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The Gross-Pitaevskii model of spinor Bose-Einstein condensates is studied. Using the abstract
results obtained for infinite dimensional Hamilton system, we establish the mathematical theory
for the model of spinor BEC. Furthermore, three conservative quantities of spinor BEC, that is, the
energy, total particle number and magnetization intensity are also proved.

1. Introduction

After the first remarkable experiments concerning the observation of Bose-Einstein conden-
sate (BEC) in dilute gases of alkali atoms such as %Rb [1], *Na [2], and "Li [3] the interest in
this phenomenon has revived [4, 5]. On the mathematical side, most of the work has con-
centrated on the Gross-Pitaevskii (GP) model of BEC, which is usually referred to as nonlin-
ear Schodinger equation (NLSE) (cf. [6-14] and references therein). There are also many
pieces of the literature on the spinor BEC ([15-19]). In the spinor BEC case, the constituent
bosons have internal degrees of freedom, such as spin, the quantum state, and its properties
becomes more complex [20]. What has made the alkali spinor BEC particularly interesting is
that optical and magnetic fields can be used to probe and manipulate the system.

In [15], Ho shows that in an optical trap the ground states of spin-1 bosons such as
BNa, ¥K, and ¥Rb can be either ferromagnetic or polar states, depending on the scattering
lengths in different angular momentum channels. In [17], Pu et al. discuss the energy eigen-
states, ground and spin mixing dynamics of a spin-1 spinor BEC for a dilute atomic vapor
confined in an optical trap. Their results go beyond the mean field picture and are developed
within a fully quantized framework. In [19], Zou and Mathis propose a three-step scheme
for generating the maximally entangled atomic Greenberger-Horne-Zeilinger (GHZ) states
in a spinor BEC by using strong classical laser fields to shift atom level and drive single-atom
Raman transition. Their scheme can be directly used to generate the maximally entangled
states between atoms with hyperfine spin 0 and 1.
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In this paper, we want to establish the mathematical theory of the GP model of spinor
BEC in which the internal degrees of freedom of atoms are also under consideration. Further-
more, three conservative quantities of spinor BEC, that is, the energy, total particle number,
and magnetization intensity are also proved.

2. Gross-Pitaevskii Model for Spinor BEC
In this section we derive GP equation for spinor BEC, that is, the following equation:
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We consider the GP model for F = 1 spinor BEC. Particles of F = 1 have three quantum
states: magnetic quantum number m = 1,0, -1. The corresponding wave function of these
three quantum states are denote by

¥ = (g1, 90, 1) (2.2)

Here the physical meaning of |¢;|* is the density of m = i particles (i = 1,0,-1). The cor-

responding Hamilton energy functional of F = 1 spinor BEC is as follows:
* h’z 2 2 1 4 1 * 2
ECE,W) = | |5 VP + VEOIP + 5 gul¥[* + 5 g:[W°SWP [ dx, (2.3)
al2m 2 2

where m is the boson mass, # is Planck constant, V (+) is the external trapping potential, |¥?
is the density of dilute bosonic atoms, g, is the interaction constant between atoms, and g is
the spin exchange interaction constant
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ap and a; are the scattering length, and S = S,7 + Syf+ S.k is the spin operator:

010 0 -1 0 10 0
1 1
Syx=— 101 |, Sy=—| i 0 —i|, S;.=100 0 |. 2.5
\ﬁ y \/2 ( )
010 0 i O 00 -1

We adopt the following notations:

1
WS = (g1, 075,47 [SeT + ST + S:K| | o |,
-1
WS = WS, W) + |¥*S, ¥ + [¥*S, ¥
. (2.6)
* * * 2
= 5leigo+ 43 (gn +¢1) + ¢ g0]
1 * * * 2
519y + g5 (41 = 1) + 47140
2
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By calculation we can get
WS = g |*+ g |* = 200 |9 | + 200 ] .

2, %, %

+2|g0|*|ga | + 2029574, + 295 g1,

By using Lagrange multiplier theorem, from the Hamilton energy functional E (see
(2.3) and the total particle number

N = j ¥Pdx, W= (g1, 90, 1) (2.8)
Q
is conservative, and we can obtain the steady state GP equation of spinor BEC as follows:

Hpi = 6%*15(?,?*), k=1,0,-1, (2.9)
k

where p is the chemical potential. Furthermore, according to general rules of quantum me-
chanics from steady state GP equation, we can get the dynamical model as follows:

opr 6
ot 6y

_E(¥,%*), k=1,0,-1, (2.10)
k

where i = v-1. From (2.3) and (2.7), we can obtain the concrete expression of (2.10) as (2.1).
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In the spinor BEC g, and g; we have following physical meaning:

{>0, corresponding to the repulsive interaction between atoms,
&n

<0, corresponding to the attractive interaction between atoms,
(2.11)

>0, corresponding to the antiferromagnetic states,
s
<0, corresponding to the ferromagnetic states.

3. Equivalent Form of Spinor BEC

Let ¢ = qr; + i(pi. In this section we will show that GP equation (2.1) is equivalent to the
following quantum Hamilton systems (see [21]):

gy _ OF (¢!, ¢%)

ot Sy

k=1,0,-1, (3.1)
dy; _ SF(¢'¢7)
T

where ¢ = (¢1, ¢, ¢%,), ¢* = (¢7, ¢35, ¢2,), and the energy functional defined as
1 .
F((,Ul,(pz) = P E(W, W), (E see (23)). (3.2)

In fact, on the one hand, splitting real and imaginary parts of (2.1), we can obtain
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Consequently, GP equation (2.1) is equivalent to (3.1).
4. Infinite Dimensional Hamilton System
In this section, we consider the following infinite-dimensional Hamilton system
du
i -D,F(u,v),
%=DJWmL ((u,v) € X1 x Xa) (4.1)

u@) =9, v0) =g,

where X € X; C H (i =1,2) is dense, X is linear space, X1, X» is reflexive Banach space, H is
Hilbert space, F : X1 x X, — R! is C! functional, and DF = (D,F, D,F) is derived operator.

Remark 4.1. Infinite-dimensional Hamilton system (4.1) not only has some kind of beauty
in its own form, but also many equations can be written as (4.1). For example, Schodinger
equation, Weyl equations, and Dirac equations can be written as (4.1). Hence, it is worth to
study the infinite-dimensional Hamilton system (4.1), also see [21].

Definition 4.2. One says (u,v) € X; x X5 is a weak solution of Hamilton system (4.1), provided
t

(U, )+ (v,0) g = f0[<DuF(u,v),z~)) — (DyF(u,v),)]dt + (¢, 1), + (¢, 7)., (4.2)

for every ui € X5, € X;.
Let F: Xj x Xo — R! satisfy

14, 9)llx,x, — 0 &= F(1t,0) — 00 (or ~F(u,v) — oo). (43)

Then we have the following existence theorem.
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Theorem 4.3 (see [21]). Assume that F satisfies condition (4.3) and DF : X1 x X, — (X1 xXp)" is

weakly continuous, then for any (¢, ¢) € Xy x Xy, there exists one global weak solution of equation
(4.1)

(u,0) € L=((0, 0), X1 x X). (4.4)

Furthermore, F (u,v) is a conservative quantity for weak solution (u,v), that is,
F(u(t),v(t)) = F(p,¢), Vt>O0. (4.5)

Proof. We prove the existence of global solution for (4.1) in L*((0, o), X1 x X3) by standard
Galerkin method. Choose

lex |k=1,2,...) c X (4.6)

as orthonormal basis of space H. Set X,,, X, as follows:

n

X, = {Zakek |ax €RY, 1 Skgn},
k=1

4.7)

k=1

Xn = {Zn:ﬁk(t)ek | .Bk() € CI[O,OO), 1<k< Tl}.

Consider the ordinary equations as follows:

dxy (t)
dt

dyx(t)
dt

= <_DUF(un/ Un)/ ek)/

= (D, F(u,,vy,),ex), (k=1,...,n), (4.8)

xk(0) = (¢, ex)
yk(0) = <‘l’/ €k>H/

where u, = 3¢ xk(Hex, vn = X Yi(tex.
By the theory of ordinary equations, there exists only one local solution of (4.8):

{x1(t), y1(t), ..., xu(t), yu(t)}, O0<t<T. (4.9)

From (4.8) we can obtain the equality

t

(un, ﬁn>H + <vn15n>H = J‘OKDMF(un/vn)/arL) — (Do F (Uy, vy), iy )] dt (4.10)

+ (@, Hin) iy + (¥, Tn)
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holds true for any u,, 0, € X,. Moreover, equality

Jt [<%’ﬁ”>H i <%’5”>H] dt = rKDuF(un,vn),z?n) —(DyF(ty, vy), ilp)]dt  (411)

0 0

holds true for any #,, 0, € X,
Putting (i1, 0,) = (-dv,/dt,du,/dt) in (4.11), we obtain that

t du dv
0= J [<DuF(un,vn), —"> + <DUF(un,vn), —n>] dt
. at it

(4.12)
td
= fo EF(un,vn)dt,
which implies
F(un/ Un) = F(‘Pnl (,Un)/ (413)
where
on= (P e e wn= 3 (¢ ex)yen (4.14)
k=1 k=1

From (4.3) and (4.10), we deduce that {(uy, vy)} ;2 is bounded in L*((0, 00), X3 x X3).
Therefore there exists a subsequence; we still write it as { (1, vy) } 521, such that

(Un,vn) = (u,v) in X3 x Xy, a.e. t € (0,00). (4.15)

According to DF : X; x X, — (X x X»)" being weakly continuous and (4.10), (4.15),
we know the following equality

t

(U, ) + (v, 0)g = IO[(DuF(u,v),5> — (DyF(u,v),)]dt + (@, 1) + (¢, 0) 5y (4.16)

holds true for any %, € J;-; X,. Since |J;; X, is dense in X; and X, equality (4.16) holds
true for all (,7) € X3 x X,, which implies that (u,v) € L*((0, 00), X7 x X») is a global weak
solution of (4.1).

Next, we prove F(u, v) is a conservative quantity for weak solution (u, v). From (4.16),
for all h > 0 we have

(u(t+h) —u(t), i)y + (ot +h)-o(t),0)y

th (4.17)
= L [(DyF(u(r),v(7)),0) — (Do F(u(t),v(7)), u)]dr.
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Putting
u=-Apo=-(v(t+h)-ov()), v=Apu=u(t+h)—u() (4.18)

in (4.17), we obtain that

+h
0=+ ft [(DuF (u(7),v(1)), Aput) + (Do F (u(7),v(7)), Apv)]dT
h ), (4.19)

= F(u(t + h),(t + h)) — F(u(t), v(t)).

Therefore, F(u, v) is a conservative quantity for weak solution (u, v). The proof is completed.
O

Theorem 4.4 (see [21]). Let X1, Xo be Hilbert space and F : X1 x Xo — R be C! functional. Then
a C! functional G : X1 x X, — R is a conservative quantity for the infinite-dimensional Hamilton
system (4.1) if and only if the following equality

<6G(u, v) 6F(u, v)> _ <5G(”f v) 6F(u, U)> (4.20)
ou ’ ov X1 x X» - ov ’ ou X1 xX> .

holds true for any (u,v) € X1 x X».

Proof. Let (u,v) be a solution of (4.1). Then we have

4 ) - <6G(u,v) @> +<6G(u,v) @>
dt X1 x X X x X

6u ' dt 6v ' dt
(4.21)
__<6G(u,v) 6P(u,v)>+<6G(u,v) 6F(u,v)>
- éu ' 6v v ' bu ’

which imply that (d/dt)G(u, v) = 0 if and only if equality (4.20) holds true. The proof is com-
pleted. O

5. The Existence of Global Solution of Spinor BEC

In this section we consider the Gross-Pitaevskii equation of spinor BEC (2.10) under the
Dirichlet boundary condition, to wit the following initial boundary problem:

A .
lﬁa = WE(IP,IP ), X € Q,
WYlo =0, (6.1)

WY(x,0) = Wo(x),

where Q C R" (1 < n <3) is a domain. When Q = R”, then (5.1) become Cauchy problem. By
applying Theorem 4.3, we can obtain the following theorem.
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Theorem 5.1. Assume that V € L*>(Q) and g, > max{0,-2gs}, then for any ¥y € H'(Q, C®), there
exists one global weak solution of problem (5.1)

Ve C°<[O, oo),L2<Q, C3>> N L°°<(O, %), H! (Q c3)). (5.2)

Remark 5.2. If g; = 0, then (5.1) reduce to the GP equation of BEC. Theorem 5.1 is also con-
sistent with the experiments in repulsive case. In the situation of repulsive interaction, solu-
tions to the GP equation of BEC are well defined for all times [12, 13, 20], which corresponds
to the emergence of the BEC.

Proof. Let H = L*(Q,R®),H; = H'(Q,R®). Firstly, we need to verify condition (4.3) in

Theorem 4.3. From Section 2, we know that

p( 1 2>=if ﬁ_2|vqf|2+V(x)|lp|2+1 |1p|4+1 |W*SW? | dx (5.3)
¥ )= om )y 2m 28" 28 ’ '

where W = (g1, o, ¢p-1), ¢k = (p; + itp,%(k =1,0,-1), and
9 SYP = Jgn|* + ] =209 [*|ga]” + 2] gro| g1 |
2, %, %

+2|go|* g1 |* + 20395747, + 205 145 (5.4)

<2(Jgn]" + lgol* + o).
Hence, when g, > max{0,-2g,}, we have

f gnl¥|* + g [ SYPdx > AI |¥|*dx, (5.5)
Q Q

where A = g, — max{0,-2g,} > 0. Therefore, we deduce
) — = = )], — 5

which implies that condition (4.3) holds true.
Next we need to verify the continuous condition in Theorem 4.3. Let operator
DF:Hy — Hj be defined by

~ 2 ~ ~
<DF(‘P),‘P> - % L [;—mw- VP4 V()W T
(5.7)

+ G| T+ g, (W*Slp)ﬁr*sﬁf] dx.
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For any Y e CP(Q,R%) and ¥, — @ in H;, we have

lim <DP(qfn),lif> = <DF(q>),fif>. (5.8)

n— oo

Since C{° (L2, R®) is dense in Hj, equality (5.8) holds true for all ¥ € H;, which implies that
DF : Hy — H,; is weakly continuous.

Therefore, according to Theorem 4.3, there exists a global weak solution of (5.1). The
proof is completed. O

6. The Conservative Quantities of Spinor BEC

In this section we will discuss the conservative quantities of spinor BEC. Let E be defined as
(2.3), N, M as follows:

N = L}[qull2 +lgol* + g [Plax, M= fQ[|¢1|2 ~ lgi|] . 61)

Then by using the same method as the proof of Theorem 4.4, we will prove the following
theorem.

Theorem 6.1. Hamilton energy E, the total particle number N, and magnetization intensity M are
conservative quantities for problem (5.1).

Proof. Firstly, from (3.1) and (3.2) we can get

1 dE(Y, %) _dF(¢'¢°) <6F<qﬂ,w2> oy! > . <6F(qﬂ,qﬂ) oy® >

2n At dt ¢l ot b¢2 ot
_ [<6F(qu,qf2) O >+ <6F(qr1,qr2) gk >]
k=1,0,-1 5 "ot 647 "ot (6.2)
) ()]
Pyt ot " ot ot " ot
=0,

which imply that the energy E is a conservative quantity for problem (5.1).
Secondly, by using (3.3) we can get the following equalities:

d d
.2 ka§_l[|qf;|2+|¢,z|z]dx

oyl o>
=2I Lk g2 R dx =0,
> ["'k ot " kot

k=1,0,-1

(6.3)

which imply that the total particle number N is a conservative quantity for problem (5.1).



12 Journal of Applied Mathematics

At last, we show M is a conservative quantity for problem (5.1). Let X; = X, =
H;(Q, R?), then

E:X;x X, — R' defined by (2.3),

(6.4)
M:X; x X, — R' defined by (6.1)
are both functional. Let ¢! = (¢5], 95, ¢,), ¢ = (¢7, 43, ¢%,)- It is easy to check that
oM _ 1 _ 1 oM _ 2 92
oz, - i), B
6.5
e _(6E sE 6E)  6E _(oF oE o
Gyl \6g1 by g1, )" by \6yi b7 692 )
From (2.3) and (2.7), we have
6E _ K2 2 2 2 2 2
57 " [—ﬁMV(ngnI‘PI +g:(lon|” + lyol* = lga]*) | o]
20t ole? — o (6l + o2 (62)
* &\ ~¥-1%0%0 ‘I’—1<‘P0> +‘I’—1<‘Po> ,
6E | ’ 2 2 2\ | 1
SoT " [—EMV(XHgnI‘PI +&:(lon” + lgol* = o) |l
v ol 202 0re? + o (b — ot (02)
8s\ “¥1¥0 %0 + ¢-1\ Yo ¥ \¥o) )
6.6)
6E | #? ) 2 2 2\ | 2
Ge?. " [—ﬁMV(XHgnI‘PI + 85 (Lol + lgol” = 9 ]”) |2,
1,1 0 of 1\2  2f 2\?
+gs(2</f1</fo% a4l (qfo) + 1 <‘I’o> )
6E | #? ’ 2 2 2\ | 1
ST - [—ﬁMV(ngnI‘PI + 85 (Lol + gl = g ]”) | o

2 2
+8s (qu%qfé% N RCI R ACD) )
Combining (6.5), (6.6) with (3.1), (3.2), we can get following equalities:

aM _ <5M<qﬂ,qﬂ> aqﬂ> ) <5M<q,1,q,2) aq;2>
dt ¢ o [ 542 * /¢

_ <6M(w1,qﬂ) 6_P> _ <5M(‘P1/‘P2) 6_F>
6(["1 6(F2 X1xXo 6([;2 6¢1 X1xXo



Journal of Applied Mathematics 13

RN Y AT P N
28 (pl atpf (P—l alp_gl (Pl aq}% (p—l aqf}l

s
=75J;[¢%<2¢L#%¢5 ((w >)
1 1,1 2
—q&1<2wawowo ((w ))
2 1
-w(%u%%+%((
i

2%%%+%«% >

(6.7)

which imply that the magnetization intensity M is a conservative quantity for problem (5.1).
The proof is completed. O
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