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We introduce a general iterative algorithm for finding a common element of the common fixed-
point set of an infinite family of \;-strict pseudocontractions and the solution set of a general
system of variational inclusions for two inverse strongly accretive operators in a g-uniformly
smooth Banach space. Then, we prove a strong convergence theorem for the iterative sequence
generated by the proposed iterative algorithm under very mild conditions. The methods in the
paper are novel and different from those in the early and recent literature. Our results can be
viewed as the improvement, supplementation, development, and extension of the corresponding
results in some references to a great extent.

1. Introduction

Throughout this paper, we denote by E and E* a real Banach space and the dual space of E,
respectively. Let C be a subset of E and T a mapping on C. We use F(T) to denote the set of
fixed points of T. Let g > 1 be a real number. The (generalized) duality mapping J, : E — 2F
is defined by

Jo(x) = {x € E*: (x, ") = x|, "] = )17 } (1.1)

for all x € E, where (-,-) denotes the generalized duality pairing between E and E*. In
particular, | = J; is called the normalized duality mapping and J,(x) = ||x||"_2 J2(x) for x #0.
If E is a Hilbert space, then J = I, where I is the identity mapping. It is well known that if E
is smooth, then J, is single-valued, which is denoted by j,.
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The norm of a Banach space E is said to be Gateaux differentiable if the limit

. Ena (1.2)
t—0 t

exists for all x, y on the unit sphere S(E) = {x € E : ||x|| = 1}. If, for each y € S(E), the limit
(1.2) is uniformly attained for x € S(E), then the norm of E is said to be uniformly Gateaux
differentiable. The norm of E is said to be Fréchet differentiable if, for each x € S(E), the limit
(1.2) is attained uniformly for y € S(E).

Let pg : [0,1) — [0,1) be the modulus of smoothness of E defined by

pe(®) = supf 3 (I +yll + =yl ~1:x € S Iyl <. 3)

A Banach space E is said to be uniformly smooth if pg(t)/t — Oast — 0.Letg > 1.
A Banach space E is said to be g-uniformly smooth, if there exists a fixed constant ¢ > 0 such
that pg(t) < cti. It is well known that E is uniformly smooth if and only if the norm of E is
uniformly Fréchet differentiable. If E is g-uniformly smooth, then g < 2 and E is uniformly
smooth, and hence the norm of E is uniformly Fréchet differentiable; in particular, the norm of
E is Fréchet differentiable. Typical examples of both uniformly convex and uniformly smooth
Banach spaces are L7, where p > 1. More precisely, L? is min{p, 2}-uniformly smooth for every
p>1

A Banach space E is said to be uniformly convex if, for any ¢ € (0,2], there exists 6 > 0
such that, for any x, y € S(E), ||x — y|| > € implies ||(x + y)/2|]| < 1 - 6. It is known that a
uniformly convex Banach space is reflexive and strictly convex.

Recall that if C and D are nonempty subsets of a Banach space E such that C is
nonempty closed convex and D C C, then a mapping Q : C — D is sunny (see [1]) provided
that

Qx +t(x - Q(x))) = Q(x) (1.4)

for all x € C and t > 0, whenever Qx + t(x — Q(x)) € C. Amapping Q : C — D is called a
retraction if Qx = x for all x € D. Furthermore, Q is a sunny nonexpansive retraction from C
onto D if Q is retraction from C onto D which is also sunny and nonexpansive. A subset D
of C is called a sunny nonexpansive retraction of C if there exists a sunny nonexpansive
retraction from C onto D. The following proposition concerns the sunny nonexpansive
retraction.

Proposition 1.1 (see [1]). Let C be a closed convex subset of a smooth Banach space E. Let D be a
nonempty subset of C. Let Q : C — D be a retraction and let | be the normalized duality mapping
on E. Then the following are equivalent:

(a) Q is sunny and nonexpansive,
(b) 1Qx - QulP* < (x -y, J(Qx — Qy)), forall x, y € C,
(¢) (x-Qx,J(y-Qx)) <0, forallx € C,y € D.
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Among nonlinear mappings, the classes of nonexpansive mappings and strict pseudo-
contractions are two kinds of the most important nonlinear mappings. The studies on them
have a very long history (see, e.g., [1-29] and the references therein). Recall that a mapping
T :C — Eissaid to be nonexpansive, if

|Tx-Ty|| <|lx-y| forallxyeC. (1.5)

A mapping T : C — E is said to be \A-strict pseudocontractive in the terminology of
Browder and Petryshyn (see [2—4]), if there exists a constant A > 0 such that

(Tx =Ty, jy(x=y)) < [lx =y [ - M| (T -D)x - I - T)y]|", (1.6)

for every x, y € C and for some j;(x — y) € J;(x — y). Itis clear that (1.6) is equivalent to the
following:

(I-T)x-I-T)y,jo(x-y)) >A|T-T)x- I -T)y|" (1.7)

A mapping T : C — Eissaid to be L-Lipschitz if for all x, y € C there exists a constant
L > 0 such that

Tx—-Tyl| <L|x- for all x,y € C. (1.8)
Y Y Y

In particular, if 0 < L < 1, then T is called contractive and if L = 1, then T reduces to a
nonexpansive mapping.

A mapping T : C — E is said to be accretive if for all x, y € C there exists j,(x - y) €
J4(x = y) such that

(Tx =Ty, jy(x - y)) 2 0. (1.9)

For some 1 >0, T : C — E is said to be 5-strongly accretive if for all x, y € C, there
exists j;(x — y) € J;(x — y) such that

(Tx =Ty, jo(x-y)) 2 nllx-y|". (1.10)

For some p > 0,T : C — E is said to be p-inverse strongly accretive if for all x, y € C
there exists j;(x — y) € J;(x — y) such that

(Tx =Ty, jo(x - y)) > p[|Tx - Ty||". (1L.11)

A set-valued mapping T : D(T) C E — 2F is said to be accretive if for any x, y € D(T),
there exists j(x — y) € J(x — y), such that for all u € T(x) and v € T(y)

(u-v,j(x-y)) 0. (112)
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A set-valued mapping T : D(T) C E — 2F is said to be m-accretive if T is accretive and
(I +pT)(D(T)) = E for every (equivalently, for some) p > 0, where I is the identity mapping.
Let M : D(M) — 2F be m-accretive. The mapping Ju, : E — D(M) defined by

Jmp(u) = (T+pM) ' (w), VueE (1.13)

is called the resolvent operator associated with M, where p is any positive number and I is
the identity mapping. It is well known that ]y, is single valued and nonexpansive (see [5]).

In order to find the common element of the solutions set of a variational inclusion and
the set of fixed points of a nonexpansive mapping S, Zhang et al. [6] introduced the following
new iterative scheme in a Hilbert space H. Starting with an arbitrary point x; = x € H, define
sequences {x,} by

Yn = ]M,)L(xn - )LAxn)/
(1.14)
Xn1 = X + (1 — ay) Sy,

where A : H — H is an a-cocoercive mapping, M : H — 2H is a maximal monotone
mapping, S : H — H is a nonexpansive mapping, and {a,} is a sequence in [0,1]. Under
mild conditions, they obtained a strong convergence theorem.

Let C be a nonempty closed convex subset of a real reflexive, strictly convex, and g-
uniformly smooth Banach space E. In this paper, we consider the general system of finding
(x*,y*) € C x C such that

0 ex* -y +p1(Ay* + Mix*),
(1.15)
0 € y* —x* + p(Bx* + May™),

where A,B:C — E, M; : D(M;) — 2F and M, : D(M3) — 2F are nonlinear mappings.

In the case where C = E, a uniformly convex and 2-uniformly smooth Banach space,
Qin et al. [8] introduced the following scheme for finding a common element of the solution
set of the variational inclusions and the fixed-point set of a \-strict pseudocontraction.
Starting with an arbitrary point x; = u € E, define sequences {x,} by

Zp = ]Mz,pz (xn - P2A2xn)/
Yn = ]M1,p1 (Zn - PlAlzn)/ (116)

X1 = Ol + PuXy + (1= — ) [4Sxn + (L= p)ya], n>1,

where A1, Ay : E — E are two inverse strongly accretive operators, My, M, : E — 2F are two
maximal monotone mappings, T : E — E is a A-strict pseudocontraction, and S : E — E is
defined as Sx = (1-1/K?)x+(A/K?)Tx, for all x € E. Then they proved a strong convergence
theorem under mild conditions.

In this paper, motivated by Zhang et al. [6], Qin et al. [8], Yao et al. [9], Hao [10],
Yao and Yao [11], and Takahashi and Toyoda [12], we consider a relaxed extragradient-type
method for finding a common element of the solution set of a general system of variational
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inclusions for inverse strongly accretive mappings and the common fixed-point set of an
infinite family of \;-strict pseudocontractions. Furthermore, we obtain strong convergence
theorems under mild conditions. The results presented by us improve and extend the corre-
sponding results announced by many others.

2. Preliminaries
In order to prove our main results, we need the following lemmas.

Lemma 2.1 (see [16]). Let C be a closed convex subset of a strictly convex Banach space E. Let Ty
and T be two nonexpansive mappings from C into itself with F(Ty) (| F(Tz) # (. Define a mapping S

by

Sx=AT1x+(1-M)Tx, VYxeC, (2.1)

where A is a constant in (0,1). Then S is nonexpansive and F(S) = F(Ty) () F(T2).

Lemma 2.2 (see [30]). Let {a,} be a sequence of nonnegative numbers satisfying the property:

i1 < (1= yn)an + by + yucn, n20, (2.2)

where {y,}, {bn}, and {c,} satisfy the restrictions:

(1) limneoo}/n =0, Z;z.il Yn = 0,
(ii) by, >0, X571 by < o0,

(iii) limsup, , ¢, <0.
Then, lim,, _, ,a,, = 0.

Lemma 2.3 (see [31, page 63]). Let q > 1. Then the following inequality holds:

-1
ab < }laq + quq/(q‘l) (2.3)

for arbitrary positive real numbers a, b.

Lemma 2.4 (see [17]). Let E be a real g-uniformly smooth Banach space, then there exists a constant
Cy > 0 such that

1, Vvx,y€eE. (2.4)

[lx+y||7 < llx)|17 + gy, Ja(x)) + Cylly

In particular, if E is a real 2-uniformly smooth Banach space, then there exists a best smooth constant
K > 0 such that

llx +y|” < IIxI? + 2(y, J(x)) + 2K||ly||*, V¥x,y € E. (2.5)
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Lemma 2.5 (see [20]). Let C be a nonempty convex subset of a real g-uniformly smooth Banach space
EandletT : C — C bea A-strict pseudocontraction. For a € (0,1), one defines Tyx = (1-a)x+aTx.
Then, as a € (0, u], p = min{1, {q)L/Cq}l/("_l)}, T, : C — C is nonexpansive such that F(T,) =
F(T).

Lemma 2.6 (see [21]). Let C be a nonempty, closed, and convex subset of a real q-uniformly smooth
Banach space E which admits weakly sequentially continuous generalized duality mapping j, from
E into E*. Let T : C — C be a nonexpansive mapping. Then, for all {x,} C C, if x, — x and
x, —Tx, — 0, then x = Tx.

Lemma 2.7 (see [21]). Let C be a nonempty, closed, and convex subset of a real q-uniformly smooth
Banach space E. Let V. : C — E be a k-Lipschitzian and n-strongly accretive operator with
constants k,1 > 0. Let 0 < p < (qu/qu‘?)l/(q_l) and T = p(n — Cqui~'k7/q). Then for each
t € (0,min{1,1/7}), the mapping S : C — E defined by S := (I — tuV) is a contraction with a
constant 1 —tt.

Lemma 2.8 (see [21]). Let C be a nonempty, closed and convex subset of a real g-uniformly smooth
Banach space E. Let Q¢ be a sunny nonexpansive retraction from E onto C. Let V : C — E be a k-
Lipschitzian and n-strongly accretive operator with constants k,1 > 0, f : C — E a L-Lipschitzian
mapping with constant L > 0, and T : C — C a nonexpansive mapping such that F(T) # (. Let
0<p<(qn/Cek?)" ™V and 0 < yL < 7, where T = p(n — Cyu9'k9/q). Then {x;} defined by

xi = Qcltyfxe+ (I - tuV)Txy]. (2.6)

Has the following properties:
(i) {x:} is bounded for each t € (0, min{1,1/7}),

(ii) lim¢—ollxt — Txel| = O,

(iii) {x;} defines a continuous curve from (0,min{1,1/7}) into C.

Lemma 2.9. Let C be a closed convex subset of a smooth Banach space E. Let D be a nonempty subset
of C. Let Q : C — D be a retraction and let j, j, be the normalized duality mapping and generalized
duality mapping on E, respectively. Then the following are equivalent:

(a) Q is sunny and nonexpansive,

)
(b) 1Qx - Qyl* < (x - y,j(Qx - Qy)), forall x, y € C,
() (x—Qx,jly-Qx)) <0, forallx e C,y € D,
(d) (x-Qx,j;(y—Qx)) <0, forallx e C,y € D.

Proof. From Proposition 1.1, we have a © b & c. We need only to prove ¢ & d.

Indeed, if y — Qx #0, then (x - Qx, j(y - Qx)) <0 & (x - Qx, j,(y — Qx)) <0, for all
x € C,y € D (by the fact that j,(x) = ||x||’772j(x),\7’x;£0).

If y —Qx =0, then (x - Qx, j(y - Qx)) = (x - Qx, jy(y —Qx)) =0, forallx e C,y € D.
This completes the proof. O

Lemma 2.10. Let C be a nonempty, closed, and convex subset of a g-uniformly smooth Banach space
E which admits a weakly sequentially continuous generalized duality mapping j, from E into E*. Let
Qc be a sunny nonexpansive retraction from E onto C. Let V : C — E be a k-Lipschitzian and
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1-strongly accretive operator with constants k,n > 0, f : C — E a L-Lipschitzian with constant
L>0,and T :C — C a nonexpansive mapping such that F(T)#@. Let 0 < py < (qn/quq)l/("_l)
and 0 < yL < T, where T = p(n — Cq/ﬂ‘lkq/q). Foreach t € (0,min{1,1/7}), let {x;} be defined
by (2.6), then {x;} converges strongly to x* € F(T) ast — 0, which is the unique solution of the
following variational inequality:

(yfx* —puvx*,j,(p—x*)) <0, VpeF(T). (2.7)

Proof. We first show the uniqueness of a solution of the variational inequality (2.7). Suppose
both x € F(T) and x* € F(T) are solutions of (2.7). It follows that

(1"~ Ve o 2) <0,
(2.8)
(yfx - uVx,jo(x* = %)) <0.

Adding up (2.8), we have
((rf =1V)x = (yf - pV)x", jg(x" = %)) <0 (2.9)
On the other hand, we have that

((rf =uV)X = (vf = pV)x", jg(x* = X)) = p(Vx" = VX, jg(x" = X)) = y(fx" = fX, jy(x" - X))
> pnllx* = x| - yL||lx* - x|

> (pn—yL)|lx* - x|
> (T -yL)lx* - x|

> 0.
(2.10)

It is a contradiction. Therefore, x* = X and the uniqueness is proved. Below we use x* to
denote the unique solution of (2.7).

Next, we prove that x; — x*ast — 0.

Since E is reflexive and {x;} is bounded due to Lemma 2.8 (i), there exists a
subsequence {x;,} of {x;} and some point X € C such that x;, — X. By Lemma 2.8(ii), we
have lim;_,o|lx;, — Tx, || = 0. Taken together with Lemma 2.6, we can get that X € F(T).
Setting y; = tyfx; + (I — tuV)Tx;, where t € (0,min{1,1/7}), then we can rewrite (2.6) as
xt = Qcyr.

We claim ||x;, — X|| — 0.

From Lemma 2.9, we have

(vt = Qcytr ja (X = Qcyr) ) <0. 2.11)
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It follows from (2.11) and Lemma 2.7 that

e, = X1 = (QcYt, = Yeur ja(Xt, = X)) + (Y1, = X, jq (o1, = X))

S <ytn _iqu(xtn - i)>

) ) (2.12)
= ((I = taptV)Txy, = (I = taptV)X, jo(x1, = X)) + tu(y fs, = pVX, jo (31, = %))
< (L= tum)llxe, = XN + tu(y fxr, = UV, jg(xt, = X))
It follows that
g 1 L
[loce, = X||" < ;(fotn — PVX, jg(xt, - X))
1 ~ . ~ ~ ~ . ~
= —[(vfoxi, =y fE jaCet, = 0) + (yfX = pVE, fy (31, = 0)] (2.13)
1 ~ ~ ~ . ~
< —[yLllx, = %7+ (yf% = pV%, jg(xi, - 5))].
Therefore, we get
I, — 77 < IEZHVE Syt 2 8)) (2.14)

T-yL

Using that the duality map j, is weakly sequentially continuous from E to E* and noticing
(2.14), we get that

nlijr;o||xtn - X[ =0. (2.15)
We prove that X solves the variational inequality (2.7). Since
xt=Qcyr = Qcyr —ye +tyfxe + (I —tpuV)Txy, (2.16)
we derive that
BV =yf)xi = %(Qcyt —y) - %(1 ~T)x; + u(Vaxy - VTxy). (2.17)

For all z € F(T), note that

(I-T)xt = (I -T)z, jg(xe — 2)) > llxe — 2|7 = | Txe = Tz|ll|xc¢ — 2|7
> |lxe — 2|7 = ||xe - 2| (2.18)

=0.
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It follows from Lemma 2.9 and (2.18) that

(Y =) ja( =) = +(Qeyi = yurjalxt = D)) = (T =T g = 2))

+(u(Vxy = VTxy), jo(x: — 2))

= %(Qcyt =Y, Jg(xt = 2)) - %(U = T)xi = (I =T)z, jg(xt = 2))
+(u(Vxy = VTxy), jy(x: - 2))
S u(Vxy = VTxy, jg(xi — 2))

< loee = T || M,
(2.19)

where M = sup, ., { puk||x; - z||97'} < co.

Now replécing tin (2.19) with t, and letting n — oo, from (2.15) and Lemma 2.8 (ii),
we obtain ((uV - yf)X, j;(Xx — z)) <0, thatis, x € F(T) is a solution of (2.7). Hence X = x* by
uniqueness. Therefore, x;, — x*asn — oo. And consequently, x; — x* ast — 0. O

Lemma 2.11. Let C be a nonempty closed convex subset of a real q-uniformly smooth Banach space E.
Let the mapping A : C — E be a a-inverse-strongly accretive operator. Then the following inequality
holds:

1= 24)x = (1= 24)y||" < [lx - y||" - 1(qa - CAT ") [ Ax - Ay||”.  (220)

In particular, if 0 < A < (qa/Cq)l/(q_l), then I — LA is nonexpansive.

Proof. Indeed, for all x,y € C, it follows from Lemma 2.4 that

(T - 1A)x - (1 -2 A)y||
= ||(x - v) - M(Ax - Ay)||”
< lx = yll” - g (Ax - Ay, jg(x - y)) + Cg7|| Ax - Ay || (2.21)
<[l =yl - qad]| Ax - Ay||" + CoA7|| Ax - Ay |

< [l = yll" - A (ga = Cpa7 ) [| Ax - Ay,

It is clear that if 0 < A < (qa/C,)"/ ", then I — 1A is nonexpansive. This completes the
proof. O

Lemma 2.12. Let C be a nonempty closed convex subset of a real g-uniformly smooth Banach space
E. Suppose M1, My : C — 2F are two m-accretive mappings and py, ps are two arbitrary positive
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constants. Let A,B : C — E be a-inverse strongly accretive and P-inverse strongly accretive,
respectively. Let G : C — C be a mapping defined by

G(x) = Iy p [JM,p, (X = p2BX) = p1AJa, p, (x — p2Bx)], VxeC. (2.22)

Ifo<p < (qa/Cq)l/(q_l) and 0 < pp < (qﬂ/Cq)l/(q_l), then G : C — C is nonexpansive.

Proof. For all x, y € C, by Lemma 2.11, we have

”Gx - Gy” = Il]erpl []Mz,Pz (x - p2Bx) - PlA]Mz,Pz (x - szx)]
_]erﬂl []Mz,Pz (]/ - Psz) - PlA]Mz,Pz (y - pZB]/)] ”
< ” []Mz,Pz (x _P2Bx) - PlA]Mz,Pz (x —szx)]

~ Moo (¥ = p2BY) = prATan . (v — p2BY) ] ||

(2.23)
< [[(T = prA) Jvs o (x = p2Bx) = (I = p1A) Jvss s (y — p2BY) |
< ”]Merz (x - szx) - ]MZrPZ (y - szy) ”
< [|(x = p2Bx) = (v — p2By) |
< lx=l,
which implies that G : C — C is nonexpansive. This completes the proof. O

Lemma 2.13. Let C be a nonempty closed convex subset of a real g-uniformly smooth Banach space
E. Suppose A,B : C — E are two inverse strongly accretive operators, My, M : C — 2E are two
m-accretive mappings, and pi1, po are two arbitrary positive constants. Then (x*,y*) € C xCisa
solution of general system (1.15) if and only if x* = Gx*, where G is defined by Lemma 2.12.

Proof. Note that

0 ex* -y +pi(Ay* + Mix")
0 € y* —x* + pr(Bx* + Mpy™)

)
X" = v (Y - PLAY") (2.24)
Y" = I (x" = p2BX)

i}

G(x*) = Tntypr [IMapo (X = p2Bx*) = prATw, p, (x* = p2Bx*)| = x*.

This completes the proof. O
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Lemma 2.14 (see [18]). Let E be a g-uniformly smooth Banach space and C a nonempty convex
subset of E. Assume for eachi > 0, T; : C — E is a \j-strict pseudocontraction with A; € (0,1).
Assume inf{\; : i > 1} = A > 0and F = N2, F(T;) #0. Let {&;}2, be a positive sequence such that
>2&i=1,then 372, &T; : C — E is a A-strict pseudocontraction and F (3,7, &T;) = F

Remark 2.15. Under the assumptions of Lemma 2.14, if for each i > 1 the mapping T; : C — E
is replaced by T; : C — C, respectively, where C is a nonempty closed convex subset of E,
then noticing the fact

igi:rix = lim znlg,-Tix = nlim Zg;rx eC, (2.25)
i=1 i=1

1’i1

by Lemma 2.14, we deduce that 32, §T; : C — C is a A-strict pseudocontraction with A =
inf{/\i i > 1} and F(Zle éiTi) =F

3. Main Results

Theorem 3.1. Let C be a nonempty closed convex subset of a strictly convex, and uniformly smooth
Banach space E which admits a weakly sequentially continuous generalized duality mapping j, : E —
E*. Let Qc be a sunny nonexpansive retraction from E onto C. Assume the mappings A, B: C — E
are a-inverse strongly accretive and p-inverse strongly accretive, respectively. Let My, My : C — 2F
two m-accretive mappings and p1, p» be two arbitrary positive constants. Suppose V.: C — E is
k-Lipschitz and n-strongly accretive with constants k,n > 0, f : C — E being L-Lipschitz with
constant L > 0. Let {S; : C — C}Z, be an infinite family of \;-strict pseudocontractions with
{Li} c (0, 1) andinf {X; :i>0} =A1>0.Let 0 < p < (qq/qu’?)l/(q_l), 0<pr < (qa/Cq)l/(q_l),
0 <p < (qﬁ/Cq)l/(q_l), 0<yL<7,0<o0 <d whret = p(n—Cyui'k1/q) and d =
min {1, {q/\/Cq}l/(q_l) }. Assume {¢&;} € (0,1) and 3.2, & = 1. Define a mapping Tx := (1 - o)x +
0 X2 &iSix, for all x € C. For arbitrarily given xo € C and 6 € (0,1), let {x,} be the sequence
generated iteratively by

X1 = Qc [ny fxn + YuXn + (1= yu)I = auuV) (6Txn + (1= 6) )],
Yn = (1 - ﬁn)xn + Pukn,

(3.1)
kn = ]M1,p1 (Zn - PlAZn)/
Zn = Iy pp (Xn = p2BXy), n > 0.
Assume that {a,}, {Pn}, and {y,} are three sequences in (0, 1) satisfying the following conditions:

(1) X720 an = 00, limy, , oty = 0, Do |1 — | < o0,
(ii) 0 <lim inf, ooy, <Hm sup, . yn <1, 3020 [Yne1 = ¥l < 00,

(i) 32 |Bns1 — Pul < 00, limy oty = B > 0.
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Suppose in addition that F := (2, F(S;) N F(G) #0. Then {x,} converges strongly to some
point x* € F, which is the unique solution of the following variational inequality:

(yfx* —puVx*,j,(p—x*)) <0, VpeF. (3.2)

Proof. We divide the proof into several steps.

Step 1. First, we show that sequences {x,} are bounded. From lim,_,,a, = 0 and 0 <
liminf, .y, < limsup, 7y, < 1, there exist some a,b € (0,1) such that {y,} C [a,b]. We
may assume, without loss of generality, that {a,} C (0, (1-b) min{1,1/7}). From Lemma 2.7,
we deduce that

(L =y)I = anpV] < (1= 72) - an7. (3.3)
Taking x* € F, it follows from Lemma 2.13 that
x* = ]MI,P1 []Mz,,ﬂz ('X* - PZBx*) - plA]Mz,Pz (X* - PZBX*)]- (34)

Putting y* = Jar, p, (x* — p2Bx™), then we can deduce that x* = Jj, ,, (y* — p1Ay*). By Lemma
2.11, we obtain

kn = %1 = | Jat,00 (20 = P1AZ0) = Jat, o (¥ = p1AY") ||
<H(T=pA)za = (T-prA)y||

<z - vl
(3.5)

= ”]MZ/PZ (xn - szxn) - ]MZ/PZ (x* - PZBX*) "

< [T = p2B)xn = (I - p2B)x”||

< oy = x|

It follows from (3.5) that
[y =% = 11 = Bu)xn + k] = 7|
< (1= Bu)lloen = x| + Pullkn - 27|

(3.6)

< (1= Bu)ll2cn = x*|| + Bullxn — x*||

< floen = x7I-

In view of Remark 2.15,let S : C — C be the mapping defined by Sx = > ¢;S;x for all x €
C, then we can deduce that S : C — C is a A-strict pseudocontraction and F(S) = (2, F(Si).
By virtue of Lemma 2.5 and 0 < 0 < d, where d = min{1, {q)L/Cq}l/(qfl) }, we can get that
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T : C — Cisnonexpansive and F(T) = F(S) = N2, F(Si). Putting I,, = 6Tx, + (1 - 8)yy, it
follows that

I — x*|| = ||5Txn +(1-0)yn— x*”
<O||Txy —x*|| + (1= 6)||yn — x*

< 8|ITxy = Tx*|| + (1= 6)|lyn — x*|| (3.7)
< Ollxn = X7+ (1= O) |20 — 7|

= [lxn = x7|I.
It follows from (3.7) that

Ixnsr = %[l = [|Qc [ny f2n + Yuxn + ((1 = yu) T = V) 1] = x|
< Nany foxn + yuxn + [(1 = yu) T = @ V]l - x7||
= [ =y)T = anpV] (I = ) + @ (y form = pV") + 1 (0 = 37|
< (1= yn = anT)lln = X[ + an |y fon = pV || + yullxn = 7|
< (1= Y = )l = 71| + ay[| o = f° || + anlly f" = V" || + yallen = 7|
< (1= = @) l1%n = X[ + @y Ll = x* | + |y fx" = 0V || + Yalln - x°]
[1 = an(z = yL)]llxn = x7[| + anlly f* =V x"||

lyfxr = v
T—yL ’

IN

IN

max{ [0 — x™||,

(3.8)

Hence, {x,} is bounded, so are {y,}, {k.}, {zx}, and {I,,}.
Step 2. In this part, we will claim that ||x,.1 — x,|| — 0,asn — co.
We observe that

”kn+1 - kn” = ”]Ml,m (Zn+1 - PlAZnH) - ]Ml,pl (Zn - PlAzn) ”
< [T =prA)zn = (I - prA) za|
< lzne1 = zal|
(3.9)
= ”]Mz,pz (xn+1 - PZan+1) - ]Mz,pz (xn - PZan) ”
< [(T = p2B)xnia = (I = p2B) x|

< ||xn+l - xn”-
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It follows from (3.9) that

yne1 = yull = | [(1 = Bus1) Xns1 + Prsiknsa] = [(1 = Bu)Xn + k] |
= [|(1 = Bus1) (net = Xn) + st (Knit = kn) + (Bust = Bu) (kn = x0) |
< (1= Buat) 1Xns1 = Xl + Prst llkner = kull + | Bror = Bl llkn = x| (3.10)
< (1= Bus1) |1xne1 = Xl + Brsa | Xne1 — x| + |.5n+1 —ﬁn|||kn = x|

< ||xn+1 - xn” + |ﬂn+1 _ﬂn“lkn - xn”-
Again from (3.1), we have

%2 = Xl < || [@ney fXnsn + Y1 Xner + (1= Yurr) T = @i V) i ]
=[awy fotn + yuxn + (1= y) I = anpV) L] |
< a1 ¥ || fxna = fxu|| + Y llxna = xall + || (1= Yue1) I = @ ptV) (lner — 1) ||
+ letner — anly || foxu]|
+ a1 — au|pl| VI + |Yne1 = Y| 11n = 2l
< pe1YLl|ns1 = x|l + Yrs1 || ne1 = Xl
+ [(1 = yu1) = @wea ] s = Ll + lawer = @uly || £

+ |1 = Al VIl + |Yne1 = Y |10 = 2xnll.
(3.11)

It follows from (3.10) that

||ln+1 - ln” = ”6Txn+1 + (1 - 6)yn+l - 6Txn - (1 - 6)]/71”
< BI[T %1 = Totull + (1= 6) || Y1 = |
(3.12)
< O|lxns1 = xull + (1= 6)”yn+1 - yn||

< ||xn+1 - xn” + |ﬁn+1 _ﬁn“lkrz - xn“-
Substituting (3.12) into (3.11), we have

||xn+2 _xn+1”
< [(1 - Yn+1) - “n+1T] (||xn+1 - xn” + |ﬂn+1 _ﬁnHlkn - xn”) + |‘xn+1 - ‘xnh’”fxn”
+ an+1YL“xn+1 - xn” + Yn+1|lxn+1 - xn” + |“n+1 - lxnl,u”Vln” + |Yn+1 - Yn“lln - xn”

< [1 - Xn+l (T - YL)] ”xn+1 - xn” + (|an+1 - an| + |Yn+1 - Ynl + |ﬁn+1 - ,Bnl)er
(3.13)
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where M’ = sup, o (lIVEl| + Y1 fal, I = Xl s = %all} < c0. From (i), (i), (iii), (3.13), and

Lemma 2.2, we deduce that

lim ||x,41 — x| = 0.
n— oo

We observe that

Ln = xull < %01 = Xnll + [|X0s1 = Ll
= llatner = xall + (| Qc [any foxn + Yuxtn + (1= ) I = awptV)ln] = I
< ltner = Xull + || [y f2en + yuxn + (1= Yu) T = anptV) 1] = ||
<l = Xall + || (y f2n = V1) + ¥u(ocn = 1) ||

< Nloener = Xull + an ||y foxn = V|| + yallxn = Lll,
which implies that
o =%l € T2 (s =3l + 50 = VLD
Noticing conditions (i) and (ii) and (3.14), we have
Tim |1, = x| = 0.

Let

Wx =6Tx+ (1-6)[(1-p)x+pIm p(I-p1A) e (I-p2B)x], VxeC.

In view of Lemma 2.1, we see that W : C — C is nonexpansive such that
F(W) = F(T) ﬂF(]erPl (I _PlA)]Mz,Pz(I _P2B)) = ﬂsi ﬂF(G) =F.
i=0

Noticing that

Wx, =1, = 6Tx, + (1= 6)[(1 = B)xn + BIn, o, (I = p1A) It 0, (I — p2B) x| — 6T xy,

- (1 - 6) [(1 - ﬁn)xn + ﬁn]Ml,pl (I - PlA)]MZ,pz (I - P2B>xn]
=(1-9) (ﬂ - ﬁ") (]M1/P1 (I - plA)]lelh (I - sz)x" - x")’

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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one has

(IWxn = xul|l < [[Wxy = Lal| + [|In — x|

(3.21)
S (1 - 6)|ﬂ - ﬁnl ||]M1,p1 (I _plA)]Mz,pz (I _pZB)xn - xl’l” + ||lTl - .Xn“-
In view of (3.17), (iii) and (3.21), we deduce that
IWx,, —x,|| — 0 as n— oco. (3.22)

We define x; = Qc[ty fxi+(I-tuV)Wx], then it follows from Lemma 2.10 that {x;} converges
strongly to some point x* € F(W) = F, which is the unique solution of the variational
inequality (3.2).

Step 3. We show that

limsup(yfx* — uVx*, jo(x, —x*)) <0, (3.23)

n—oo

where x* is the solution of the variational inequality of (3.2). To show this, we take a subse-
quence {xp,} of {x,} such that

lim sup(y fx" = pVx*, jo (o = x7)) = lim (y fx* = pVx", jq (xn, = X7)). (3.24)

n—oo

Without loss of generality, we may further assume that x,, — z for some point z € C
due to reflexivity of the Banach space E and boundness of {x,}, it follows from (3.22) and
Lemma 2.6 that z € F(W) = F. Since the Banach space E has a weakly sequentially continuous
generalized duality mapping j, : E — E*, we obtain that

lim sup(y fx* — pVx*, jo(xn — x*))

n— oo

lim (y fx" = pVx", jg (e, = x7))

(3.25)

(yfx" =pVx, jy(z = x7))

<0.
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Step 4. We prove that lim,, _, o ||x,, — x*||. Setting h,, = any fx5 + YuXn + [(1 = yu) I — ayuV]1,, for
all n > 0. It follows from (3.1) that x,,11 = Qch,,. In view of Lemmas 2.3, 2.7, and 2.9, we have

12041 = x| = (Qchn = i, g (Xns1 = X)) + (hu = X7, jg (Xn1 = x7))

< (hy = X7, jg(Xne1 — X¥))

= ([(1 = yu) T = anptV] Ly = x*), g (Xns1 = %°)) + Yu(2n = X%, g (Xns1 — x¥))
+an (Y foxn — pVx*, jo(xpe1 — x*))

< [(1 =) = @]l = 2 [l ner = 217"+ plltn = x[[lltner — 2|7
+ 0y (Y fxn =y fX7, jg(Xne1 = X)) + an(y fX* = pVx*, jo(xns1 — x¥))

< [(1=ya) = an] 120 = 2 [Mllotmer = X717 + yallotn = 2" [ 202 = 2|7
+ anyLl|xn = X [[[l20n1 = %777 + @y fX* = VX, g (Xni1 — X))

< 1= an(7 = yL)]llxn = 2"l = X797 + (Y f" = gV X, g (i — 7))

1 . -1 .
< [-an(m =y |l =17+ "Tnxnﬂ — x|

+an(yfx* — pVx*, jo(xn — x*))

(3.26)
which implies
1-a,(t-yL . ay
net - %1 < D) ey d
1+(g-1)(t-yL)ay, 1+(qg-1)(t-yL)ay,
* _ V *, . " _ *
X (yfx" = pVx", jy(xnia = x7)) (3:27)

< [1-an(r = yL)]llxn — 77

+ q%n
1+(g-1)(r-yL)a,

<YfX* AL x*)>.

Put a, = a, (T —yL) and ¢, = q(yfx* — uVxX*, jy(xps1 — x*))/[1 + (9 = 1)(7 = yL)a,] (7 — yL).
Apply Lemma 2.2 to (3.27) to obtain x, — x* € F asn — oo. This completes the proof. [

Remark 3.2. Compared with the known results in the literature, our results are very different
from those in the following aspects.

(i) The results in this paper improve and extend corresponding results in [6-13].
Especially, our result extends their results from 2-uniformly smooth Banach space
or Hilbert space to more general g-uniformly smooth Banach space.

(ii) Our Theorem 3.1 extends one nonexpansive mapping in [6, Theorem 2.1], one A-
strict pseudocontraction in [8, Theorem 3.1], and an infinite family of nonexpansive
mappings in [10, Theorem 3.1] to an infinite family of \;-strict pseudocontractions.
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And our Theorem 3.1 gets a common element of the common fixed-point set of an
infinite family of \;-strict pseudocontractions and the solution set of the general
system of variational inclusions for two inverse strongly accretive mappings in a
g-uniformly smooth Banach space.

(iii) We by f (x,) replace the u which is a fixed element in iterative scheme (1.16), where
f is a L-Lipschitzian. And we also add a Lipschitz and strong accretive operator V'
in our scheme (3.1). In particular, whenever C=E, f =u, V =1, {T,,};2, = {T} and
q = 2, our scheme (3.1) reduces to (1.16).

(iv) It is worth noting that the Banach space E does not have to be uniformly convex in
our Theorem 3.1. However, it is very necessary in Theorem 3.1 of Qin et al. [8] and
many other literature.

Corollary 3.3. Let C be a nonempty closed convex subset of a strictly convex, and 2-reflexive E which
admits a weakly sequentially continuous normalized duality mapping j : E — E*. Let Qc be a sunny
nonexpansive retraction from E onto C. Assume the mappings A, B : C — E are a-inverse strongly
accretive and p-inverse strongly accretive, respectively. Let My, My : C — 2F be two m-accretive
operators and py, pa two arbitrary positive constants. Suppose V : C — E is a k-Lipschitzian and
1-strongly accretive operator with constants k, § > 0, f : C — E being a L-Lipschitzian with
constant L > 0. Let 0 < p < n1/K?k?,0 < p1 < a/K? 0 < pr < p/K? and 0 < yL < T, where
T = pu(nn — K?uk?). Let T : C — C be a nonexpansive with F = F(T) (\ F(G) #0. For arbitrarily
given 6 € (0,1) and xo € C, let {x,} be the sequence generated iteratively by

X1 = Qc [any fxn + Ynxn + (1= yu)I — anptV) (6Txy + (1= 6)yn)],
Yn = (1 - ﬂn)xn + ,Bnkn/

(3.28)
kn = ]Ml,m (Zn - PlAZn)r
Zy = ]Mz,pz (xn - PZan)/ n 2 O
Assume that {a,}, {Bn}, and {y,} are three sequences in (0, 1) satisfying the following conditions:

(1) X720 an =00, lim, ot =0, D |Ans1 — ay| < 00,
(i) 0 < im inf, oy, < Hm sup, _¥n <1, S lyne1 — Yul < o0,
(iil) X520 [Bn+1 = Pul < o0, limy—, o = > 0.
Then {x,} converges strongly to x* € F, which is the unique solution of the following variational
inequality:

(yfx*—puVx*,j(p-x*)) <0, VpeF. (3.29)
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