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We introduce a new hybrid iterative scheme for finding a common element of the set of common
fixed points of two countable families of relatively quasi-nonexpansive mappings, the set of the
variational inequality, the set of solutions of the generalized mixed equilibrium problem, and zeros
of maximal monotone operators in a Banach space. We obtain a strong convergence theorem for
the sequences generated by this process in a 2-uniformly convex and uniformly smooth Banach
space. The results obtained in this paper improve and extend the result of Zeng et al. (2010) and
many others.

1. Introduction

In 1994, Blum and Oettli [1] introduced equilibrium problems, which have had a great impact
and influence on the development of several branches of pure and applied sciences. It has
been shown that the equilibrium problem theory provides a novel and unified treatment of
a wide class of problems which arise in economics, finance, physics, image reconstruction,
ecology, transportation, network, elasticity, and optimization.

Let E be a real Banach space, E* the dual space of E, and C a nonempty closed convex
subset of E. Let © : C x C — R be a bifunction and ¢ : C — R a real-valued function. The
generalized mixed equilibrium problem (GMEP) of finding x € C is such that

O(x,¥) +¢(y) —p(x) +(Ax,y -x) 20, VyeC. (1.1)
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Recently, Zhang [2] considered this problem. Here some special cases of problem (1.1) are
stated as follows.

If A = 0, then problem (1.1) reduces to the following mixed equilibrium problem of
finding x € C such that

O(x,y) +o(y) —p(x) 20, VYyeC, (12)

which was considered by Ceng and Yao [3]. The set of solutions of this problem is denoted by
MEP.

If ¢ = 0, then problem (1.1) reduces to the following generalized equilibrium problem
of finding x € C such that

O(x,y) +(Ax,y—x) >0, VyeC, (1.3)

which was studied by S. Takahashi and W. Takahashi [4].
If ¢ = 0and A = 0, then problem (1.1) reduces to the following equilibrium problem
of finding x € C such that

O(x,y) >0, VyeC (1.4)

The set of solutions of problem (1.4) is denoted by EP.
If © = 0,¢ = 0, then problem (1.1) reduces to the following classical variational ine-
quality problem of finding x € C such that

(Ax,y-x)>0, VyeC. (1.5)

The set of solutions of problem (1.5) is denoted by VI(C, A).

The problem (1.1) is very general in the sense that it includes, as special cases, numer-
ous problems in physics, optimization, variational inequalities, minimax problems, the Nash
equilibrium problem in noncooperative games, and others; see, for instance, [1, 3-7].

The normalized duality mapping from E to 2F is defined by

Jx={feE:(xf)=Ix’=fI’}, xe€E (1.6)

where (:,-) denotes the generalized duality pairing. It is well known that if E is smooth then
J is single valued and if E is uniformly smooth then J is uniformly continuous on bounded
subsets of E. Moreover, if E is a reflexive and strictly convex Banach space with a strictly
convex dual, then J™! is single valued, one to one, surjective, and it is the duality mapping
from E* into E and thus ]! = Ig- and J '] = I (see [8]).

On the other hand, let W : E = E* be a set-valued mapping. The problem of finding
v € E satisfying 0 € Wov contains numerous problems in economics, optimization, and
physics. Such v € E is called a zero point of W.

A set-valued mapping W : E =% E* with graph G(W) = {(x,x*) : x* € Wx}, domain
D(W) = {x € E: Wx#0}, and range R(W) = U{Wx : x € D(W)} is said to be monotone
if (x-y,x*—y*) >0forall x* € Wx,y* € Wy. W is said to be maximal monotone if
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the graph G(W) of W is not properly contained in the graph of any other monotone operator.
It is known that W is a maximal monotone if and only if R(J + rW) = E* for all r > 0 when E
is a reflexive, strictly convex, and smooth Banach space (see [9]).

Let E be a smooth, strictly convex, and reflexive Banach space, let C be a nonempty
closed convex subset of E, and let W : E = E* be a monotone operator satisfying D(W) c C C
J7H(NysoR(J + rW)). Then the resolvent of W defined by J, = (J + rW) ' Jisa single-valued
mapping from E to D(W) for all r > 0. For r > 0, the Yosida approximation of W is defined
by W,x = (Jx - JJ,x)/r forall x € E.

A mapping A : C — E* is said to be monotone if, for each x,y € C,

(x -y, Ax - Ay) > 0. (1.7)

A is said to be y-inverse strongly monotone if there exists a positive real number y > 0 such
that

(x -y, Ax - Ay) > y||Ax - Ay|]>, Vx,yeC. (1.8)
If A is y-inverse strongly monotone, then it is Lipschitz continuous with constant 1/y, that s,
1
||[Ax - Ay|| < y lx-vy|, xyeC (1.9)
Let E be a smooth Banach space. The function ¢ : E x E — R defined by

¢(x,y) = lIxI? - 2(x, Jy) + |ly||", Vx,y€E, (1.10)

is studied by Alber [10], Kamimura and Takahashi [11], and Reich [12]. It follows from the
definition of the function ¢ that

(lxll = [[yID* < ¢(x.v) < (=l + lyl))®, Vxy € E. (111)

Observe that, in a Hilbert space H, ¢(x,y) = ||x — y|*, for all x,y € H.

Lemma 1.1 (see [10]). Let C be a nonempty closed and convex subset of a real reflexive, strictly
convex, and smooth Banach space E, and let x € E. Then there exists a unique element xq € C such
that ¢(x9,x) = min{¢(z,x) : z € C}.

Let E be a reflexive, strictly convex, and smooth Banach space and C a nonempty
closed and convex subset of E. The generalized projection mapping, introduced by Alber
[10], is a mapping Ilc : E — C that assigns to an arbitrary point x € E, the minimum point
of the functional ¢(x, y), that is, Ilcx = xp due to Lemma 1.1, where x is the solution to the
minimization problem ¢(xo, x) = min{¢(z,x) : z € C}.

Let T be a mapping from C into itself. F(T) denotes the set of fixed points of T. A
point p in C is said to be an asymptotic fixed point of T if C contains a sequence {x,} which
converges weakly to p such that lim,,_, ., || Tx,—x,|| = 0. The set of asymptotic fixed points of T
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will be denoted by F(T). A mapping T from C into itself is called nonexpansive if |[Tx-Ty|| <
|lx—y|| for all x, y € C and relatively nonexpansive (see [13, 14]) if F(T) = F(T) and ¢(p, Tx) <
¢(p,x) for all x € Cand p € F(T). T is said to be ¢-nonexpansive if $(Tx,Ty) < ¢(x,y) for
all x,y € C. T is said to be relatively quasi-nonexpansive if F(T) #@ and ¢(p,Tx) < ¢(p, x)
for all x € C and p € F(T). Note that the class of relatively quasi-nonexpansive mappings is
more general than the class of relatively nonexpansive mappings which requires the strong
restriction: F(T) = F(T).

When W is a maximal monotone operator, a well-known method for solving the
equation 0 € Wv in a Hilbert space H is the proximal point algorithm (see [15]): x; =x € H
and

Xn+l = ]rnxn, n=1,2,..., (112)

where {r,} C (0,00) and J, = (I +rW)™" for all r > 0 is the resolvent operator for W, then
Rockafellar proved that the sequence {x,} converges weakly to an element of W10.

The modifications of the proximal point algorithm for different operators have been
investigated by many authors. Kohsaka and Takahashi [16] considered the following
Algorithm (1.13) in a smooth and uniformly convex Banach space:

Xns1 = ] (BuJ (1) + (1= Bu) T Urxn)), m=1,2,..., (1.13)

and Kamimura et al. [17] considered Algorithm (1.14) in a uniformly smooth and uniformly
convex Banach space:

Xn+1 = ]71 (ﬁn](xn) + (1 _ﬂn)](]rnxn))r n= 1121' s (1-14)

They showed that Algorithm (1.13) converges strongly and Algorithm (1.14) converges
weakly provided that the sequences {f,}, {r,} of real numbers are chosen appropriately.

Recently, Saewan and Kumam [18] proposed the following iterative scheme: for an
initial xyp € E with x; =Il¢c,xp and C; = C

Wy =T ] (Jxn = nAxy),
Zy = ]_1 (ﬂn]xn + (1 - ,Bn)]Tn]r,,Wn)/
Yn = ]_1 (anJxn + (1 —an)JSnza),
(1.15)
Uy = Krnynr
Cort = {2 € Co: (z,un) < (2,2) < P(z,30)},

Xn+l = ]-_IC X0, n 2 O/

n+1

where K, is the same as in Lemma 2.8 and they obtained a strong convergence theorem.
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In 2010, Zeng et al. [19] introduced the following hybrid iterative process: let xy € E
be chosen arbitrarily,

Xn = ]_1 (‘xn]xO +(1- “n)(ﬂn]xn + (1 - ﬂn)]]rnvn))r
Yn = ]_1 <&n]x0 + (1 - &n) <En]5zn + <1 _ﬁn>]frn§n>>/
Uy = Krnynr

Hy,={z€C:¢(z,un) < (@ + (1 - &n)an)d(z,x0) + (1 - &n)(1 - an)p(z,x2)},
Wy={z€eC:(x,—2z Jxo— Jx,) >0},

(1.16)

Xpi1 = He,ow,x0, n2>0.

Then they proved some strong and weak convergence theorems.

Very recently, for mixed equilibrium problems, variational inequality problems, fixed
point problems, and zeros of maximal monotone operators, many authors have studied them
and obtained many new results, see, for instance, [20-23].

On the other hand, Nakajo et al. [24] introduced the following condition. Let C be a
nonempty closed convex subset of a Hilbert space H, let {T,,} be a family of mappings of
C into itself with F = N%, F(T,) #0, and w(z,) denotes the set of all weak subsequential
limits of a bounded sequence {z,} in C. {T,} is said to satisfy the NST-condition if, for every
bounded sequence {z,} in C,

lim ||z, — Spzn|| = 0 implies that wy,(z,) C F. (1.17)
n— oo

Motivated and inspired by the above work, the purpose of this paper is to introduce
a new hybrid projection iterative scheme which converges strongly to a common element of
the solution set of a generalized mixed equilibrium problem, the solution set of a variational
inequality problem, and the set of common fixed points of two countable families of relatively
quasi-nonexpansive mappings and zero of maximal monotone operators in Banach spaces.

2. Preliminaries

Let E be a normed linear space with dimE > 2. The modulus of smoothness of E is the
function pg : [0, +00) — [0,+00) defined by

x+y| +[x-
pE(T) = sup{ lx+ vl > Ix -yl -1:x[l =1, ||yl = T}. (2.1)

The space E is said to be smooth if pg(7) > 0, for all 7 > 0, and E is called uniformly smooth
if and only if lim; o+ (pg(t) /t) = 0.
The modulus of convexity of E is the function 6¢ : (0,2] — [0,1] defined by

. X+
6e(e) = inf {1 - ”Ty” el = ly]l = Tie = |x - } (2.2)
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E is called uniformly convex if and only if 6g(¢) > 0 for every € € (0,2]. Let p > 1, then E is
said to be p-uniformly convex if there exists a constant ¢ > 0 such that 6g(e) > ce” for every
€ € (0,2]. Observe that every p-uniformly convex is uniformly convex. It is well known (see,
e.g., [7]) that

p-uniformly convex if p >2;
L,(l,) or Wy, is (2.3)
2-uniformly convex if 1<p<2.

In what follows, we will make use of the following lemmas.

Lemma 2.1 (see [7]). Let E be a 2-uniformly convex and smooth Banach space. Then, forall x,y € E,
one has

2
lx=yll < Zl7x=Jyll, (2.4)
where ] is the normalized duality mapping of E and 1/¢(0 < ¢ < 1) is the 2-uniformly convex constant
of E.

Lemma 2.2 (see [10, 11]). Let E be a real smooth, strictly convex, and reflexive Banach space and C
a nonempty closed convex subset. Then the following conclusions hold:

(1) ¢(y, Icx) + ¢(Tex, x) < ¢(y,x), Vx € E,y € C;
(2) suppose x € Eand z € C, then

z=Tlex <= (z-y,Jx-Jz)>0, VyeC. (2.5)

Lemma 2.3 (see [11]). Let E be a real smooth and uniformly convex Banach space, and let {x, } and
{yn} be two sequences of E. If either {x,} or {y,} is bounded and ¢(x,,y,) — 0asn — oo, then
Xn—VYn — 0asn — oo.

Lemma 2.4 (see [25]). Let E be a real smooth Banach space, and let A : E = E* be a maximal
monotone mapping, then A~(0) is a closed and convex subset of E.

We denote by N¢(v) the normal cone for C at a point v € C, thatis, Nc(v) = {x* €
E*: (v-y,x*) >0 for all y € C}. In the following, we will use the following Lemma.

Lemma 2.5 (see [15]). Let C be a nonempty closed convex subset of a Banach space E, and let A be a
monotone and hemicontinuous operator of C into E*. Let T C E x E* be an operator defined as follows:

Av+ Nc(v), veC,
To = (2.6)
{(D, v ¢ C.

Then T is maximal monotone and T~10 = VI(C, A).
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We make use of the function V : E x E* — R defined by

V(x,x*) = ||x||* = 2(x,x*) + ||x||*, Vx€E, x*€E, (2.7)
studied by Alber [10]; that is, V(x,x*) = ¢(x, ] 'x*) for all x € E and x* € E*. We know the
following lemma.

Lemma 2.6 (see [10]). Let E be a reflexive strictly convex and smooth Banach space with E* as its
dual. Then

V(x,x*) + 2<]‘1x* - x,y*> <V(x,x*+y"), (2.8)

forall x € E and x*,y* € E*.

Lemma 2.7 (see [26]). Let E be a uniformly convex Banach space, and let B,(0) = {x € E : ||x|| < 7}
be a closed ball of E. Then there exists a continuous strictly increasing convex function g : [0, 00) —
[0, 00) with g(0) = 0 such that

[lox + py + vzl < AlxlP + elly | + vll=zl = g (2 = 1), (29)

forallx,y,z € B,(0)and A, p,y € [0, 1] with A+ p+y = 1.

For solving the equilibrium problem, let us assume that © satisfies the following con-
ditions:

(A1) ©(x,x) =0forall x € C;
(A2) © is monotone, thatis, O(x,y) + O(y,x) < O0forall x,y € C;
(A3) foreach x,y,z € C,

lim O (tz + (1 - Hx,y) <O(x,y); (2.10)

(A4) for each x € C, y — O(x, y) is convex and lower semicontinuous.

Lemma 2.8 (see [2]). Let C be a closed subset of a smooth, strictly convex, and reflexive Banach space
E.Let B: C — E* bea continuous and monotone mapping, let ¢ : C — R be a lower semicontinuous
and convex function, and let © be a bifunction from C x C to R satisfying (A1)—(A4). For r > 0 and
x € E, then there exists u € C such that

1
O(u,y) + (Bu,y—u) +¢(y) —p(u) + ;(y —u,Ju-Jx)>0, VYyeC. (2.11)
Define a mapping K, : E — C as follows:

K, (x) = {u €C:0(u,y) +(Bu,y—u)+¢(y) —pu) + %(y—u,]u—]x) >0, Vy e C},
(%)
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forall x € E. Then, the following conclusions hold:

(1) K, is single valued;

(2) K, is firmly nonexpansive, that is, for all x,y € E, (K, x - Ky, JK;x - JK,y) < (Kyx -
Ky, Jx=Jy);

(3) F(K,) = GMEP;
(4) GMERP is closed and convex;

(5) ¢(p, Kyz) + ¢(Krz,2) < Pp(p,z), Ype F(K,), z€E.

Lemma 2.9 (see [27]). Let E be a smooth, strictly convex, and reflexive Banach space, let C be a
nonempty closed convex subset of E, and let W : E = E* be a monotone operator satisfying D(W) C
C C J7UNsoR(J +7W)). Let r > 0, and let J, and W, be the resolvent and the Yosida approximation
of W, respectively. Then the following hold:

() ¢(u, J;x) + d(Jrx,x) < ¢p(u, x), for all x € C,u € W0;
(ii) (Jrx, Wix) € G(W), forall x € C;
(iii) F(J,) = W10.

Lemma 2.10 (see [28]). Let E be a real uniformly smooth and strictly convex Banach space and C
a nonempty closed convex subset of E. Let S : C — C be a relatively quasi-nonexpansive mapping.
Then F(S) is a closed convex subset of C.

3. Strong Convergence Theorems

In this section, let T, T : E = E* be two maximal monotone operators satisfying D(T), D(T) C
C. We denote the resolvent operators of T and T by J, =(J + rT)’1 J and fr =(J+ r"f)f1 J for
each r > 0, respectively. For each r > 0, the Yosida approximations of T and T are defined by
A, =(J-]]J,)/rand A, = (J- ]f,)/r, respectively. It is known that

AxeT(Jx), Ax € T(]er>, for eachr >0, x € E. (3.1)

Theorem 3.1. Let E be a real uniformly smooth and 2-uniformly convex Banach space and C a
nonempty, closed, and convex subset of E. Let A be a y-inverse strongly monotone mapping of C into
E* satisfying |Ax|| < ||Ax — Ap|| forall x € Cand p € VI(C, A). Let B : C — E* be a monotone
continuous mapping, and let {T,},{S,} be two countable families of relatively quasi-nonexpansive
mappings from C into itself satisfying NST-conditions such that Q := ("% F(T,)) N (N2 F(S,)) N
VI(C, AANGMEPNT'0NT'0# 0. Suppose that 0 < a < A, < b < (c¥y)/2, where c is the constant
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in (2.4). Let {t,} C [c¢*,+o0) for some c* > 0and {r,} C (0, +o0) satisfy lim inf, 1, > 0. Let {x,}
be the sequence generated by

xo € C,chosen arbitrarily,

vn =Tl ] ™ (Jotn = AnAxy),

zp = ] (anJx0 + (1= ) (BuJ xn + (1= Pu) I SuJr,0n)),

Yo =7 (Eudx0+ (1= &) (Bu) 20 + (1= ) I TuruZn) ). 52
Uy = Kt,,ynr

H,={z€C:¢(z,uy) < (@ + (1 - an)an)P(z,x0) + (1 = &n) (1 — an)P(z, xn) },
W,={zeC:{(x,—2z Jxo— Jx,) >0},

Xn+1 = Hy,aw, X0, n2>0,

where | is the normalized duality mapping, {a,}, {Bn}, (@n}, and { ﬁn} are four sequences in [0,1],
and K, is defined by (x). The following conditions hold:

(1) lim, o at, = lim, , 0, = 0;
(ii) lim inf, , o fn (1 — Bn) > 0O;
(iii) lim inf,, oo (1 — B) > 0.
Then {x,} converges strongly to 1o xo.

Proof. We have the following steps.

Step 1. First we prove that H, and W, are both closed and convex and Q C H, N W,,
for all n > 0.

In fact, it follows from Lemmas 2.4, 2.5, 2.8, and 2.10 that Q is closed and convex. It is
obvious that W, is closed and convex for each n > 0. Let y;, = &, + (1 — &) &, W = J1,0n, Zn =
frnzn. Forany z € C,

P(z,un) < yup(z,x0) + (1= ¥n) P(2, xn) (3.3)

is equivalent to
=2(2, Jutn) + [unl < =2yu(2, Jxo) + yaulloll” + (1= ) (<202, Jx) + |xall?),  (34)

which implies that H, is closed and convex for each n > 0. Next, we prove that Q ¢ H, N
W,, for all n > 0. For any given p € Q, by Lemma 2.9 we have

¢(p,wn) = ¢(p, Jr,vn) < (P, vn),

. (3.5)
3. %0) = ¢ (P Tnzn) < B (p,270)-
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Since Ty, S,, are relatively quasi-nonexpansive, from the definition of ¢(x, ), the convexity of
|- 1%, and (3.5), we have

¢(p,yn) = ¢<P/]_l (&n]xo +(1- &n)<ﬁn]2n + <1 - ﬁn)]TnEn>>>

= [IpII* = 2 (p, Jx0) =21 = @u)Bu(p, Jzu) = 21 = &) (1= Bu) (P, T TuZn)

2
+

& Jx0 + (1= &) (BuSzn + (1= Pn) I TuZn )

< lplI* = 2 (p, Jx0) = 21 = @u)Bu(p, Jzu) = 21 = &) (1= Bu) (P, T ) o)
+ 8 lxol* + (1= &) (Bullzal + (1= B ) ITuZall)
= & (p,0) + (1= &P (p,2n) + (1 =) (1= P ) $(p, TZ0)
< &up(p,x0) + (L= E)Pud (P, 20) + (1= &) (1= B ) d(p, Zn)
<& (p, x0) + (1= Z)p(p, 20),
$(p,20) = §(p. T (@nJxo + (1= @) (BuJ o + (1= Pr) JSuten)))
< lplI* - 2eu(p, Jxo) = 2(1 = @u)Bu(p, Jxn) = 2(1 = @) (1 = ) (p, JSueon)

+ aallxoll + (1= an) (Ballxall® + (1= Bo) 1 Swewnl)

= “n(;b(Pr xO) + (1 - an)ﬁnﬁb(p/ xn) + (1 -ay) (1 - ,Bn)(i)(P/ Snwn)
< an()b(p/xO) + (1 - an)ﬂnd)(p/xn) + (1 - an) (1 _ﬂn)()b(r)/wn)
< “n(i)(P/ xO) + (1 - an)ﬂnd)(pl xn) + (1 - “n) (1 - ﬂn)(i)(p/ Un)-

(3.7)

Moreover, it follows from Lemmas 2.2 and 2.6 that

$(p,0n) < (p. T U0~ LnAx))
<V (p, Jxn = AnAxy)
<V(p, Jx = A Ay + Ly Ax) = 2(J7 (Jotn = LnAxs) = p, AwAxa ) (38)
= (P, xn) = 2An(xn = p, Axn = Ap) = 21n (%0 ~ p, Ap)

=20, (J 7 % = A A%) = X, A ).
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Since p € VI(C, A), A is y-inverse strongly monotone, from the above inequality, Lemma 2.1,
and the fact that || Ax|| < ||Ax — Ap|| for all x € C and p € VI(C, A), we obtain

¢(P/ Un) < (P(Pr xn) - 2)LnY”Axn - APHZ +2M, (7 (Jxn = AnAxp) = X |[ || An]|
4
< ¢(p,xn) = 2y || Az = Ap||* + S A Ax — Ap|[*
(3.9)
2
= p(pxn) + 20 (G007 )4 - Ap]
<p(p, xn)-
From (3.7)-(3.9), we have
¢(p,zn) < and(p,x0) + (1 - an)p(p, xn)- (3.10)
So from (3.6) and (3.10), we have
(;b(Pr ]/n) <(an+(1- an)‘xn)(i)(la; xO) +(1-a,)(1- “n)ﬁb(Pl xn)~ (3.11)
By Lemma 2.8(5) and (3.11), we have
$(pun) = $(p. Ki,yn) < ¢(p, yn)
(3.12)

< (@ + (1= En)an)d(p, x0) + (1= @) (1 - ) (p, xn)-

Therefore, p € H,; thatis Q C H,, for each n > 0.

Next we prove that Q ¢ H, N W, for each n > 0 by induction. For n = 0, W, = C,
thus Q C Hy N Wy. Suppose that Q ¢ H, N W, for some n > 1. Since x,41 = Ilg,nw,Xo, by
Lemma 2.2, for any g € H, N W,,, we have

(xXne1 = q, Jx0 = Jxna1) 2 0. (3.13)
Since Q C H, N W, for any p € Q, we have
<xn+1 -p, Jxo— ]xn+1> 20, (3.14)

which implies that p € W,,.4, thatis, Q ¢ H, "W, for each n > 0.

Step 2. Next we prove that ||w, — S,w,|| — 0, ||Z, — TuZall — 0 (n — o).

Similar to the proof of Step 3 in [19, Theorem 3.1], we have that {¢(x,, x0)} is
nondecreasing and bounded and ¢(x,.1,x,) — 0(n — o0). So {x,} is bounded, then,
by (3.5)-(3.12), we obtain that {u,},{z.}, {v.}, {wn}, {Z,}, and {y,} are all bounded.
Furthermore, {S,w,} and {T,Z,} are both bounded. By Lemma 2.3, we have

X0 = Xnial| — 0 (n — o0). (3.15)
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Since xp+1 = [1H,nw, X0 € H, and by condition (i), we have

P (xpr1, tn) < (@ + (1= &) atn)P(Xne1, X0) + (1 — &) (1 — ) P(xp41,x,) — 0 (1 — 00),
(3.16)

which together with Lemma 2.3 implies that ||x,+1 — t,|| — 0 (n — o). So we obtain

|%7 — un|| — 0 (n — o0). (3.17)

Let a, = ]_1(,611]3511 + (1 = Bu)JSulr,On),bu = ]_1(,511]211 +(1- ﬁn)]Tnfrnzn)' It follows
from the boundedness of {x,} that {S,w,} and {T,Z,} are bounded. Let r = sup{||x,]l,
zall, I TwZnl, |Snwnll}. By Lemma 2.7, (3.5), and (3.9), for any p € Q, we obtain

$(p.an) = d(p, ) (BuJxu+ (1= Pu) JSuJr,0n) )
= 1pI1* = 2(p, BuTn + (1= Bu) ISuTr,0n) + [|BaT X + (L= Bu) TS, 0n|”
< \IplI* = 284(p, Jxu) =2(1 = Bu) (p, TSuJr,vn)
+ Bullxall®* + (1= Bu)ISuTr,0all* = Ba(1 = Bn) 81T X0 = J Snzwnll)
< Pup(pxn) + (1= Bu)§(p, Snwn) = Pu(1 = Pu) g (Il Jxn = J Snwonll)
< Pudp(pxn) + (1= Pu)p(p,wn) = Pu(1 = Pn) (1] 2xn = J Spwnll)
<G(p,xn) = Bu (1= Bu) 31T %0 = JSuewnll),

$(p,b0) = d(p T (PuJza+ (1) ITZn) )
< Bud(p,2n) + (1= Ba)d (0, TuZn) = B (1= B ) 81 20— JTiZ)
<Pudp(p,zn) + (1= Pu) b (P, Z0) = Pu(1 = )8 (T2 = TTuZal)
< (P 2n) = u(1 - Pu) g1 z0 = T TuZal)-

(3.18)

(3.19)

It follows from (3.10), (3.12), and (3.19) that

¢(p,un) < (P yn)
= ¢(p, 7 @Jxo+ (1= &) Tbn))
< @n(p,x0) + (1= &) P(p, bn)
< G (p,x0) + (1= &) ($(p, 20) = Bu (1= Pu) 81T 20— JToZal)) )
< (@n + an ~ Enan)P(p,x0) + (1= ) (1 = &n)$(p, xn)

~ (1= &)Pu (1 ) 81T 20 = T T.Z0).

(3.20)
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From (3.17) and (3.20), we have

(1= @0)fn(1-Bu) g1 z0 = JTuZal)

<(ay +ay - &nan)d)(r’r xO) + (el — oy — &n)d)(p/ xﬂ) + 47(}9/ xﬂ) - ¢(p' u")

(3.21)
< (@ + an = @natn) (¢ (p, x0) = ¢ (P, xn))
+2p||Jun = || + (Ixnll = NnlD) (lxnll + [[tnll) — 0 (n — o0),
which together with condition (iii) implies that
T zn = JTuZull — 0 (n — o0). (3.22)
Since ] is uniformly continuous on bounded sets, then
120 = TouZull — 0 (n— o0). (3.23)
By (3.18) and (3.19), we have
¢ (p,bn) < ¢ (p,2n)
= ¢(p, T @] xo + (1 - @n) Jan) )
(3.24)

<and(p,x0) + (1 - an)p(p, an)
< a"d)(p’xo) + (1 - a”) ((nb(p/x") _.B"(l - ﬁn)g(”]xn - ]Snwn”))

It follows from (3.20) and (3.24) thatss

¢(p,un) < Fnp(p,x0) + (1= &n)P(p, bn)
< & (p, x0)
+ (1= ) (andp(p, x0) + (1= an) (@(p, xn) = P (1 = Pn) (| Jxn — JSuwnll))) (3.25)
= (@ + &y — Enn)P(p, x0) + (1= &) (1 - an)P(p, %)
= (1=)Bn(1 = Bn) g1 T 2xn = JSnwnll)-

So by (3.17) and (3.25), we obtain

(1 - &n)ﬂn(l - ﬂn)g(”]xn - ]SnwnH)
< (&n + an = anatn) (P(p, %0) = P(p, xn)) + (P(p, xXn) — P (P, un))
< (@ + an — &nan) (P(p, x0) = (P, xn)) + 2pIJ 1t — Jxn|

+ ([1xall = l[nl) (1xall + tn]l) — 0 (1 — o0),

(3.26)
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which together with conditions (i) and (ii) implies that
1Jxn = JSnwn|| — 0 (n — oo). (3.27)
Since J is uniformly continuous on bounded sets, then
IXn = Spwnl| — 0 (1 — oo). (3.28)
It follows from (3.2) that
Jzn = anJxo + (1= ) (BuJ xn + (1= ) JSnJr, 0n).- (3.29)
Therefore, from (3.27) and condition (i), we have
1Jzn = Jxull < anllJxo = Jull + (1 = @) (1 = fu) 17 Spwn = Jxul — 0 (n— o). (3.30)
Thus,
zn = x|l — 0 (1 — o0). (3.31)
From (3.7) and (3.9), we have

¢(p, zn) < andp(p, x0) + (1 = an)Pup(p, )
+ (1= an) (1~ pn) <¢(P1xn) + 2An<62—2in - Y> || Axy — AP||2>

=a,p(p,x0) + (1= an)P(p, xn) +2(1 - an) (1 - ﬂn)%(éftn - y) || Ax, - Ap||2,
(3.32)

which together with (3.31) and condition (i) implies that

2
201- ) (1= )y = 40 ) 4%, - Apl]°

< an(P(p,x0) = p(p,xn)) + (P, xn) = $(p,20) — 0 (1 — o0).

(3.33)

Hence,

||Ax, — Ap|| — 0 (n— o). (3.34)
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From Lemmas 2.1, 2.2, and 2.6, (3.34), and the fact that ||Ax|| < ||[Ax — Ap|| for all x € C and
p € VI(C, A), we have

§ (X, 0) = (0, Tle T (Jn = A Axy))
< ¢ (2, )7 (0 = LyAx,))
= V(xn/ Jxn = )LnAxn)

<V (Xn, Jon — Ay Adp + Ay Axy) — 2< T (Jxn — AnAxn) — x,,,anxn>

(3.35)
= @ (%n, Xn) + 205 |[ T (J2tn = M Axn) = T |[[| Al
<203 2l Ax, P
2
<210 5| Ay - Ap||P —0 (n— o).
This implies that
IXn = onl| — 0 (n — o). (3.36)
Combining (3.28) and (3.36), we have
[on = Spwnl|| — 0 (1 — o0). (3.37)
It follows from (3.6), (3.7), and (3.12) that
¢(p/ un) (an +an - arl”‘n)(i’(P/ xO)
r Wn > ~ - ~
o) 2 g - a (@ fn) (- )0 - an) (1 - )
(3.38)
~ (=) (A = an)pudp(p, xn)
(1-a,)(1- an)(l - ﬂn) '
By Lemma 2.9, (3.9), and (3.38), we have
¢ (@0n,01) = $(J5,0n, ) < P(p,0n) ~ §(p,wn)
<¢(p,xn) - $(p,wn) (3.39)

< ¢(p’ x") B d’(p’ un) n &n +an — &nan
- (1_&11)(1_“11)(1_,&71) (1_&71)(1_“71)(1_,&11

) (@(p,x0) = P(p,xn))-

So, by (3.17) and conditions (i) and (ii), we have

¢(wn,vy) — 0 (n— o), (3.40)
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which implies that
lwn = oa — 0 (1 — o0). (3.41)
Combining (3.37) and (3.41), we obtain
0 = Sutwall — 0 (1 —> o0). (3.42)
It follows from (3.6), (3.10), and (3.12) that
¢(p un) < $(p yn)
<@ (p,x0) + (1= &) (P, 2n) + (1= &) (1- B )$ (P, Zn)
< (@ + (1= @) Pun ) $(p, %0)
+ (1= (1= a)fud (P xn) + (L= ) (1= B ) §(p. Z0),

(3.43)

which implies that

ppu) (@t (O -EPua)d(p ) (1-7)(1 - a)fup(p, )
(1 _&n)<1_ﬁn> (1 _&n)<1_ﬁn> (1 _&n)<1 _,En>

P(p,2n) 2

(3.44)

Combining the above inequality, (3.10), and Lemma 2.9, we have

¢(znr Zy) = ¢<frnznr Zn)
<¢(p,zn) - d(p,Zn)
<anp(p,x0) + (1 —an)P(p, xun) — P(p, Zn) (3.45)

< ()b(p/xn) _¢(p/un) " (an“'&n_an&n)

S =@ (1-B)  a-a@)(1-p) (¢(p, x0) = P (p, xn))-

By conditions (i) and (iii), (3.17), and (3.45), we have
P(Zn,zn) — 0 (n— o0), (3.46)
which implies that

1Zn = zull — 0 (n— o0). (3.47)
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It follows from (3.23) and (3.47) that
1Zn = TnZall — 0 (n — o0). (3.48)

Step 3. Now we show that wy({x,}) C Q = (N2 F(T,)) N (N2, F(S,)) N VI(C,A) N
GMEPNT'0 N T~'0, where

wy({x,}) = {x* € C: x,, — x* for some sequence {ny} C {n} with nj T o}. (3.49)

Indeed, since {x,} is bounded and X is reflexive, we know that w,, ({x,}) # 0. For any
arbitrary x* € wy({x,}), there exists a subsequence {x,, } of {x,} such that x,, — x*. From
(3.36), we have v,, — x*. Since {T},}, {S,} satisfy NST-conditions, from (3.42) and (3.48) we
have x* € (N F(T,)) N (N2, F(Sy)).

Let S € E x E* be an operator as follows:

Av+ Nc(v), veC,
Sv = (3.50)
0, v¢C.

By Lemma 2.5, S is maximal monotone and S'(0) = VI(C, A). Let (v,w) € G(S). Since w €
Sv = Av + Nc(v), we have w — Av € N¢(v). Moreover, v, € C implies that

(v=v,,w-Av) >0. (3.51)
On the other hand, it follows from v,, = I1cJ "' (Jx, — 1, Ax,) and Lemma 2.2 that
(v =0y, JUy — (Jx, — LyAXxy)) >0, (3.52)

and hence

<v — Uy, M - Axn> <0. (3.53)
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So, from (3.51), (3.53), and A being 1/y-Lipschitz continuous, we obtain
(v—v,,w) >{(v-0v,, Av)

An

= <v—vn,Av—Axn + ]x"):J>

>(v-v,, Av) + <v - Uy, M —Axn>

_ (3.54)
> (v -0, Av — Avy) + (v —v,, Av, — Ax,) + <v— Un, ]JC")LJ>

]xn ]Un

2 =[lv = vu|l[| Avy, = Axn| = [|© = 0|

-1

B Y”U = O||[lvn — x4l

]xn ]Un

= llv =l

Since J is uniformly continuous on bounded sets, by (3.36) and replacing n by ny in (3.54), as
k — oo we have (v — x*,w) > 0. Thus, x* € S71(0), and hence x* € VI(C, A).

Next we show that x* € GMEP = F(K,). Let H(u,,y) = O(un, y) + (Buy, y — uy) +
@(y) — ¢(uy), for all y € C. It follows from (3.2) that

Jyn = anJxo+ (1-ay) <En]zn + (1 - ﬁn)]TnfrnZn>/ (3.55)
hence, from (3.22) and condition (i), we have

1Ty = Tzall < EallJo = Jzall + (1 = @) (1~ fi)

|]Tnfrnzn - Jzu

—0 (n— ), (3.56)
which implies that

lyn = zal| — 0 (n— o0). (3.57)
From (3.17), (3.31), and (3.57), we obtain

yn —unl| — 0 (n— o0). (3.58)

Thus, u,, — x*,y, — x*(k — o0). Since J is uniformly continuous on bounded sets, from
(3.58) we have limy_, || Jttn, = Jyn |l = 0. Therefore, it follows from t, > c* that ||Ju,, —
Jyn |l /tn, — 0 (n — o0). Since u,, = Ky,y,, we have

H(un,y) + tl<y —Up, Jun—Jyn) 20, VYyeC. (3.59)
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Combining the above inequality, (A2) and (A4), we get

lll]un Jynll <y i, Jttn = Ty} > —H (1, y) > H(y,u,), YyeC. (3.60)

ly = ual

Replacing n by nj and taking the limit as k — oo in the above inequality and by (A4), we
have H(y,x*) <0, forall y € C. Forany t € (0,1) and y € C, define y; =ty + (1 - t)x* € C.
So H(y;, x*) < 0. From (Al) and (A4), we have

0=H(yeye) <tH(y1,y) + (1 -HH (v, x") <tH (y1, y), (3.61)

that is, H(y;, y) > 0. Thus, from (A3), lett — 0, we have H(x*,y) > 0, for all y € C, which
implies that x* € GMEP.

From (3.31), (3.36), (3.41), and (3.47), similar to the proof of Step 5 in Theorem 3.1 of
[19], we have x* € T~10 N T~10. Therefore, wy, ({x,}) C Q.

Step 4. Finally we prove that {x,} converges strongly to X = I[1qxo.

It follows from Step 6 in Theorem 3.1 of [19] that we have the conclusion. This com-
pletes the proof. O

If A =0, then we have the following result from Theorem 3.1.

Corollary 3.2. Let E be a real uniformly smooth and uniformly convex Banach space and C a
nonempty, closed, and convex subset of E. Let B : C — E* be a monotone continuous mapping.
Let {T,}, {Sn} be two countable families of relatively quasi-nonexpansive mappings from C into itself
satisfying NST-conditions such that Q = (02 F(T,)) N (N2,F(S,)) N\GMEPNT'0N T-10#0.
Let {t,} C [c¢*,+o0) for some c* > 0 and {r,} C (0, +o0) satisfy im inf, _, -, > 0. Let {x,} be the
sequence generated by

xo € C, chosen arbitrarily,
Zp = ]_1 (an]xO +(1-ay) (ﬂn]xn + (1 - ﬂn)]sn]rnxn))r
Y =T (@) x0 + (1 =0 (B 20 + (1= Bu) ITuJr20) ),

T (3.62)
H, ={z€C:¢(z,uy) < (@ + (1 -an)an)d(z,x0) + (1 - &) (1 - an)P(z,xn)},
Wy={z€C:(xp—2z Jxo— Jx,) >0},
Xn+1 = IH,aw, X0, 1 20,

where ] is the normalized duality mapping, {a,}, {Pn}, {&n}, and { ﬁn are four sequences in [0,1],

and K, is defined by (x). The following conditions hold:
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(i) imy, , o, = lim,, _, oax,, = 0;
(ii) liminf, . B, (1 - ) > 0;
(iii) lim inf, o, (1 - B,) > 0.

Then {x,} converges strongly to Ilgxo.

Proof. From the proof of Theorem 3.1, (2.4) is used in proving (3.9), (3.34), and (3.36). Since
A =0, v, = x4 for all n > 0, so uniformly smooth and 2-uniformly convex Banach space
E can be weakened to uniformly smooth and uniformly convex Banach space. Thus, from
Theorem 3.1, the proof is completed. O

Remark 3.3. 1If S, = T, = I,r, = t, foralln > 0, and ¢ = 0O, then Corollary 3.2 reduces to
Theorem 3.1 in [19].
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