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A theorem on asymptotic stability is obtained for a differential equation with an infinite delay in a

function space which is suitable for the numerical computation of the solution to the infinite delay
equation.

1. Introduction and Preliminaries

In this paper, we study the asymptotic stability of the solutions to the infinite delay dif-
ferential equation given below:

x'(t) = ax(t) + gbix(t -1;), t>0, 1)

x(0) = ¢(0), 0¢€(-0,0],

under the following assumptions.

(i) There exists p > 0 with |b;| < py~ for alli € N.

(ii) ; <ir forallie N.



2 Journal of Applied Mathematics

The asymptotic stability of a linear infinite delay equation is studied in [1-5] in the
context of abstract phase spaces which includes the space:

{q‘b € C(-0,0]: sup e"|p(0)] < oo,elim e’9(0) exists}. (1.2)
0e(—0,0] —®

The asymptotic constancy neutral equations are studied in [6]. Linear time-invariant systems
with constant point delays are studied in [7] and in [8]; a Razumikhin approach is used to
study exponential stability of delay equations. Asymptotic stability and stabilization of linear
delay-differential equations are studied in [9].

In this paper, the phase space C(—00,0] for the initial function is chosen as follows.
Letm; =iT; >0and f; = py‘i. The space C;(—o0, 0] is defined as

{4) € C(~0,0] : iﬁl sup |p(0)] < oo}. (1.3)

i=1  0€[-m;0]

Here C(—o0, 0] is the set of continuous complex valued functions defined on (—oo, 0].

The motivation to consider the above type of phase space is that for numerical
computation of solutions it is enough to know the values of the initial data over a finite
domain at every stage of computation. See [10, 11].

The following definitions and results are well known, see for example [5] or [12].

Definition 1.1. The Kuratowski measure of noncompactness a(V') of the subset V of a Banach
space X is defined by

a(V) = inf{d > 0 : there exists a finite number of sets V1, V5,...,V,,

(1.4)
with diam V; < d such that V = u;;lvj}.
For a bounded linear operator L : X — Y, |L|, is defined as
IL|, =inf{k >0: a(L(V)) < ka(V) for all bounded sets V}. (1.5)

Proposition 1.2. Let X, Y, Z be Banach spaces and M : X — Y, L : Y — Z be bounded linear
operators. Then, |M o L|, < |M|a|L|s. Further, if M : X — Y is compact, then | M|, = 0.

Theorem 1.3. Let X be a Banach space and let A : D(A) — X be the infinitesimal generator of a
semigroup of operators Sy : X — X. Then, the growth bound of the semigroup wy defined as

1
wo = Jim £ In(|Sil]) = inf{eo : IM 2 1 such that ||S,]| < Me"}, (1.6)

is given by

wo = max{s(A), Wess}, (1.7)
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where s(A) = sup{R(\) : A € spec (A)} and
.1
Wess = thm n In(|S¢|,)- (1.8)

In Theorem 1.3, spec(A) is the compliment of the resolvent set p(A) which is the set of
all A € C such that the operator AI — A is one-one and onto and (Al - A)!is a bounded linear
map.

For a real number 7, |[r| =max{n € Z:n <r}and [r] = min{n € Z : n > r}. We will
make use of the observation [r] < |r|] <r+1forr eR.

2. Asymptotic Stability of a PDE

Consider the following simple initial boundary value problem for a PDE:

ou_ bu
ot 00’
u(t,0)=0, t>0, (2.1)

t>0, 8<0,

u(0,0) =ug(0), 6<0,

where 1y € Cs(—00,0] = {1 € C5(-00,0] : u(0) = 0}.
Its mild solution is given by the semigroup T; : Cg0(—00,0] — Cgo(—o0,0] defined as

Tiup(0) =up(t+6), t+60<0

2.2
=0, t+6>0. 22)

Proposition 2.1. Let m; = ity and p; = py™. The infinitesimal generator of the semigroup defined by
(2.2) is given by B : D(B) — Cg(—0,0], Bp = ¢', where

D(B) = {¢ € Cy9(-00,0] : ¢' € Co0(—00,0]}. (2.3)

Further, p(B) = {1 : R(\) > —Iny/7 }.

Besides, if R(1) > —Iny/7, then ey € Cy(—o0,0] and for every f € Cy(-o0,0], h
defined as h(0) = fg 09 £(2)d¢ and e) defined as ey (0) = e'? are elements of Cy(~o0,0].
Finally, for the semigroup T; defined in (2.2), wy = —Iny /7.

Proof. Since 0 € [—iT,0] = t+ 0 € [—iTy, 1],

sup [Tip(0)| < sup [¢(6)

0e[—it1,0] 0e[-it,0]

: (2.4)

and hence ||T;||c <1, Tis = T;Ts is obvious, then

lim[|Tip - ], =0 @25)
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can be proved using Proposition 1.9 of [10]. The proof that B is the infinitesimal generator of
T; is also easy.

Note that A = 0 trivially satisfies R(\) > —Iny/71. Let 0 £ € p(B). Define ¢, as ¢(0) =
0. Since 3%, py~ < o0, ¢ € Cyo(—00,0] and hence there is a unique ¢ € D(B), such that
Ay — ¢ = ¢. Indeed, ¢ = (Alp — B)'¢. Here, I is the identity on C,(~c0,0]. Let us note
that ¢s(0) = 0. Now, we find that ¢, defined as ¢ (0) = 8/1 + (1/A2)(1 - e'?) is the unique
continuously differentiable function such that Ags; — ¢6) = ¢ and ¢1(0) = 0. From this we
infer that ¢1 = (Ap - B)71¢ and hence ¢; € Cy0(—00,0]. Now, since ¢ € Cgo(—o0,0], we
obtain (1 - e;) € Cyo(—00,0] C Cy(—00,0]. Since the constant function 1 is an element of
Cs(-00,0], ey € Cy(—00,0]. Noting that —Iny/7 = inf{{R(A) : ey € Cy(-00,0]}, we obtain
RA) >-Iny/7. O

Let t > 7y. It is clear that for all i < [t/71], and 8 € [-iTy,0], Typ(0) = 0. Fori > |t/ 7],
and 0 € [-iT,0], wehavet+0 >t —ir > —(i — |t/71])71. Thus,

sup |T;p(0)| < sup |p(t+6)]

0e[-i,0] 0e[-ir; 0]

(2.6)
< sup  |p(O)]
Oc[-i-|t/1|1,0]
Hence
IT:ll, Zlﬂz sup [T (0)]
Oe[-it1,0
< > 1Bl sup o [9O)]
i=|t/7|+1 0e[-i-|t/71]71,0]
< 3 Pl s o)
i=|t/7|+1 Iﬂl lt/T1J|9€ —|t/71]71,0]
pi & 2.7
csp LS s e @7)
> t/71]|ﬁl \t/71] |z |t/ 7 |+1 O€[=i=[t/T1]71,0]
|4
< su
i>| t/I:l]|ﬁl t/-n |||¢”
< sup r” 7ol
<y gl

Hence, the operator norm |||, < y~1¥/7.

To prove the equality, we construct a function 7 € Cyo(—00,0] such that ||Tinlls =
Y ¥71||57]lo and the result follows.

Let6=(|t/m |+ 1)y —t=7(|t/71 | + 1 —t/71). We have, 6 < 7y. Define,

6
0)= —, —6<0<0
10 =5 (2.8)

=1, 6<-6.
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It is clear that |||, = 3%, py~, Now,

0+ t)
Tin@) =-(—), (-6-t)<0<~t
@ =-(%5"), 6-1 o)
=1, 6<-6-t
Thus || Tinlls = pz;i[t/njﬂ Y_i-
Hence, [[Tinllo =y~ "]l
Now, wy = lim;_, o (1/t) In(|| T¢||s) = —In(y) /7.
Let R(L) > —Iny/. Since
|n-B)y"gl| =] e “Ttgdt
o 0
< gl
b w (2.10)
< [ Cemarentg,di = [ " etermr g ar
0 0
< f, e g
0
we have A € p(B).
Let f € Cy(—00,0]. Define g(6) = f(8) — f(0). Then g € Cso(—o0,0].
Let g = (A — B)_lg. We have, ¢(0) =0
Define ¢ (0) = - fg et g(¢)dé. Now g1 (0) = 0 and ¢ (0) =
By the uniqueness of the solution to the initial value problem of the ODE:
Mg —¢' =g,
v-y=s @2.11)
¢(0) =0,

it is now obvious that ¢; = ¢ and hence ¢ € Cy0(—o0,0].
Now,

0 0 0
[ eevg@de= [ 0 l@) - rolae = [ V@i (1-e9) 0. @12)
0 0 0

Since 1 — ey € Cyo(-0,0], h € Cyp(-00,0] C Cy(-0,0], where h is defined as h(6) =
fo XD f(@)de.

3. Stability of the Infinite Delay Equation

The proof of the next theorem assuring the existence of a unique solution to (1.1) is similar to
the proof of Theorem 2.2 of [10].
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Theorem 3.1. Let a € R and the sequences b; and f; be as in Section 1. Assume that 7; < iTy. Then
there exists a unique solution x : R — R to (1.1) such that its restriction to [0, o), denoted by y, is
in C1[0, o0). Further, for any t € [0, 00), there is a constant c(t) > 0 such that

t .
ssel[,g;]ly(sﬂ < C( )“(;b”o (31)

In addition, the family of operators {S; : t > 0} defined as

Sip(0) =x(t+0), t+0>0

=¢(t+0), t+0<0 (3.2)

forms a semigroup. Also, the infinitesimal generator of S; is givenby A : D(A) — Cg; (-0, 0],
where

D(A) = {(j) € Cy(-00,0] : ¢' € Co(—0,0], ¢'(0) = ad(0) + ibi()‘b(—ﬂ')}
i=1

(3.3)
Ap =9
Further, D(A) is dense and A is a closed operator.
Theorem 3.2. For the semigroup S; defined by (3.2)
1Stl, <y~ (34)

Further, assume that a + },72; b; # 0. Then for the generator of the semigroup S; defined
by (3.3) and

qqu)z{A:mm)g—mOO}u{A:mu)> In(y) , _a+§pe*ﬂ} (3.5)
1

Besides, suppose that for any A € C with A = a + 3%, b;e™™, we have R(\) < —p; for
some p1 > 0. Then, the semigroup S; is asymptotically stable.

Proof. Let T; be as in Proposition 2.1. Fix t > 0. Define V; : C5(-00,0] — Cy(-o0,0] as

Vip(6) =0, t+6>0

= p(t+0)—p(0), t+6<0. (3.6)
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Define K; : C[0,t] — Cy(—00,0] as

[K.z](0) = z(t+0) —z(0), t+0>0

B 0 (3.7)
=0, t+6<0. O
It is easy to see that
Iz, <2514 sup 0 ). 38)
i=1 s€(0,t]

Thus, K; is a bounded linear map.

Define K; : C5(—00,0] — Co(-o0,0] as [K1¢](0) = ¢(0) for all 6 € (—oo,0]. It is clear
that K is compact. Define B; : C5(-00,0] — CJ[0,t] as B;¢ = z, where z is the restriction of y
to [0, f]. From (3.1), B; is a bounded linear map. Let S; be as in (3.3). Then,

St = ‘/t + KtBt + Kl. (39)

Now, if I is the identity on Cy(—00,0] and J : Cg(—00,0] — Cs(—00,0] is the inclusion
map, then V; = JT;(I — K1), and, finally,

Sy =JTi(I - K1) + KiB; + Kj. (3.10)

Next, we show that B; is, in fact, a compact map. Let x be the solution to (1.1) as in
Theorem 3.1:

29) =40+ [ S px(n-rdn, s (0,1 (311)
0 i=1
Thus,
Z'(s) = az(s) + ibix(s - T). (3.12)

i=1

Consider n € Nsuch thatt € [n7y, (n+1)7;]. From (3.1) and (3.11), we obtain existence
of ¢1(t) > 0 such that

sup |2'(s)| < c1(D||$]l,- (3.13)
s€[0,¢]

Hence by Arzela-Ascoli theorem, B; is a compact operator.
It is easy to show that |J|, < ||J|lc = 1. By the compactness of K; and By, |I — K|, =1

and |K;By|, = |K{|, = 0. Thus, from the relation

St =JTy(I - Ky) + KiB; + Ky, (3.14)
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and Propositions 1.2 and 2.1 of this paper, we obtain

ISty < ITel, < I Tell, <y 17 (3.15)
So,
1 Y
Wess = lim — In(|S¢],) < —In —. (3.16)
t—oot T1

Let0# .\ € p(A).
There is a unique ¢ € D(A) such that
Mg —¢'=-1,
¢'(0) = ag(0) + > big(-7y).

i=1

(3.17)

It is clear that there is ¢ € C such that ¢s(8) = (c — 1/1)e*® — 1/1. Now, we claim that
c#1/M.1fc=1/) theng(0) =-1/Aforall 6 € (—oo,0]. Since ¢¢ € D(A), we must have ¢’'(0) =
ag(0) + X2, big(—1;). But this would imply that a+ X%, b; = 0 which is a contradiction, to the
hypothesis that a + 3.2, b; #0. Now, since ¢ — 1/1#0, it is obvious that e, € C,(—o0,0]. But
this implies that R(1) > —In(y) /7. If 0 € p(A), the condition R(A) > —In(y) /7 is obvious.
Thus,

p(A)Q{/\ RO > (Y)} (3.18)

We now infer that {A : R(\) < —In(y)/71} C spec(A). Next, if \ = a + 3, bie™7,
and R(A) > —In(y)/m, then ey, € Cy(—00,0] and hence e, € D(A) with Aey = Ae,. Thus,
A € spec(A). So,

{A R > -lnT(Y), L=a+ ibie‘““} C spec(A). (3.19)
1 i=1

Let us assume that R(1) > —In(y) /7 and A #a + 352, bie ™

Then, by Proposition 2.1, we have e, € Cs(—o0, 0] and the function h defined as h(0) =
[9 MO0 £(2)d¢ is in Cy(~o0,0].

Defining A : Cy(-o0,0] — Cas A(¢p) = ap(0) + > 7 bip(-7;) and taking c= (A(h)
£(0))/(A(ey) — 4), we find that ¢ defined as ¢(0) = fe 409 £(&)d¢ + cerf is (AT — A)~ (f)
Thus,

{A R(L) (Y)  A#a+ Zb e“z} C p(A). (3.20)

i=1
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From (3.18), (3.19), and (3.20), we finally conclude that

T T1

spec(A) = {)L RO < —M} U {)L oy s 0 4y ibie‘”"}, (3.21)
1 i=1

or

-
1

p(A) = { LR >0 g ibie‘“f}. (3.22)
i=1

Since wy = max{s(A), wess} < max{—p1,—In(y)/ 71}, the result follows.

Remark 3.3. Consider the PDE:

Oou _Ou
ot 00’ (3.23)
u(0,6) = ().

Let B be as in Proposition 2.1 and A be as in Theorem 3.1. For ¢ € D(B), u(t,0) = T;p €
Cs,0(—00,0] is the solution to the above PDE. For ¢ € D(A), u(t,0) = S;¢p € Cy(—00,0] is the
solution to the above PDE. For the first solution u(t + 6) = 0, ¢t + 6 > 0 and for the second
solution u(t + 0) = x(t + 0), t + 0 > 0. Here x is the solution to the delay equation.
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