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We construct a new type of g-Genocchi numbers and polynomials with weight & and weak weight
p: Giff), Gg,'ff) (x), respectively. Some interesting results and relationships are obtained.

1. Introduction

The Genocchi numbers and polynomials possess many interesting properties and are arising
in many areas of mathematics and physics. Recently, many mathematicians have studied in

the area of the g-Genocchi numbers and polynomials (see [1-13]). In this paper, we construct

a new type of g-Genocchi numbers fo ) and polynomials Gifff ) (x) with weight & and weak

weight S.

Throughout this paper, we use the following notations. By Z,, we denote the ring
of p-adic rational integers, Q, denotes the field of p-adic rational numbers, C, denotes the
completion of algebraic closure of Qp, N denotes the set of natural numbers, Z denotes
the ring of rational integers, Q@ denotes the field of rational numbers, C denotes the set of
complex numbers, and Z* = NU {0}. Let v, be the normalized exponential valuation of C,
with [p|, = p™®) = p~!. When one talks of g-extension, q is considered in many ways such
as an indeterminate, a complex number g € C, or p-adic number g € C,. If g € C, one
normally assume that |g| < 1. If g € C,, we normally assumes that |q — 1|, < p~1/P7V so that
g* = exp(xlogq) for [x|, < 1. Throughout this paper, we use the notation
_1-(a)”

W= o b= (L1)

of. [1-13].
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Hence, lim, . 1[x] = x for any x with |x|p < 1in the present p-adic case. For
feUD(Z,) ={f| f: Z, — C, is uniformly differentiable function}, (1.2)

the fermionic p-adic g-integral on Z, is defined by Kim as follows:

Ly(f) = f F()dp_q(x) = Zf( ) (=q)", 13)

N] -

cf. [3-6].
If we take fi(x) = f(x +1) in (1.1), then we easily see that
al-4(f1) + 14(f) = [21,£(0). (14)
From (1.4), we obtain
n-1
q"Lg(fa) + ()" Lg(f) = 21, 2-D" 9 £ ), (15)
1=0

where f,(x) = f(x +n) (cf. [3-6]).
As-well-known definition, the Genocchi polynomials are defined by

F(t) = -2 —er—iGﬂ
e+l T ATl

(1.6)

2t — t"
F(t,x) = o 1EXt = bWt = Z()G”(x)ﬁ'
n=|

with the usual convention of replacing G"(x) by G, (x). In the special case, x =0, G,(0) = G
are called the n-th Genocchi numbers (cf. [1-11]).

These numbers and polynomials are interpolated by the Genocchi zeta function and
Hurwitz-type Genocchi zeta function, respectively.

ols) =23, “nlj ,
" (1.7)

Lo(s,x) = 22

(n+x)

Our aim in this paper is to define g-Genocchi numbers fof ) and polynomials fof ) (x) with
weight a and weak weight . We investigate some properties which are related to g-Genocchi

numbers Gf;ff ) and polynomials G,(ff )(x) with weight & and weak weight f. We also derive
the existence of a specific interpolation function which interpolates g-Genocchi numbers

Gifff ) and polynomials Giff ) (x) with weight a and weak weight f at negative integers.
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2. g-Genocchi Numbers and Polynomials with
Weight a« and Weak Weight f

Our primary goal of this section is to define g-Genocchi numbers G( # and polynomials

foqﬂ ) (x) with weight & and weak weight . We also find generating functlons of g-Genocchi

numbers G(u’p ) and polynomials G(a’ﬂ ) (x) with weight & and weak weight .

For a € Z and q € C, with [1 - g|, <1, g-Genocchi numbers G( # are defined by

Gt = n IZ (] dpgp ().

P

By using p-adic g-integral on Z,, we obtain

P .
nJ‘ [X]Z;ld‘ufqp(x) = Tll\}iinwﬁ Z [X]Za_l (_qp)

Zp 7qp x=0

1 n-1n-1 n—-1 | 1
=nl2 e -1
2l (=) %( l >< e

20 >, (1" [mg
m=0

By (2.1), we have
Gt = n[2]p 3 (1) fm]
nq - qﬂ - q q“
From the above, we can easily obtain that
(@p) pt"
(t) = ZG —

2 . (-1)"gPmelmet
m=0

2.1)

(2.2)

(2.3)

(2.4)

Thus, g-Genocchi numbers G( P with weight a and weak weight f are defined by means of

the generating function

F{;txrﬂ) (t) — t[zlqﬂ Z (_1)mqﬁme[n1]qat
m=0

(2.5)

Using similar method as above, we introduce g-Genocchi polynomials G( P (x) with

weight a and weak weight f.
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Ggff ) (x) are defined by

Gfg[f) (x)=n fZ [x+y] Z,:ldﬂ_qp (y).
p

By using p-adic g-integral, we have

“ 1 n-1n-1 n_]_ . 1
G (x) =n[2]qp(m) < l ><—1>’q e

1=0
By using (2.6) and (2.7), we obtain

. [ee) . tn [0} 3
F %) = 3G = 1121 X (1 e et
n= m=l

Remark 2.1. In (2.8), we simply see that

lin}F;a’ﬂ)(t,x) =2t (~1)"elmt
q%

m=0
B 2t
T 1+t

= F(t, x).

xt

Since [x + y] o = [x]ge + 9™ [y] gor We easily obtain that

Gipn(x) = (n+1) f [x + Yyl edp g (v)
ZF

wl /41
— q—ax < L > [x];lz-l—kqaxkcl(j‘l;ﬁ)
k=0

- (g + )

= (n+ D21y Y, (~1)"¢"" [x + m]e.

m=0

Observe that, if ¢ — 1, then G5 — G, and G+ (x) — G,(x).
By (2.7), we have the following complement relation.

Theorem 2.2. Property of complement

Gel(1-x) = (-1)" g VGl (x),

By (2.7), we have the following distribution relation.

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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Theorem 2.3. For any positive integer m (=odd), one has

a [ n— ml i ; a i+x
Gy () = o7 ol 3 1) qﬂlcf,,éff,,)(?), ner
i=0

By (1.5), (2.1), and (2.6), one easily sees that

qﬂZ< V"G = Gt () + ()Gl

Hence, we have the following theorem.

Theorem 2.4. Let m € 7.
If n =0 (mod 2), then

n-1
qﬁnG(a B) (n) G(u B) _ m[z]qﬁZ(_l)quﬂl [l];’};l.
1=0

Ifn=1(mod 2), then
n-1
PGP () + Gt = m[2],5 3(-1)' g [
1=0

From (1.4), one notes that

gt =g [ te ety )+ [ tebletdp
Z Zp

P

<qﬂj nlx + 11 dp_p (x) +fZ

<qﬂG(aﬁ) (1) + G(aﬂ>) ~

p

[Ms I8

:
O

Therefore, we obtain the following theorem.

Theorem 2.5. For n € Z*, one has

. . 215, ifn=1,
qﬁG ﬁ)(1)+G( B _ g i
0, ifn#l.

By Theorem 2.4 and (2.10), we have the following corollary.

n

n[x];‘;ld‘u_qp (x)>1%

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Corollary 2.6. For n € Z*, one has

a n a [2] Br Z n= ]-/
qﬁ_a an( /ﬂ) + 1 + G1(1 /ﬁ) — q f (218)
q 4 .
0, ifn#l.

with the usual convention of replacing (G(a o )) by G(a P,

3. The Analogue of the Genocchi Zeta Function

By using g-Genocchi numbers and polynomials with weight a and weak weight f, g-Genocchi
zeta function and Hurwitz g-Genocchi zeta functions are defined. These functions interpolate
the g-Genocchi numbers and g-Genocchi polynomials with weight & and weak weight g,
respectively. In this section, we assume that g € C with |g| < 1. From (2.4), we note that

dk+1 (aﬂ) _(k o) " pm k
B0 = kDRl X )" [l
=0 m=0 (3.1)
=GP (keN)
k+1,q9” .

By using the above equation, we are now ready to define g-Genocchi zeta functions.

Definition 3.1. Let s € C. We define

© pn
(“ﬂ)( )_[2 Z 1) q

n=1 '1

(3.2)

Note that gq ) (s) is a meromorphic function on C. Note that, if g — 1, then g(“ ) (s) =
¢(s) which is the Genocchi zeta functions. Relation between g( ) (s) and G](< qﬂ ) is given by the
following theorem.

Theorem 3.2. For k € N, we have

()
(a, ﬂ)( k) ik*’l/q ) (33)
+1
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Observe that g(“ 4 )(s) function interpolates G;{af ! numbers at nonnegative integers. By using (2.3),
one notes that

dhwp) pm
SE | = (kD2 qﬂz< 1)"g" [x + ml},
t=0 (3.4)
=G (%), (keN),
d\*" @)y c@h)
(E) <ZG > G, (), forkeN. (3.5)
t=0

By (3.2) and (3.5), we are now ready to define the Hurwitz g-Genocchi zeta functions.

Definition 3.3. Let s € C. We define

: 1)
@B (s, 2) = (2], Z@, (3.6)

n+x]

Note that §( ) (s, x) is a meromorphic function on C.

Remark 3.4. It holds that

llmg(uﬂ)(s,x) Z (_1)" . (37)

d(n+x)°

Relation between Qéa) (s,x) and G,((‘Z(x) is given by the following theorem.
Theorem 3.5. For k € N, one has

(aﬂ)
k+1 q( )

k+1

(“ﬂ)( k )_ (38)

Observe that g“” ﬂ )( k, x) function interpolates Gf(af ) (x) numbers at nonnegative integers.
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