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This paper is concerned with the traveling fronts of a diffusive food-limited population model
with spatiotemporal delay. Sufficient conditions are established for the existence of traveling
wave fronts by choosing different kinds of delay kernels. The approach used here is the upper-

lower solution method and monotone iteration technique. Our work extends and/or covers some
previous results.

1. Introduction

This paper is concerned with the traveling fronts for the following food-limited model:

ou(x,t)  0%u(x,t)
ot  ox2

1-au(x,t)—b(g*u)(x,t)
1+ adu(x,t) +bd(g *u)(x,t)’

u(x,t) x€eR, t>0, (1.1)

where a, b, and d are nonnegative constants, a +b > 0, and the kernel g(x,t) is any integrable
nonnegative function satisfying g(-x, t) = g(x,t),

+0o0 +00o t +00
fo f g(y,s)dyds =1, (g*u)(x,t)=f_ f g(x-y,t-s)u(y,s)dyds, (12)

which was first proposed and analyzed by Gourley and So [1] on a finite domain Q.
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Inthecasea=0,b=1, d=p, (1.1) becomes

ou(x,t)  0%u(x,t)
ot  ox2

1-(g*u)(x,t)
T+p(g*u)(xt)

u(x,t)

(1.3)

Recently, many researchers studied the existence of traveling fronts of (1.3) with some
specific g(x,t). For the case

g(x,t) = 6(t-71)6(x), (1.4)

where 6(-) is the Dirac delta function, Gourley [2] showed that, for any ¢ > 2, there exists
7*(c) > 0 such that, for any 7 < 7*(c), (1.3) has a traveling front connecting the equilibria 0
and 1, by using the approach developed by Wu and Zou [3]. For the case

1 1
g(x,t) = ;e‘t/7—47r e X/, (1.5)

—~

Gourley and Chaplain [4] proved the existence of traveling fronts for any ¢ > 2 and sufficient
small 7 > 0, by employing linear chain techniques to recast the traveling wave equations as
a finite-dimensional system of ODEs and using Fenichel’s geometric singular perturbation
theory [5] and the Fredholm alternative. For the case

g(x,t) = 6(t - T)\/%Me-xz/‘”, (1.6)

Gourley and Chaplain [4], by using the method of Canosa [6], obtained some information on
the monotonicity of traveling fronts for sufficiently large c. Furthermore, for these cases

t 1 2 1 2
x,t) = —et/T——_eX/4 X, 1) =6(-7)——e /4,
g(x,t) = e g(x, t) =6( )\/ﬁ )
glx,t) = 5(t)$€_|x|/p, p>0, g(x,t) = lee_t/Tfs(x), T>0,

Wang and Li [7] showed that, for any ¢ > 2, there exists 7*(c) > 0 (or p*(c) > 0) such that for
any 7 < 7%(c) (or p < p*(c)), (1.3) has a traveling front connecting the equilibria 0 and 1.

In this paper, based on the monotone iteration technique as well as the upper and
lower solution method developed by Wang et al. [8], we will establish the existence of
traveling fronts of (1.1) with the kernel functions (1.4)—(1.7). More precisely, we shall show
that for any ¢ > 2, there exists 7*(c) > 0 (or p*(c) > 0) such that, for any 7 < 7*(c) (or
p < p*(c)), (1.1) has a traveling front connecting the equilibria 0 and K = 1/(a + b) (see
Theorems 2.5 and 2.9 and Remark 2.10), which includes, improves, and/or complements a
number of existing results in [2—4, 7, 9, 10].

The rest of the paper is organized as follows. In Section 2, we establish the existence
of traveling wave fronts of (1.1) with the kernel functions (1.4)—(1.7). For the sake of
convenience, we present in the Appendix some results developed by Wang et al. [8].
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2. Existence of Traveling Fronts

In this section, we will use Theorem A.2 to establish the existence of traveling fronts of (1.1)
by choosing different kernel function g, such as (1.4)—(1.7). It is easy to see that (1.1) has two
uniform steady states Ko = 0and K =1/(a +b).

Let u(x,t) = ¢(¢), ¢ = x + ct. Then a traveling front ¢(¢) of (1.1) satisfies the boundary
conditions ¢(—o0) = Kp and ¢(+o0) = K, and the following equation:

L-ap®) ~b(g*$)@) _
1+adp@) +bd(g*)(&)

¢"(8) —c¢' (&) + $(d) (eR. (2.1)

Forc>2,let Aj(p) = > —cpu+land A = (c—vc2-4)/2. Then A.(1) =0.Let0 < e < A,
a>0, M >1and y > A such that

c+Vc2-4 A

1
A+e<y, A+e< ———, < —, — < Ma<M-1. 2.2
E<Y £ a 2()"“)‘) 5 a (2.2)

2

Clearly, A:(A + €) < 0. Define ¢.(¢) = K/(1 + ae™) and ¢_(§) = max{Ke's(1 - Me®),0}.
Then we have the following observations.

Lemma 2.1. (i) ¢.(¢) is increasing in ¢ € R and satisfies ¢, (—o0) = Ko and ¢, (+0) = K;

(i) ¢.(2) > §-(2) forall ¢ € B;

(iii) e[, (&) — ¢-(&)] is increasing and e [P, (&) — p-(¢)] is decreasing in & € R;

(iv) e"[d. (& + 1) — ¢+ (&)] is increasing and e V4 [P, (& + 1) — ¢+ (&)] is decreasing in & € R
for every i > 0.

Clearly, Lemma 2.1 implies that, for y > A+¢, ¢..(§) € I, $..(¢) € I and sup,p$-(5) >
0. Now, we show that ¢.(¢) and ¢_(¢) are lower and upper solutions of (2.1) by choosing
different kernel functions g, respectively.

For the sake of convenience, throughout this section, we let

1-ad(¢) -b(g* ) ()

(ow _ , teR 23
f(9E@), (gxP)(©)) ¢(§)1+ad¢(§)+bd(g*¢)(§) $€ (2.3)
2.1. The Case g(x,t) = 6(t)(1/2p)e /P, p >0
Clearly, g(x,t) = 6(t)(1/2p)e"¥I/P satisfies (Hp) and in this case
(%)) = fm e (¢ - y)d (24)
8 -5 y)dy. :

Lemma 2.2. For sufficient small p >0, f(¢(&), (g * ¢)(&)) satisfies (H]™).

Proof. Let A = (a? + 2abd + a?d + ab)/(a + b)* and B = b(d + 1)/ (a + b) + abd/(a + b)*. Fix
Y > A +2B. Let ¢1, ¢ € C(R,R) with 0 < (&) < ¢2(2) < K so that e [¢2(2) — ¢1(2)] is
increasing and ™[, () — ¢1(¢)] is decreasing in ¢ € R. It is easy to see that for any 77 € R,
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e’ [¢a(¢& + 1) — ¢1(¢ +1)] is increasing and e[y (& + 1) — P1(¢ + 77)] is decreasing in ¢ € R.
For sufficiently small p > 0 satisfying 1 — py > 1/2, there is

(8% §2)(§) — (8% 1) ()

- [ e ) - -l

B J‘:o Ze‘y/f’[d’z(é—y) —¢1(§—y)]dy+J: %e-y/f’[¢2(§+y) ~$1(5+y)ldy

-y ) _ (2.5)
:L zgey%w{equ@_y»ﬂm@—yﬂ+ewaxaw0—¢ﬂé+w1}w

+00

2@ - b @) [ e ey

1
L-py

[$2(6) = $1(9)] < 2[2(8) - Pr1(H)]-

Hence,

$2(1 - agy - bg * ¢2) (1+ ady +bdg x ¢1) — ¢1 (1 - agy — bg * 1) (1 + adg, + bdg )
= (¢2 = 1) [1 +bdg x ¢ — (a+abdg « d1) (2 + 1) — a’dndo —bg * o — bdg x dig * o]
+ (abdg? - bdgy — by — abddhs ) (g% b2 — g * 1)

>-A(pr—P1) —B(g*xdo—g* 1)
> —(A+2B)(¢2—P1) >~y (d2— P1).

(2.6)
Therefore,
f($2(8), (8% $2) (@) = f($1(5), (% 1) (8))
— $ (@) 1-ads(§) -b(g*¢2) (&) 510 1-ai(§) -b(g*¢1) ()
1+ ady(§) +bd (g * ¢2) (4) 1+ ady(§) +bd (g * ¢1)(4) 27
S Y [$28) - 1 )] -
T [1+adgy(&) +bd(g* ) (&) [1+ adpi(é) +bd(g * $1)(é)]
> =y[¢2(8) - p1(8)]-
This completes the proof. O

Lemma 2.3. Assume that 1 — Ap > 0. Then for sufficiently large M > 1, ¢_(&) is a lower solution of
(2.1).
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Proof. For & > & = (1/€) In(1/M), ¢_(&) = 0, then

1-ap-©)-b(g+ )@ _,
+add_(8) +bd(g* $-) (&) .

$1@) = cd )+ @)

Let

M>_(d+1)aK_ (d+1)bK
T A+ (1-pM)(1+pl)Ac(A+e)

For ¢ < & <0, ¢_(¢) = Ke*(1 - Me®), since

+o0

(%)@ = f ;—Pe-y'/%—(; ~y)dy

+oo 1
= — e WP K (1 - MefE ¥ )4
e e e

<K J‘JrOO 1 o) dy = Ke' )
)2 (1-p)(1+pd)

and h(z) = (1-2z)/(1+dz)>1-(d+ 1)z forall z>0,then

1-ag_(§) -b(g*¢§-) ()
+adg_(¢) +bd(g * P-) (&)

>¢1(8) — ¢ (§) + - {1 - (d+1)[ad-(§) +b(g * p-)(§)]}

> K[)L2 -M(A\+ s)ze‘g‘;]e)‘é - Kc [/\ -M(O+ s)esg] eM + Ket (1 - Meg‘i)

$2(E) — epl () + 9-() 7

_ (d+1)bK?e*
(1-pL)(1+pd)

@+1bK |
(1-p)(L+ph) [~

—(d+1)aK2e* (1 - Mes‘§>2

> Ke+o)$ [—MAC()L +¢)—a(d+1)K -

Thus, we showed that ¢_(¢) is a lower solution of (2.1). This completes the proof.

Lemma 2.4. For sufficiently small p > 0, ¢..(¢) is an upper solution of (2.1).

Proof. Note that

Kale ™ —Kal2e™ + Ka?2)\2e 24

$:(8) = mf $:(8) = RPYPEDE

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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By an argument similar to [7, Lemma 3.5], for p > 0 such that 1 - 2p\ > 0, we have

K Ka\?p? e
L+aets 1-1p> (14 ae—).g)z'

(g*¢:+)(@) 2 (2.13)

Then for sufficiently small p > 0 with 2A% — KbA?p?/ (1 - \?p?) >0,

1-ag. () —b(g*¢:)(&)
1+ad.(é)+ bd(g * (j)+)(§)
< @LE) = e (€) + (&) [1 - ads (&) —b(g * ¢+)(8)]
< —Ka\?e™ + Ka?A?e™¢  Kcade™ . Kae™%
- (1+ ae‘)“i)3 (1+ zxe‘)“i)2 (1+ cxe‘)“;)2

K?ba\*p? e (2.14)
+ .
1-Xp% (14 ae4)°
_Ka?(M —cd+1)e — Ka (A +cd -1 - KbA?p?/ (1 - \2p?))e
(1+ oce‘)‘@)3
_ —Ka(2)2 - KbA?p?/ (1 - \?p?))e ™
(1+ ae**i)g’

1) — el (§) + ¢+ (§)

< 0.

This completes the proof. O
Therefore, by Theorem A.2(ii), we have the following result.

Theorem 2.5. For any ¢ > 2, there exists p*(c) > 0 such that, for any p < p*(c), (1.1) has an
increasing traveling wave front ¢(&) that satisfies p(—c0) = 0, p(+o0) = K and limg_, _,p(&)e™ =
1.

2.2, The Case g(x,t) = (t/72)e /"6(x), 7> 0

It is easy to see that g(x,t) = (t/72)e/76(x) satisfies (Hp) and in this case

S g d 2.15
?e ¢ (& —cs)ds. (2.15)

+
0

s+ H® -

The following two lemmas are similar to Lemmas 2.1 and 2.3, and their proofs are
omitted.

Lemma 2.6. For sufficient small T >0, f($(), (g * ) (&)) satisfies (HT).
Lemma 2.7. For sufficiently large M > 1, ¢_(¢) is a lower solution of (2.1).

Lemma 2.8. For sufficiently small T > 0, ¢..(¢) is an upper solution of (2.1).
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Proof. Note that, for 7 > 0 such that 1 —2\c7 > 0,

(g% ¢+) ()

= - ie_S’/T—K ds
o T2 1 + ae—A(&cs)

+o0 +00 Ac-1/
_ f 1o K o alce f S oo KelVme
o T l+ae@e 0 T [l+ae )] (2.16)
K Kalcre™¢ Kalcre ™

> - _
L+ae™ (1-\cr) (1+ oce‘)“5)2 (1-Xer)*(1+ t)ce‘)'@)2

_ K Kalere™(2-Aer)
T+ae™  (1- Aer)?(1+ ae‘*é)z'

Then for sufficiently small 7 > 0 with 202 —bKAeT(2 = Aer) /(1 - .)LCT)Z >0,

1-a¢.(§) -b(g*$+) ()
+ ad. (5) +bd(g * §.) (%)

< L(E) — g (€) + P (§) [1 - ade(§) — b(g * p.)(8)

+(8) — e (@) + ¢+ (0)

. -K ar’e ™ + Ka?\?e % Kcale™¢ . Kae™%
(1+ae)° (1+ae )’ (1+ae )’
. K?bacTe™¢(2 - \eT) (2.17)

(1-Xer)*(1+ uce*)‘é)3
Ka?(A2 - ch+1)e2% - Ka()& +cd—1-bKAer(2 - Aer)/(1 - Acr)2>e"\§

(1+ae )’

“Ka (2)8 ~bKAeT(2 - Aet) /(1= Aer)? ) e
_ <0.
(1+ ae**i)e’

This completes the proof. O
Now, by Theorem A.2(i), we have the following result.

Theorem 2.9. For any ¢ > 2, there exists T*(c) > 0 such that, for any T < 7*(c), (1.1) has an
increasing traveling wave front ¢(g) that satisfies p(—o0) = 0, p(+00) = K and lim; _, _,,p(¢)e™¢ =
1.
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Remark 2.10. Being a careful observation, for these cases where

glx,t) =6(t-1)6(x),  g(x,t) = %e’t/T6(x), g(x,t) = %e*f/fLe*xz/“,

4ort
. . (2.18)
t 2 2
x,t :_e—t/T—e—x /4t, x,t :6t_T _e—x /At
R $Cot) =6(t-7) =
by using the above method, we can get similar results, respectively.
Remark 2.11. Inthecasea=0,b=1,d =0, (1.1) reduces to
2
Qulx,t) _ o7ulx,1) +u(x, t)[1- (g*u)(x,t)], (2.19)

ot ox?

which has been studied by many researchers, for example, Ashwin et al. [9], Gourley [10],
and Wu and Zou [3] and references therein. It is easy to see that our results include and
complement those of Ashwin et al. [9], Gourley [10], and Wu and Zou [3].

Remark 2.12. We mention that Ou and Wu [11] obtained the persistence of traveling fronts
of delayed nonlocal reaction-diffusion equations. Their abstract results could be applied to
the model (1.1) to obtain the existence of traveling fronts. But, their results cannot prove the
precise asymptotic behavior of the traveling fronts.

Appendix

In this appendix, we present some general results developed by Wang et al. [8]. Consider the
following reaction-diffusion system with spatiotemporal delays:

ou(x,t) D 0%u(x,t)

py 32 +_f(u(x,t),(g1 *u)(x,t),...,(gm*u)(x,t)), (A1)

where x € R, t > 0, D = diag(dy,...,d,),di >0,i=1,...,n,n eN; f € C((R™1)",R™),
u(x,t) = (ur(x,1),...,us(x, )", and

t +oo
(gj*u)(x,t) = ’[ J gi(x—y, t-s)u(y,s)dyds, j=1,...,m, meN, (A.2)

and the kernel g;j(x,t) is any integrable nonnegative function satisfying g;(-x,t) = g;j(x,t),
07 72 gi(y, s)dy ds = 1, and the following assumption:

0

(Hy) ff;’ gj(x,t)dx is uniformly convergent for t € [0,a], a > 0, j = 1,...,m. In other
words, if given e > 0, then there exists M > 0 such that [,;° g;(x,t)dx < ¢ for any
te€ [0, a].
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Assume u(x,t) = ¢(¢) and ¢ = x + ct, and then we can write (A.1) in the following
form:

=D¢"(§) +c¢'(¢) = f($(), (g1 %) (), -, (8m*P)(§)), ¢ER. (A.3)

A traveling wave front with a wave speed ¢ > 0 to (A.1) is a function ¢ € BC*(R,R")
and a number ¢ > 0 which satisfy (A.3) and the following boundary condition:

Pp(-0) =0, ¢(+)=K=(Ky,...,K,)" withK;>0,i=1,...,n. (A.4)

In order to tackle the existence of traveling fronts, we need the following monotonicity
conditions and assumptions.

(H7) There exists a matrix y = diag(y1, ..., y») with y; > 0,i =1, ..., n, such that

f(@@), (g1*¢) (@), -, (8m*¢) (&) +yy(?)
> f(PR), (g1 D)), -, (gm*P) (@) +YP(2),

(A.5)

where ¢, ¢ € C(R,R") satisfy 0 < ¢(¢) < ¢(¢) < Kin¢ € Rand e [¢g () — ¢(¢)] is
increasing in ¢ € R.

(H7") There exists a matrix y = diag(y1, ..., y») with y; > 0,i =1, ...,n, such that

f(@@), (g1%¢) (@), -, (gn*¢) (@) +yw()
> f(), (g1*P) @), -, (gm*9) (@) +19(2),

(A.6)

where ¢, ¢ € C(R,R") satisfy 0 < ¢(¢) < ¢(¢) < Kin¢ € R, e[g(¢) - ()] is
increasing in ¢ € R, and e "*[gs(¢) — ¢(¢)] is decreasing in ¢ € R.

(Hy) f(ui,..., Hn) 70 for 0 < u < K.

(H3) f(u,-.-, Un) =0whenpu=0o0rpu=K

Let BC[0,K] = {x e BC(R,R") : 0 < x(t) <K, t e R}, Y = {¢ € BC(R,R") : ¢/, 9" €
L*(R,R")} and

(o< lim ¢@) <K, lim §(&) =K

¢ €Y: (i) §(¢) is nondecreasing in ¢ € R;
™= { } (A7)
(iii) e [¢ (¢ + 17) — P(¢)]is increasing in ¢ € R for every 1> 0

¢ €Y: (i) ¢(¢) is nondecreasing in ¢ € R;
(0< lim $@) <K, lim $(&) =K;
(iii) e [P (¢ + 17) — P(2)] is increasing in ¢ € R and
eV [Pp(&+n) - ¢(¢)] is decreasing in ¢ € R for every 1>0

™ = (A.8)
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Define an operator F : BC[0,K] — BC(R,R") by
F($)(@) = f(¢(3), (1% $)(@),-.., (gn*P)()), ¢€ER (A.9)

Now we give definitions of the lower and upper solutions of (A.3) as follows.

Definition A.1. A continuous function ¢ : R — Ris called an upper solution of (A.3) if ¢’ and
¢" exist almost everywhere in R and are essentially bounded on R, and if ¢ satisfies,

~D¢" () +c¢'(§) = f (), (g1 %) (&), -, (8m*$)(§)), ae. in R. (A.10)

A lower solution of (A.3) is defined in a similar way by reversing the inequality in (A.10).

Theorem A.2. Assume that (Hy), (H3), and (Hy) hold. Also assume that ¢ and ¢, where ¢ €
BC[0,K] N'Y with ¢ #0, limg (&) = 0 and ¢ < ¢, are lower and upper solutions of (A.3),
respectively. Then
(i) if (H}) holds, ¢ € T* and e'*[¢ (&) — ¢(&)] is increasing in & € R, then for ¢ > 1 —
min{y;d;,i = 1,...n}, (A1) has a traveling wave front ¢* such that (A.4) holds with
< P*<wandfora beRwitha<b,

™ = &Ml c(pappem — 0 (A.11)
where

=D(¢™)" +c(¢™) +yy™ = Fg" " +y¢™ (meN),

(A.12)
P<Pr<-<gm<-<pl<gl=y,

(i) if (H;*) holds, ¢ € T**, e¥¢[gs(&) — P(&)] is increasing in & € R and e7¢[gs(&) — P(&)] is
decreasing in ¢ € R, where min{y;d;,i=1,...,n} —1> 0, then for 0 < ¢ < min{y;d;,i =
1,...,n} =1, (A1) has a traveling wave front ¢* such that (A.4) holds with ¢ < ¢* < ¢
and for a, b € Rwith a < b, and (A.11) and (A.12) hold.

In particular, if lim; _,_,¢s(&) = 0, then ||¢™ — ¢*|| — 0.
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