in all cases is the unbounded Brownian-like diffusion, which was previously
observed in odd-order Hamiltonians. The plot (K versus Energy) in Figure 12 confirms the
prediction. The index K rises abruptly and at E = 45, the calculation of index K gave, K ≈ 1,
which signifies that chaos is evident and strong, even from small energy values. The index
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Figure 12: K versus Energy in sixth-order Hamiltonian. The red dashed line corresponds to K = 1.

6

4

2

0

−2

−4

−6
−1 0 1 2

y

y
′

I
II

III IV

V

I5

Figure 13: Poincaré surface of section at E = 20 (in 20th-order Hamiltonian).

K was calculated for the same range as in (E, LCN) plot (Figure 9). We did not notice any
peculiarities at E = 300 and E = 500, and the index remained close to one, certifying the
chaotic behavior of the sixth-order Hamiltonian.

The last case for testing the reliability of the 0-1 test is the 20th-order Hamiltonian. This
was the most complicated Hamiltonian (among even and odd-order ones) with 123 terms.
The first chaotic orbit appeared at E = 8 at the unstable invariant points of Families VI and
VII [8]. For E < 8, the closed invariants do not permit the diffusion of the orbits [8] and the
result is the bounded orbits on the (p, q)-plane.

For E ≥ 8, chaos appears strikingly. We give the Poincaré surface of section at energy
E = 20 (Figure 13). The unbounded Brownianmotion is depicted in Figure 14 (E = 20), where
we plot two chaotic orbits (i.e., the “purple” orbit was calculatedwith initial conditions inside
the cantorus of Family I and the “brown” orbit was calculated with initial conditions outside
the cantorus). We can see that these orbits are close to each other in the beginning, but they
deviate later, moving towards the lower right part of the plot (purple points) and the upper
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Figure 14: Unbounded Brownian-like orbits at E = 20 (in 20th-order Hamiltonian). Two chaotic orbits
with initial conditions inside and outside (in purple and brown, resp.) of the cantorus of Family I.
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Figure 15: K versus Energy in 20th-order Hamiltonian. The red dashed line is K = 1.

part (brown points). The phenomenon of stickiness, which was previously observed in odd-
order Hamiltonians, is rather obvious in this plot. The “purple” orbit creates more circle-
shaped regions than the “brown” orbit. The calculation of index K resulted in K ≈ 0.9459 for
the “purple” orbit and K ≈ 0.9578 for the “brown” one.

The global behavior of the 20th-order Hamiltonian is given in the diagram of Figure 15
(K versus energy). The index K approaches the red dashed line (K = 1) almost from the
beginning (E = 8) and remains close to 1 up to the end (E = 50).
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5. Conclusions

The 0-1 test provides a simple and reliable diagnostic criterion for the distinction of regular
from strong chaotic orbits in Hamiltonian systems. We have worked the “0-1 test” in all
18 Hamiltonians [7, 8]. In order to be as brief as possible, we have presented only four
Hamiltonians (two odd-order truncations and two even-order ones). In all four cases, the
0-1 test proved to be mostly reliable. Every regular orbit has a bounded motion in the new
coordinate system (p, q). In some cases, calculating the LCN for regular or chaotic orbits
helped. For regular orbits, LCN was always tending to zero, but quite a lot of times we
had to integrate the equations of motion for millions of time units, in order to be sure that
the orbit is a regular one. In contrast, the calculation of the asymptotic growth rate of the
mean square displacement, index K, consumed less computing time [21] and the result for
the regular orbits was always zero. Moreover, for the majority of the chaotic orbits in all
Hamiltonians, the calculation of index K confirmed that the orbits were indeed chaotic. The
indexK was approximately 1 (or very close to 1), except for one or two cases of weak chaotic
orbits, where we have to reexamine those cases by calculating the asymptotic growth rate
with the correlation method and subtracting possible oscillatory terms.

In conclusion, our study shows that the 0-1 test is a very useful method for examining
the behavior of nonlinear Hamiltonian systems, taking into account that the index K

(a) is easily calculated easily and
(b) accurately detects the onset of strong chaos.
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