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The robust local regularity and controllability problem for the Takagi-Sugeno (TS) fuzzy descriptor
systems is studied in this paper. Under the assumptions that the nominal TS fuzzy descriptor
systems are locally regular and controllable, a sufficient criterion is proposed to preserve the
assumed properties when the structured parameter uncertainties are added into the nominal TS
fuzzy descriptor systems. The proposed sufficient criterion can provide the explicit relationship
of the bounds on parameter uncertainties for preserving the assumed properties. An example is
given to illustrate the application of the proposed sufficient condition.

1. Introduction

Recently, it has been shown that the fuzzy-model-based representation proposed by Takagi
and Sugeno [1], known as the TS fuzzy model, is a successful approach for dealing with
the nonlinear control systems, and there are many successful applications of the TS-fuzzy-
model-based approach to the nonlinear control systems (e.g., [2-19] and references therein).
Descriptor systems represent a much wider class of systems than the standard systems [20].
In recent years, some researchers (e.g., [4-6, 8, 21-28] and references therein) have studied
the design issue of the fuzzy parallel-distributed-compensation (PDC) controllers for each
fuzzy rule of the TS fuzzy descriptor systems. Both regularity and controllability are actually
two very important properties of descriptor systems with control inputs [29]. So, before the
design of the fuzzy PDC controllers in the corresponding rule of the TS fuzzy descriptor
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systems, it is necessary to consider both properties of local regularity and controllability for
each fuzzy rule [23]. However, both regularity and controllability of the TS fuzzy systems are
not considered by those mentioned-above researchers before the fuzzy PDC controllers are
designed. Therefore, it is meaningful to further study the criterion that the local regularity
and controllability for each fuzzy rule of the TS fuzzy descriptor systems hold [30].

On the other hand, in fact, in many cases it is very difficult, if not impossible, to obtain
the accurate values of some system parameters. This is due to the inaccurate measurement,
inaccessibility to the system parameters, or variation of the parameters. These parametric
uncertainties may destroy the local regularity and controllability properties of the TS fuzzy
descriptor systems. But, to the authors” best knowledge, there is no literature to study the
issue of robust local regularity and controllability for the uncertain TS fuzzy descriptor
systems.

The purpose of this paper is to present an approach for investigating the robust local
regularity and controllability problem of the TS fuzzy descriptor systems with structured
parameter uncertainties. Under the assumptions that the nominal TS fuzzy descriptor
systems are locally regular and controllable, a sufficient criterion is proposed to preserve
the assumed properties when the structured parameter uncertainties are added into the
nominal TS fuzzy descriptor systems. The proposed sufficient criterion can provide the
explicit relationship of the bounds on structured parameter uncertainties for preserving the
assumed properties. A numerical example is given in this paper to illustrate the application
of the proposed sufficient criterion.

2. Robust Local Regularity and Controllability Analysis

Based on the approach of using the sector nonlinearity in the fuzzy model construction, both
the fuzzy set of premise part and the linear dynamic model with parametric uncertainties
of consequent part in the exact TS fuzzy control model with parametric uncertainties can
be derived from the given nonlinear control model with parametric uncertainties [5]. The TS
continuous-time fuzzy descriptor system with parametric uncertainties for the nonlinear con-
trol system with structured parametric uncertainties can be obtained as the following form:

R': IFz;is M;;and ... and Zgis Mg,

(2.1)
then Elx(t) = (Al + AA,)x(t) + (Bl + AB,)u(t),
or the uncertain discrete-time TS fuzzy descriptor system can be described by
R: IF z1is Mj and ... and zg is M,
(2.2)

then Eix(k + 1) = (A; + AAy)x(k) + (B + AB))u(k),

with the initial state vector x(0), where R (i=1,2,...,N) denotes the ith implication, N is the
number of fuzzy rules, x(t) = [x1(f), x2(),. ..,xn(t)]T and x(k) = [xl(k),xz(k),...,xn(k)]T
denote the n-dimensional state vectors, u(t) = [ui(t),ux(t),.. .,up(t)]T and u(k) =
[ul(k),uz(k),...,up(k)]T denote the p-dimensional input vectors, z; (i = 1,2,...,g) are
the premise variables, E;, A;, and B; (i = 1,2,..., N) are, respectively, the n x n, n x n and
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n x p consequent constant matrices, AA; and AB; (i = 1,2,...,N) are, respectively, the
parametric uncertain matrices existing in the system matrices A; and the input matrices B; of
the consequent part of the ith rule due to the inaccurate measurement, inaccessibility to the
system parameters, or variation of the parameters, and M;; (i =1,2,...,Nandj=1,2,...,9)
are the fuzzy sets. Here the matrices E; (i = 1,2,...,N) may be singular matrices with
rank(E;) < n (i = 1,2,...,N). In many applications, the matrices E; (i = 1,2,...,N)
are the structure information matrices; rather than parameter matrices, that is, the
elements of E; (i = 1,2,...,N) contain only structure information regarding the problem
considered.

In many interesting problems (e.g., plant uncertainties, constant output feedback with
uncertainty in the gain matrix), we have only a small number of uncertain parameters, but
these uncertain parameters may enter into many entries of the system and input matrices
[31, 32]. Therefore, in this paper, we suppose that the parametric uncertain matrices A A; and
AB; take the forms

m m
AA; = Z ik Aik, AB; = Z €ikBik, (2.3)
k=1 k=1

where €i (i =1,2,...,N and k = 1,2,...,m) are the elemental parametric uncertainties, and
Ajcand By (i = 1,2,...,N and k = 1,2,...,m) are, respectively, the given n x n and n x p
constant matrices which are prescribed a priori to denote the linearly dependent information
on the elemental parametric uncertainties &jx.

In this paper, for the uncertain TS fuzzy descriptor system in (2.1) (or (2.2)), each
fuzzy-rule-nominal model E;x(t) = A;jx(t) + Bju(t) or Eix(k + 1) = A;jx(k) + Bju(k), which
is denoted by (E;, A;, B;}, is assumed to be regular and controllable. Due to inevitable
uncertainties, each fuzzy-rule-nominal model {E;, A;, B;} is perturbed into the fuzzy-rule-
uncertain model {E;, A; + AA;, B; + AB;}. Our problem is to determine the conditions
such that each fuzzy-uncertain model {E;, A; + AA;, B; + AB;} for the uncertain TS fuzzy
descriptor system (2.1) (or (2.2)) is robustly locally regular and controllable. Before we
investigate the robust properties of regularity and controllability for the uncertain TS fuzzy
descriptor system (2.1) (or (2.2)), the following definitions and lemmas need to be introduced
first.

Definition 2.1 (see [33]). The measure of a matrix W € C"™*" is defined as

(W) Em<||1+9;"|| ‘1), (2.4)
where || - || is the induced matrix norm on C"*".

Definition 2.2 (see [34]). The system {E;, A;, Bi} is called controllable, if for any #; > 0 (or
ki > 0), x(0) € R*, and w € R", there exists a control input u(t) (or u(k)) such that x(t;) = w
(or x(k1) = w).
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Definition 2.3. The uncertain TS fuzzy descriptor system in (2.1) (or (2.2)) is locally regular, if
each fuzzy-rule-uncertain model {E;, A; + AA;, B; + AB;} (i=1, 2,...,N) is regular.

Definition 2.4. The uncertain TS fuzzy descriptor system in (2.1) (or (2.2)) is locally
controllable, if each fuzzy-rule-uncertain model {E;, A; + AA;, B; + AB;} (i = 1,2,...,N) is
controllable.

Lemma 2.5 (see [34]). The system {E;, A;, B;} is reqular if and only if rank[E,; Bg;] = n?, where
E,; € R™" gnd E4 € R™™ gre given by

E; A;
0 Ei Al
Eyi = , Egi = ' . . (2.5)
| 0 ] | E; A;]

Lemma 2.6 (see [29, 35]). Suppose that the system {E;, Ai, B;} is reqular. The system {E;, A;, B;}
is controllable if and only if rank[E4;  Ep;] = n® and rank[E; B;] = n, where Ey; € R g given
in (2.5) and Ey; = diag{B;, B;, ..., B;} € R"*",

Lemma 2.7 (see [33]). The matrix measures of the matrices W and V, namely, u(W) and u(V'), are

well defined for any norm and have the following properties:

(i) u(xI) = £1, for the identity matrix I;

(ii) —[[W] < —u(-W) < Re(A(W)) < u(W) < |W]||, for any norm || - || and any matrix
W € Ccmn.

(iii) y(W +V) < y(W) + y(V),for any two matrices W,V e Cvm,

(iv) p(yW) = yu(W), for any matrix W € C"™" and any non-negative real number y,

where A(W) denotes any eigenvalue of W, and Re(A(W)) denotes the real part of A(W).

Lemma 2.8. For any y < 0 and any matrix W € C™", uy(yW) = —yu(-W).

Proof. This lemma can be immediately obtained from the property (iv) in Lemma 2.7. O
Lemma 2.9. Let N € C™", If,u(—ﬁ) <1, then det(I + N) #0.

Proof. From the property (ii) in Lemma 2.7 and since y(—ﬁ) <1, we can get that Re()t(ﬁ)) >
—y(—N) > —1. This implies that A(N) # — 1. So, we have the stated result. O
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Now, let the singular value decompositions of R; = [E,; Eail, Qi = [Esi  Epi], and
P, =[E; B] be, respectively,

Ri=U;[Si 024, VH, (2.6)
Qi =U,i[Sri Owwnp] V., (2.7)
Py =Uei[Sei Opug| VE, (2.8)

where U; € R™>" and V; € RO #+Mx("+1) are the unitary matrices, S; = diag{on, 0i, ..., Oi2 },
and 0,1 > 0p > -+ > Gy > 0 are the singular values of R;; U,; € R™*™ and V,; € RO +m)x(*+np)
are the unitary matrices, S,; = diag{oi1,0vi2,..., 02} and oyi1 > Orip > -+ > Opiz > 0 are
the singular values of Q;; U, € R™" and V,; € R"P*("#P) are the unitary matrices, S.; =
diag{oci1, Oci2, - - -, Ocin} and Ogi1 > Ocip > -+ > Ocin > 0 are the singular values of P; V!, VI,
and VCII.{ denote, respectively, the complex-conjugate transposes of the matrices V;, V,;, and
Vii.

In what follows, with the preceding definitions and lemmas, we present a sufficient
criterion for ensuring that the uncertain TS fuzzy descriptor system in (2.1) or (2.2) remains
locally regular and controllable.

Theorem 2.10. Suppose that the each fuzzy-rule-nominal descriptor system {E;, A;, B;} is reqular
and controllable. The uncertain TS fuzzy descriptor system in (2.1) (or (2.2)) is still locally reqular
and controllable (i.e., each fuzzy-rule-uncertain descriptor system {E;, A; + AA;, Bi + AB;} remains
regular and controllable), if the following conditions simultaneously hold

Z Eikpik <1, (2.9a)
k=1
> el <1, (2.9b)
k=1
> eidix <1, (2.9¢c)
k=1

wherei=1,2,...,N,and k=1,2,...,m:

#<_Si71ul~I_IRik‘/i[In2/ Onzxn]T>, fOrSik 2 0,

e —#<5i_1uiHRikVi[In21Onzxn]T>/ forei <0,
Rix = [Onzxn ﬁik] € RMx(m),
Ry = diag{Ai, ..., Ag) € R,
. ﬂ(‘s;ilufilQieri [Inzlonzxnp]T>/ forey >0,
ik =

—u (S;}UfiIQier,» [Inz,onzxnp]T>, for gir <0,
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- B

Qik — ' ' e anx(n2+np),

Aik Bik

L .

p(=STUHPAVil L, O] ), forei 20,
Pik = .
~p(SFUH P Vii[L, 0] ), forei <0,
Pi = [Opxn Bix] € R™P),

(2.10)
the matrices S;, U;,Vi, Syi, Ui, Vyi, Sci, Ui, and Vi (i = 1,2,..., N) are, respectively, defined in
(2.6)—(2.8), and 1,2 denotes the n> x n® identity matrix.

Proof. Firstly, we show the regularity. Since each fuzzy-rule-nominal descriptor system
{Ei,Ai,Bi} (i = 1,2,...,N) is regular, then, from Lemma 2.5, we can get that the matrix
Ri=[E. Ea]e€ R™*(+1) has full row rank (i.e., rank(R;) = n?). With the uncertain matrices

A;i + AA; and B; + AB,, each fuzzy-rule-uncertain descriptor system {E;, A; + AA;, B; + AB;}
is regular if and only if

m
Ri = Ri + Z 5ikRik (2.11)
k=1

has full row rank, where Rjx = [0,.25, ﬁik] € R+ and Ry = diag{Ai,..., Aix} € R

It is known that rank(ﬁ,-) = rank(Si‘lulHﬁiVi) (2.12)
Thus, instead of rank(ﬁi), we can discuss the rank of

m
[Inzr Onzxn] + Z €ik Rik, (213)
k=1

where ﬁik = Si‘lLIiHRikVi, fori =1,2,...,Nand k = 1,2,...,m. Since a matrix has at least
rank 7 if it has at least one nonsingular n? x n> submatrix, a sufficient condition for the matrix
in (2.13) to have rank n? is the nonsingularity of

m
Li=1Ip+ Z €ikRik, (2.14)
k=1

where Ry = S;llll.HR,-kVi[Inz,Onzx,,]T (fori=1,2,...,Nand k=1,2,...,m).
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Using the properties in Lemmas 2.7 and 2.8 and from (2.9a), we get
m _ m T
U <— Z £ikRik> =u <— Z eixSi UM Ry Vi[ L2, 0,2, >
k=1 k=1

<> p(-ewST U R VilLe, Oyesn] ) (2.15)

EikPik <1.

Ms T

>~
]
—_

From Lemma 2.9, we have that
det(L;) = det<Inz +> gikﬁik> £0. (2.16)
k=1

Hence, the matrix L; in (2.14) is nonsingular. That is, the matrix R; in (2.11) has full row
rank n%. Thus, from the Lemma 2.5, the regularity of each fuzzy-rule-uncertain descriptor
system {E;, A; + AA;, B; + AB;} is ensured.

Next, we show the controllability. Since each fuzzy-rule-nominal descriptor system
{E;,A;,B;} (i = 1,2,...,N) is controllable, then from Lemma 2.6, we have that the matrix
Q; = [Ez Epi] has full row rank (i.e., rank(Q;) = n*) and P, = [E; B;] has full row rank (i.e.,
rank(P;) = n). With the uncertain matrices A; + AA; and B; + AB;, each fuzzy-rule-uncertain
descriptor system {E;, A; + AA;, B + AB;} is controllable if and only if

m
Qi = Qi+ D, Qi (2.17)
k=1
- m
P, =P+ P (2.18)
k=1
have full row rank, where
[ A Bi ]
Aix Bix
Qix = o o € R (2.19)
| Ak Bix |

and Py = [0px,  Bix] € R™07P).
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It is known that
rank (@l> = rank (S;il Uﬂ@inO . (2.20)

Thus, instead of rank(@i), we can discuss the rank of

m
[Inzr Onzxnp] + Z giink/ (221)
k=1

where Qi = S UHQuVyi, fori=1,2,...,Nand k = 1,2,...,m. Since a matrix has at least
rank n? if it has at least one nonsingular n? x n? submatrix, a sufficient condition for the matrix
in (2.21) to have rank n? is the nonsingularity of

m
Gi=Ip+ D, eixQu (2.22)
k=1

where @ik = S;}Ufoieri [Inz,Onzan]T (fori=1,2,...,Nand k=1,2,...,m).
Applying the properties in Lemmas 2.7 and 2.8 and from (2.9b), we get

U <_ Z 5ik§ik> =H <_ Z Siks;iluf{Qieri [Inzr Onzxnp] T>
=1 k=1

< #(—siks;ilquieri [Inz, Onzxnp] T) (2.23)

Ms TM:

Eikeik <1

T
N

From Lemma 2.9, we have that
det(G;) = det <Inz + Z 5ik§ik> #0. (2.24)
k=1

Hence, the matrix G; in (2.22) is nonsingular. That is, the matrix Qi in (2.17) has full row
rank n?.

And then, it is also known that

rank<151> = rank(S;l.lugﬁchi). (2.25)
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Thus, instead of rank(IN’i), we can discuss the rank of

Inr Onxp Z Elkplkl (226)

where Py = S;}ugpikvc,-, fori =1,2,...,Nand k = 1,2,...,m. Since a matrix has at least
rank 7 if it has at least one nonsingular n x n submatrix, a sufficient condition for the matrix
in (2.26) to have rank n is the nonsingularity of

m
H;=1,+ Z ik Pix, (2.27)
k=1

where Pjx = S UM Py Vii[1, 0pxp]” (fori=1,2,...,Nand k=1,2,...,m).
Adopting the properties in Lemmas 2.7 and 2.8 and from (2.9¢c), we obtain

‘l/l<— Z 5ikﬁik> = /4< Z 5lk5c, u PlkVCI [Inr Onxp] >
k=1

<> u(-ewSH UL PicVii L, 0] ") (2.28)
k=1
Z glk(l)lk <L
k=1
From Lemma 2.9, we get that
det(H;) = det<1n +> sikﬁik> £0. (2.29)
k=1

Hence, the matrix H; in (2.27) is nonsingular. That is, the matrix D in (2.18) has full row
rank n1. Thus, from the Lemma 2.6 and the results mentioned above, the controllability of each
fuzzy-rule-uncertain descriptor system {E;, A; + AA;, B;+ AB;} is ensured. Therefore, we can
conclude that the uncertain TS fuzzy descriptor system in (2.1) (or (2.2)) is locally regular and
controllable, if the inequalities (2.9a), (2.9b), and (2.9¢) are simultaneously satisfied. Thus, the
proof is completed. O

Remark 2.11. The proposed sufficient conditions in (2.9a)-(2.9c) can give the explicit
relationship of the bounds on & (i = 1,2,...,N and k = 1,2,...,m) for preserving
both regularity and controllability. In addition, the bounds, that are obtained by using the
proposed sufficient conditions, on €; are not necessarily symmetric with respect to the origin
of the parameter space regarding i (i=1,2,..., Nand k=1,2,...,m).
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Remark 2.12. This paper studies the problem of robust local regularity and controllability
analysis. If the proposed conditions in (2.9a)—(2.9c) are satisfied, each rule of the uncertain TS
fuzzy descriptor system {E;, A; + AA;, B; + AB;} is guaranteed to be robustly locally regular
and controllable. This implies that, in the fuzzy PDC controller design, if the proposed
conditions in (2.9a)-(2.9¢c) are satisfied, the PDC controller of each fuzzy rule can control
every state variable in the corresponding rule of the uncertain TS fuzzy descriptor system
{Ei, Ai+ AA;, Bi + AB;}. However, here, it should be noticed that although the PDC controller
of each control rule can control every state variable in the corresponding rule under the
presented conditions being held, the PDC controller gains should be determined using global
design criteria that are needed to guarantee the global stability and control performance [5],
where many useful global design criteria have been proposed by some researchers (e.g., [4-6,
8, and 21-28] and references therein).

3. Illustrative Example

Consider a two-rule fuzzy descriptor system as that considered by Wang et al. [21]. The TS
fuzzy descriptor system with the elemental parametric uncertainties is described by

RY: TF z; is My1,
(3.1a)
then Eyx(k + 1) = (A1 + AAy)x(k) + (By + ABy) u(k);

R%: TF z;is My,
(3.1b)
then Exx(k + 1) = (Ay + AAy)x(k) + (B + ABy) u(k),

where

x(k) = [ (k) ()], El=52=[1 0], A1=[0'848 0 ]

00 0 -0315
0236 0 1 2
A2 = [ 0 0.113]’ B, =B, = [1]’ AA; = ; EikAik,
2
0 0 0 0 00
AB; = ) ¢iBik, Aqp = [ ], Ay = [ ], Ap=Ay = [ ],
é 010 020 00
0 0.1 1
Bai=||  Ba= ,  Mp-= ,
! [0] ? [0.1] " T+ exp(<0.5(z; - 0.3))

My, = exp(—0.5(z1 - 0.3))

_ a€l-1 11], epe[-1.2 10], in whichi=1,2.
T+ exp(-05(z; —03))" 1€l I enel I, in whichi

(3.2)

Now, applying the sufficient conditions in (2.9a)-(2.9c) with the two-norm-based
matrix measure, we can get the following:
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(I) for the fuzzy rule 1:

2
i) Y enpi <0.17460 <1, foren €0 11], e € [-12 10],
k-1

2
(i) Y enypi <0.15873<1, foren€[-1 0], ep € [-12 10],
k-1

2
(iii) ) exbi <0.03297 <1, foren €0 11], ep€[0 10],
k-1

2
(iv) ) enbix <0.13861 <1, foreqe[-1 0], en€[0 10],
k-1

2
(v) D exbi <025078 <1, foren€[-1 0], ep€[-12 0],
k-1

2
(vi) Y exbi <0.14514<1, foreq €[0 11], ep€[-1.2 0],
k-1

2
(vii) D ek =0<1, forepe[-1 11], ene[0 10],
k-1

2
(viii) ) exi 01200 <1, foren€[-1 11], ep € [-1.2 0;
k-1

2
(i) D e <0.97345<1, foreq €[0 11], gp € [-12 10],
k-1

2
(i) Y enpi <0.88496 <1, foren € [-1 0], ep € [-12 10],
k-1

2
(iii) ) &bk <0.56719 <1, foren € [0 1.1], en€[0 10],
k-1

2
(iv) D enbix <0.87768 <1, foreye[-1 0], ep€[0 10],
k-1

2
(v) b <0.99740 <1, for ey € [-1 0], ep € [-12 0],
k-1

2
(vi) D bk <0.168691 <1, foren €0 11], ep€[-12 0],
k-1

11

(3.3a)

(3.3b)

(3.3c)

(3.3d)

(3.3e)

(3.3f)

(3.3g)

(3.3h)

(3.4a)

(3.4b)

(3.4¢)

(3.4d)

(3.4e)

(3.4f)
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2
(vii)) D expix =0<1, forey e [-1 11], ep€[0 10], (3.4g)
k-1
2
(vii)) > ek <0.1200 <1, foren € [-1 1.1], gp € [-1.2 0] (3.4h)
k-1

From the results in (3.3a)—(3.3h) and (3.4a)—(3.4h), we can conclude that the uncertain
TS fuzzy descriptor system (3.1a) and (3.1b) is locally robustly regular and controllable.

4. Conclusions

The robust local regularity and controllability problem for the uncertain TS fuzzy descriptor
systems has been investigated. The rank preservation problem for robust local regularity and
controllability of the uncertain TS fuzzy descriptor systems is converted to the nonsingularity
analysis problem. Under the assumption that each fuzzy rule of the nominal TS fuzzy
descriptor system has the full row rank for its related regularity and controllability matrices,
a sufficient criterion has been proposed to preserve the assumed properties when the
elemental parameter uncertainties are added into the nominal TS fuzzy descriptor systems.
The proposed sufficient conditions in (2.9a)—(2.9¢c) can provide the explicit relationship of
the bounds on elemental parameter uncertainties for preserving the assumed properties. One
example has been given to illustrate the application of the proposed sufficient conditions.
On the other hand, the issue of robust global regularity and controllability with evolutionary
computation [36] for the uncertain TS fuzzy descriptor systems will be an interesting and
important topic for further research.
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