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Using spectral properties of the Laplace operator and some structural formula for rapidly
decreasing functions of the Laplace operator, we offer a novel method to derive explicit formulae
for solutions to the Cauchy problem for classical wave equation in arbitrary dimensions. Among
them are the well-known d’Alembert, Poisson, and Kirchhoff representation formulae in low space
dimensions.

1. Introduction

The wave equation for a function u(x, ..., x,,t) = u(x,t) of n space variables x, ..., x, and
the time t is given by

— = Auy, (1.1)

where

o? o

A= — + .00+ —
oxs ox2

(1.2)

is the Laplacian. The wave equation is encountered often in applications. For n = 1 the
equation can represent sound waves in pipes or vibrations of strings, for n = 2 waves on
the surface of water, for n = 3 waves in acoustics or optics. Therefore, formulae that give
the solution of the Cauchy problem in explicit form are of great significance. In the Cauchy
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problem (initial value problem) one asks for a solution u(x,t) of (1.1) defined for x € R",
t > 0 that satisfies (1.1) for x € R", t > 0 and the initial conditions

u(x,0) = p(x), a”(a”;'o) = g(x) (x€RY). (1.3)

If n=1and ¢ € C3(R), ¢ € C}(R), then the classical solution of problem (1.1), (1.3) is
given by d’Alembert’s formula

(o t) = <P(x+t)J2r<P(x-t) . %rj‘l’(y)dy' (1.4)

If n=2and ¢ € C3(R?), ¢ € C*(R?), then the solution of problem (1.1), (1.3) is given
by Poisson’s formula

d d
u(x,t):LJ' _¢dy o Lf _ ¢(dy ) (15)
i R T e R & SRV

where x = (x1,%2), ¥ = (y1, ¥2), and |y — x* = (y1 - x1)* + (2 — x2)*.
If n =3 and @ € C3(R?), ¢ € C*(R?), then the solution of problem (1.1), (1.3) is given
by Kirchhoff’s formula

af 1
u(x, 1) ¢(y)dSy + 5 [H f|y_x|:t w(y)dSy], (1.6)

4ot |y—x|=t

where x = (x1,x2,%3), ¥ = (Y1, Y2, Y3), |y — x| = (v - x1)” + (2 - x)% + (ys - x3)?, and ds, is
the surface element of the sphere {y € R : |y — x| = t}.
Passing to an arbitrary n let us denote by u(x,t) = N,(x, t) the solution of the problem

u i
W=Au, xER,t>O, (17)
u(x,0) = ¢(x), au((.;’ O _ 0, xeR" (1.8)
It is easy to see that then the function
t
v(x,t) = I u(x, T)dr (1.9)
0
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is the solution of the problem

o*v Y
WZAU' xeR", t>0, (1.10)
v(x,0) =0, 60(63;,0) =p(x), xeR"™ (1.11)
Indeed, integrating (1.7) we get
t oo t t
f ouxT) 4 I Au(x, 7)dT = AJ u(x, 7)dr = Av(x, b). (1.12)
o 072 0 0
Hence,
ou(x,t) B ou(x,0) ou(x,t)
5 Frae Av(x,t) - Av(x,t), (1.13)

by the second condition in (1.8). On the other hand, from (1.9),

Pv(x,t)  Oulx,t
u(x,t), 8(t2 )= (at ). (1.14)

ou(x,t)
ot

Comparing (1.13) and (1.14), we get (1.10). Besides,

v(x,0) =0, w =u(x,0) = p(x) (1.15)

so that initial conditions in (1.11) are also satisfied.
Consequently, the solution u(x, t) of problem (1.1), (1.3) is represented in the form

t
u(x,t) = Ny(x,t) + f Ny (x, 7)dT. (1.16)
0

It follows that it is sufficient to know an explicit form of the solution N, (x, ) of problem (1.7),
(1.8). It is known [1, 2] that

1 o 1\"™ .
Ny(x,t) = W(&?) Lyx'_t(p(y)dsy ifn=2m+1, (1.17)

m-1 d
01 QI oWy, =2m, (1.18)
|y—x|<t

1
Ny(x,t) = ﬂ<—‘> —
2mgr att dt tz—ly—x|2
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where x = (x1,..., %), ¥y = (Y1,--., Yn), [y — x|2 =(y1 - x1)2 +ooot (Yn — xn)z, and dS, is the
surface element of the sphere {y € R" : |y — x| = t}.

In the present paper, we give a new proof of formulae (1.17), (1.18) for the solution of
problem (1.7), (1.8). Our method of the proof is based on the spectral theory of the Laplace
operator. We hope that such a method may be useful also in some other cases of the equation
and space.

The paper consists, besides this introductory section, of three sections. In Section 2,
we describe the structure of arbitrary rapidly decreasing function of the Laplace operator,
showing that it is an integral operator and giving an explicit formula for its kernel. Next we
use these results in Section 3 to derive the explicit representation formulae for the classical
solution to the initial value problem for the wave equation in arbitrary dimensions. The final
Section is an appendix and contains some explanation of several points in the paper.

2. Structure of Arbitrary Function of the Laplace Operator

Let A be the self-adjoint positive operator obtained as the closure of the symmetric operator
A’ determined in the Hilbert space L?(R") by the differential expression

2 2
—A:_<a_+"'+ ” > (%1, %q) €RY, (21)

2 2
ox;j 0x;

on the domain of definition D(A’) = C§(R") that is the set of all infinitely differentiable
functions on R" with compact support. Let E, denote the resolution of the identity (the
spectral projection) for A:

Af = f: udE,f, feD(A). (22)

Next, let g(t) be any infinitely differentiable even function on the axis —c0 < t < oo with
compact support and

g\ = J‘jo g(teMdt (2.3)

its Fourier transform. Note that the function g(\) tends to zero as |\| — oo (A € R) faster than
any negative power of |\|. Consider the operator g(A'/?) defined according to the general
theory of self-adjoint operators (see [3]):

g(a?)f = f S(VH)AE.f, feL*R". (2.4)

The following theorem describes the structure of the operator g(A'/2) showing that it
is an integral operator and giving an explicit formula for its kernel in terms of the function

g().
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Theorem 2.1. The operator §(A'/?) is an integral operator
A7)0 = [ K@)y, fel®), 25)
Further, there is a smooth function k(t) defined on the interval 0 <t < oo such that
K(x,y) :k<|x—y|2>. (2.6)

The function k(t) depends on the function g(t) as follows. If one sets

Qt)=g(vE),  thatis, Q(#) =g(t), 0<t<oo, 2.7)
then
—(;Tlrzlm QM (t) ifn=2m+1,
k(t) = (2.8)
D™ (= Q" (w) o
), Vo1 dw ifn=2m,

where QU (t) denotes the mth order derivative of Q(t). Further, if supp g(t) C (-a,a), then
supp k(t) € [0, a®). For any solution ¢ (x, L) of the equation

-Ag(x,\) = )qu;(x, A), (2.9)

the equality

fw k(lx=yI")w (v Hdy = FWw(x, 1) (2.10)

holds for A € R.

Proof. First we consider the case n = 1. In this case, the statements of the theorem take the
following form: k(t) = Q(t) = g(v/t) for 0 < t < oo; the operator g(A'/?) is an integral
operator of the form

F(A%)f @ = r; §(x=vy)f(v)dy, (2.11)

and for any solution ¢ (x, 1) of the equation

—¢"(x, 1) = Pgs(x, L), (2.12)
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the equality
| sty )y =g (2.13)

holds.

To prove the last statements note that, in the case n = 1, the operator A is generated in
the Hilbert space L%(~o0, o0) by the operation —d?/dx? and the operator A'/2 by the operation
id/dx. The resolvent R, = (A — ul )~! of the operator A has the form

Ruf(x) = e YVE £ (y)dy, (2.14)

i o
..
while the spectral projection E, of the operator A has the form (see [3, page 201])

E,J(x):f %ﬂy)dy, 0<pu<oo, o)
-~ 2.15

E,=0 foru<0.

Therefore,

B(A) 0 = [ BV EF

:f:§<\/ﬁ){J‘°°w Wﬂy)dy}dﬂ (2.16)

_ IZ{% J:o F(1) cos A (x - y)dh}f(y)dy = fi g(x-y)f(v)dy,

where we have used the inversion formula for the Fourier cosine transform. Therefore, (2.11)
is proved. To prove (2.13) note that the general solution of (2.12) is

c1cosAx + cpsindx if A#0,
¢(x, L) = (2.17)

€1+ X if A =0,
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where ¢; and ¢; are arbitrary constants. Then, we have, for 1 #0,

f 8(x-y)y(y, \)dy = af g(x-y)coslydy + sz g(x-y)sinlydy
= f g(t)cos M(x —t)dt + c> f g(t)sin A(x —t)dt
= J g(t)(cos Ax cos At + sin Ax sin At)dt
- (2.18)
+c J g(t)(sin Ax cos At — sin At cos Ax)dt
= (1 COS )fo g(t) cos At dt + cp sin Ax f g(t) cos At dt

= (¢1cos Ax + ¢ sin Ax) f g(f) cos At dt = ¢p(x,1)g(X),
where we have used the fact that the function g(t) is even and therefore
I g(t)sin\tdt =0. (2.19)

The same result can be obtained similarly for A = 0. Thus, (2.13) is also proved.
Now we consider the case n > 2. We shall use the integral representation

Rof() = [ r(eyim f(w)dy 220)

of the resolvent R, = (A — ul )™ of the operator A. As is known [4, Section 13.7, Formula
(13.7.2)],

i#(n_z) /4

r(xy;p) = H((rlz)—z)/z(lx_yl\/ﬁ)f (2.21)

204227 (=22 | x — y| (n-2)/2

where H{" (z) is the Hankel function of the first kind of order v. Next, according to the general
spectral theory of self-adjoint operators [3, page 150, Formula (11)], we have

A, f () = 5 (Rusio = Ry-o) f ()l (2.22)

Therefore, from (2.4) it follows that the representation (2.5) holds with

1
21

K(x9) = 5 [ BRI yiges i0) = r(x,yige = i0) . (223)
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Now the representation (2.6), which expresses that X (x,y) is a function of |x — y|2, follows
from (2.23) by (2.21).
To prove (2.10) we use (2.23). By virtue of (2.23),

fw k(lx=yI")w (v, )dy = IW K (x,y)g (v, A)dy

= lim {L F SV [r(xy;p+ie)

e—+0 Rn 2.7Tl 0
(2.24)
—r(x,y; p i) dﬂ}‘l‘(]// A)dy
_ e (® 8(vR) i ~
= g(x, )L)glinloyr . —(/4 - )@)2 o du=¢(x,1)g(A),
see Appendix. Here we have used the fact that from (2.9) it follows that
(~a-2)g(x ) = (V2= 2)p(x, ), (2.25)
that is,
gl d) = (2 -z)(-A -2) g (x,0), (2.26)
and therefore
1
f r(oy2)e(y, )dy = o). (2.27)
Rn -z

Finally, to deduce the explicit formulae (2.7), (2.8), we take ¢(x, 1) = ¥ in (2.10).
Then, putting X = (xy,...,x,), we can write

f k<|x1 —y)PH]x- g|2>e”‘y1dy1dg = g(L)e. (2.28)
R"
If we set

(x1-y1)* = w, (2.29)

then the left-hand side of (2.28) equals

J‘” {fRn1k<w+ |’?_9|2>d9}€myldw- (2.30)

—0o0
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On the other hand,

LRM k(w+ |5 - ) dy = f

0

oo

{f|~ i k<w+ |3~C_]7|2>d5}dr
X-y|=r
- f: k<w + r2> {f|§—g|:r dS}dr =0y J:o T"_2k<w + T2>dr

= 5om [ (=) Pkt

(2.31)

where
n/2

27T

Oy = m (232)

is the surface area of the (n — 1)-dimensional unit sphere (I' is the gamma function) and dS
denotes the surface element of the sphere {7 € R"! : |¥ — | = r}. Therefore, setting

Q(w) = %on_lj (t —w) "2k (t)dt, (2.33)
we get that (2.28) takes the form
f Q(w)e™'dy; = g(L)e™. (234)

Substituting here the expression of w given in (2.29) and making then the change of variables
x1 —y1 =, we obtain

fw Q(tz)ei“dtz 30 = f B g(tyeMdt. (2.35)

—Qo0

Hence (2.7) follows. Further, it is not difficult to check that the formula (2.33) for n > 2 is
equivalent to (2.8), see Appendix.

Since g(t) is smooth and has a compact support, it follows from (2.7), (2.8) that the
function k(t) also is smooth and has a compact support; more precisely, if supp g(t) C (-a, a),
then supp k(t) C [0, a?). This implies, in particular, convergence of the integral in (2.10) for
each fixed x. The theorem is proved. O
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3. Derivation of Formulae (1.17), (1.18)

Consider the Cauchy problem (1.7), (1.8):

o%u
W =Au, x€ Rn, t>0, (31)
u(x,0) = p(x), (')u((;;, 0 =0, xeR”" (3.2)

where u = u(x,t),t >0, x = (x1,...,x,) € R", p(x) € CF°(R").
Forv=(vi,...,v,), x=(x1,...,x,) € R", let us set

|V|2 - v2+...+vrzl/ (v,x) =vViX1+ -+ VX5 (33)

Since
_AeivX) — |v|26i(v,x), (3.4)

applying (2.9), (2.10), we get
[ k(x-yl)eeoay = e ern, (35)
]Rn
Hence, by the inverse Fourier transform formula,

1 ~ i(v,x) ,—i(v,
k(1% =91") = o7 [ EDeDe 0, (36)

C

Multiplying both sides of the last equality by ¢(y) and then integrating on y € R", we get
f k(lx-yI*)p(y)dy = LI F(v))e' ™ U p(y)e "V dy|dv. (3.7)
R (2JT) R~ R~

Substituting here for g(|v|) its expression

(v =2 [ *g(0)cos(lviar (3.8)
and setting
1 ; .
u(x, t) = —— cos|v|t)e!) U e W dy | dv, 3.9
(50 = gy | (costrine ™| | gy ¥y (39)
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we obtain
f k(Jx-y*)p(y)dy = ZIW g(Hu(x, t)dt. (3.10)
R" 0

Obviously, the function u(x, t) defined by (3.9) is the solution of problem (3.1), (3.2). Next we
will transform the left-hand side of (3.10) using Theorem 2.1.
First we consider the case n = 1. In this case, (3.10) takes the form

Iw k(lx—ylz)tp(y)dy =2f:o g(tu(x, t)dt (3.11)

—0o0

and from (2.7), (2.8) we have
k<t2> = Q(t2) = g(b). (3.12)

Therefore, making the change of variables y — x = t and taking into account the evenness of
the function g(t), we can write

F k(lx-yI*)o(y)dy = fi k(#)p(x + bt

—0o0

N _ (3.13)
- stpteenar= [ gtlpee )+ pte-pla
Substituting this in the left-hand side of (3.11), we obtain
f gt [p(x+ 1)+ p(x—t)]dt = 2f g(B)u(x, t)dt. (3.14)
0 0

Hence, by the arbitrariness of the smooth even function g(t) with compact support, we get

=(p(x+t)+(p(x—t)

u(x, t) >

(3.15)
Further assume that n > 2. Making the change of variables
y-x=tw, 0<t<oo, lwl =1, w=(w,...,w,), dy=t"'dtds,, (3.16)

where dS,, is the surface element of the unit sphere {w € R" : |w| = 1}, we get

fRn k(Jx-y*)e(y)dy = J? e (1) {f

p(x +tw)dS,, } dt. (3.17)

|ew]=1



12 Journal of Applied Mathematics

Further, making in the right-hand side of (3.17) the change of variables

x+tw=1y, das, =t"'ds,,

where dS,, is the surface element of the sphere {y € R" : |y — x| = t}, we have

- f . ¢ (x + tw)dS,, = L | P(Y)dSy = Py(x,1).

y—x|=

Therefore,

J;Rn k<|x - y|2>(p(y)dy = J‘oo k<t2>Pq,(x, t)dt,

0
and (3.10) becomes

Iooo k<t2>P“’(x’ tdt =2 f g(tyu(x, t)dt.

Consider the cases of odd and even n separately.
Let n = 2m + 1(m € N). Then, by (2.8) we have

F) - e (e)

and it follows from (2.7) (by successive differentiation) that
Therefore,

and (3.21) takes the form

-1n" OO{ <%%>mg(t) }pq)(x, f)dt =2 j: g(t)u(x, t)dt.

2marm ),

Further, integrating m times by parts, we get

foo{ (%%)mg(t) }Hp(x,t)dt = R(x, HI=F + (-1)" f: 2(b) <%%)mpq,(x, hdt,

0

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)



Journal of Applied Mathematics 13

where

_ g(—1 k1 {G%)’”"‘g(t)}<%%)k_lp¢(x,t)

S (R [COR R

Since g(t) is identically zero for large values of t, we have from (3.27) that R(x, o) = 0. Also,
it follows directly from (3.27) that R(x,0) = 0. Therefore, (3.25) becomes

(3.27)

1 1 o
zmﬁmf g()<att> P¢(x,t)dt=2fo g(Hu(x, tydt. (3.28)

Since in (3.28) g(t) is arbitrary smooth even function with compact support, we obtain that

1 o 1\"

This coincides with (1.17) by (3.19).
Now let us consider the case n = 2m (m € N). In this case, by (2.8) we have

m pcwo m m @00 )(m)
() = CU" 7 Q0@ " (7 QM)

7" ) Vw - 1?2 ), VeE—2 (330
and therefore
5 D)™ (= f (= QM ()2
fo k<r2>P¢(er)dr I Io {J; N dt ¢ Py (x,r)dr
D™ = (2 QM (17)2
= = 2 4 das, id
am 4[0 { r t2—7r2 : J‘yx|=r (P(y) Y ’
_ (_1)m J-oo J—oo Q(m) <t2>2t (p(y)dS (3.31)
7 Jo | Jr y=al=r 4 J12 — |y - x|
G (2)> _9(y)ds,
am f < I -[|y xl=r 4 /§2 |3/ x
Hence, setting
' ¢(y)dS, ¢(y)dy
Hy(x, t) = ——=—|dr= —_—, (3.32)
’ J‘O '[ly—x|=r\/t2—|y—x|2 J‘|y x|<tm



14 Journal of Applied Mathematics

we get

m

Lw k<r2>Pq, (x,r)dr = % f:o Qm <t2>2tH,,,(x, t)dt. (3.33)

Substituting this in the left-hand side of (3.21) (beforehand replacing t by r in the left side of
(3.21)), we obtain

(i 1) f Q<m> t2>2tH (x,t)dt =2 f g(tyu(x, t)dt (3.34)
or, using (3.23),
(_1)m © 19\™ ®
Ty J.O {(?&) g(t) }th,(x, t)dt = ZJO g(B)u(x, t)dt. (3.35)

Further, integrating m times by parts, we get

f {(1;) (t)}fH (x,t)dt = L(x, D] +<1>f (t)( —>th<p(X,t)dt, (3.36)

where

Lix, 1) = i(_l)k—l{<%§> gt )} (;ﬁ) tH,(x, ). (3.37)

k=1

Since g(t) is identically zero for large values of ¢, we have from (3.37) that L(x, o0) = 0. Also,
using the expression of Hy(x, t),

Hy(x,t) = j

0

t ds
J‘ p(y)dsy r
ly—x|=r

_ j o U Mdsw] dr
0 lwl=1 V2 =12 (3.38)
t m—

= jo 7: _;2 I:J‘ o p(x + rw)dSw] dr

:j (P-2)™" ZU (p<x+ t2—§2w)d5w]d§,
0 wl-1

we can check directly from (3.37) that L(x,0) = 0. Therefore, (3.35) becomes

1 o1\" e
T f g <8t?> tHy(x, t)dt = Zfo g(Bu(x, t)dt. (3.39)
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Since in (3.39) g(t) is arbitrary smooth even function with compact support, we obtain that

1 o 1\"
u(x,t)— W(a;) th,(X,t)

1 o1\ 'a
—zmﬁm<a?> YRR

This coincides with (1.18) by (3.32).

(3.40)

Appendix

For reader’s convenience, in this section we give some explanation of several points in the
paper.
(1) Let us show how (2.33) for n > 2 implies (2.8).

Letn =2m + 1, where m > 1. Then, since

39 = 370 = TS (A1)
Equation (2.33) takes the form
Qw)=x" Jw Mk(t)dt. (A.2)
» (m-=1)!
Hence applying the differentiation formula
% Jj G(t,w)dt = -G(w,w) + f: %dt (A3)
repeatedly, we find
Q" (w) = x™(=1)"k(w) (A4)
which gives (2.8) forn =2m + 1.
In the case n = 2m with m > 1, (2.33) takes the form
Q(w) = %oz,ﬂ,l J: (t —w) P2k () dt. (A5)
Hence,
QI (w) = o [ (PRI S e (A0
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Therefore, taking into account that by virtue of

T'(x)=(x-DI(x-1), r<%> - /7, (A7)
we have
1 ar(@m=1)/2 r(2m=1)/2
29 T T (2m=-1)/2) ~ (2m=3)/2)((2m-5)/2) --- (1/2)T(1/2) s
] - (A8)
S ((2m=-3)/2)(2m-5)/2)--- (1/2)’
we get
(1) gy — (_qymtome1 [ _K(E)
QM () = (-1)" ' ) mdt. (A.9)

In the right-hand side we replace t by u, then divide both sides by vw —t and integrate on
w € (t, ) to get

J il

ooQ(m_l)(u]) _ (_1\ym-1__m-1
J‘t ﬁdw—( 1) J du}dw

= (-1)" gt f k(u) J dw du (A.10)
t t V(w—t)(u—-w)
= (—1)m_17r’"J‘ k(u)du,
t
because for any t < u, using the change of variables v/w —t = ¢, we have
ju dw ~ ZI u—t dé
t V(w-t)(u-w) 0 Vu—-t—¢&
= (A.11)
= 2arcsin =2arcsinl = .
u—tleo
Therefore, differentiating (A.10) with respect to t, we get
1y g (® OmD 1y g (* Olm-1)
iy - CU7 (7R, (7 (" QT
amodt), i andt), T vu A1)
—1)™ (* Qlm) _1)y" [ Olm) '
_ED (E QM@ (D" (T QM)

er 0 \/ﬁ er t w—t

Thus, (2.8) is obtained also for n = 2m with m > 1.
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(2) Here we explain (2.24). Note that since the spectrum of the operator A is [0, o)

(zero is included into the spectrum), the spectral representation formula (2.4) should be
understood in the sense of the formula

g(A"?)f = f: Z(Vi)dEy,f, (A.13)

where 6 is an arbitrary positive real number and the integral does not depend on 6 > 0 (E,, is
zero on (—oo,0) because A is a positive operator). Therefore, for (2.24) we have to show that

mE f g(—*@dy =51, AeR, (A.14)
e—=+0T ) _g (#_)LZ) +52

for any 6 > 0.
Since for any € > 0

s o 1 2
if ;Zd,u=ij‘ %=— £+arctar16+)L , (A.15)
) (u—-12)" 4 2 o) sput+er o\ 2 €
we have
lim & %dy:l, LeR,
e—+0IT -5 (ﬂ_kz) +€2
(A.16)
£J‘°° du _q
) ut+e2
Given a > 0, we can choose a > 0 such that
|§<\/u+)@>—§()u)‘<a forueQ:{u:—6—)uz<u<oo,|u|<ﬂ} (A.17)

since the function g(z) is continuous for z = A (we choose the continuous branch of the square
root for which /1 = 1). Further, we choose a number M such that

|3(z)] <M for Imz| <C < oo, (A.18)
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for sufficiently large positive number C. This is possible by (2.3) and the fact that g(t) has a
compact support. Let us set Q' = (=6 — A%, o) \ Q. Then,

®_8Wm) . ” 1
iJ‘-.s (u —giz)‘l;+€2d#_g()t)§—|‘—5 (,u—/\z)2+ezdﬂ‘
o BT )

d (A.19)
—5-)\2 u? + £2 "

u? + €2

f (V) -] f () -]
.71' ,

u? + €2

Further,

e ¢ [g(vur2)- g(x)| o,
= f 2. 2 = f o adu=a
r)ao u?+¢ .71' o Ut E
EJ‘ |§<””+)‘> g()‘)| ZMJ‘ £ 4 (A.20)
T )o u? + g2 ulsp U2 + €2

_4M € aM P\

— ——au= — —arctan —

T )y wte E3 2 €

For fixed p, the last expression tends to zero as ¢ — +0; hence, and by (A.16), (A.19),
and (A.20) we get (A.14).
(3) The formula (2.14) follows from (2.21) for n = 1 noting that

2 1/2 )
(1(;/2)(2) < ) e, (A.21)

4

(4) The difference between operators (9/0t 1/t)™ (formulae (1.17), (1.18)) and
(1/t o/0t)™ (formula (3.25)) is given by

d1\" o8 /10\""1
<&?> ‘&(?&) T (A.22)

(5) The explicit formula for the solution of the wave equation in the case n even can
be derived from the case n odd by a known computation called the “method of descent” (see
(1]).

(6) Since for supp g(t) C (-a,a), a > 0, we have supp k(t) C [0,a?), and on the left-
hand side of (2.10) the integral is taken in fact over the ball {y € R" : |y — x| < a}, for fixed x.
Therefore, this integral is finite for each x € R" and any solution ¢s(x, 1) of (2.9). We proved
(2.10) for A € R. If the solution ¢(x, 1) is an analytic function of A € C, then (2.10) will be held
also for complex values of A by the uniqueness of analytic continuation.
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