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The conservation laws for the integrable coupled KDV type system, complexly coupled kdv
system, coupled system arising from complex-valued KDV in magnetized plasma, Ito integrable
system, and Navier stokes equations of gas dynamics are computed by multipliers approach. First
of all, we calculate the multipliers depending on dependent variables, independent variables,
and derivatives of dependent variables up to some fixed order. The conservation laws fluxes
are computed corresponding to each conserved vector. For all understudying systems, the local
conservation laws are established by utilizing the multiplier approach.

1. Introduction

The partial differential equations, which arise in the sciences, dynamics, fluid mechanics,
electromagnetism, economics and so forth, express conservation of mass, momentum, energy;,
electric charge, or value of firm. All the conservation laws of partial differential equations
may not have physical interpretation but are essential in studying the integrability of the
PDE. The high number of conservation laws for a partial differential equation grantees that
the partial differential equation is strongly integrable and can be linearized or explicitly
solved [1]. Moreover, the conservation laws are used for analysis, particularly, development
of numerical schemes, soliton solutions, study of properties such as bi-Hamiltonian structures
and recursion operators, and reduction of partial differential equations.

There are different methods for the construction of conservation laws as described
by Naz [2], Naz et al. [3], Bluman et al. [4], Hereman et al. [5], and references therein.
Rocha Filho and Figueiredo [6] developed computer packages based on Noether’s method
for the variational problems. Wolf [7] and Wolf et al. [8] introduced computer programmes
in REDUCE to calculate conservation laws.
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In this work, the multiplier approach is used to derive the conservation laws for some
systems of partial differential equations important due to physical point of view. Stuedel [9]
introduced the multiplier approach and the conserved vectors were written in a characteristic
form as D;T" = A”E,. The determining equations for the multipliers (characteristics) were
obtained by taking the variational derivative of D;T* = Q“E, for the arbitrary functions
not only for solutions of system of partial differential equations [10]. A conserved vector
is associated with each multiplier. The conservation laws for the integrable coupled kdv-type
system, complexly coupled KDA system, coupled system arising from complex-valued KDV
in magnetized plasma, Ito integrable system, and Navier stokes equations of gas dynamics
are computed by utilizing the multiplier approach. The conserved vectors derived here can
be used in constructing the solutions of underlying systems in the following different ways.
The corresponding potential system can be written for the conservation laws, and symmetry
reductions [11] can be carried out. Another approach to deduce exact solutions is via the
double reduction theory [12-14]. The exact solution can be derived if the conservation laws
give physical conserved quantities like Naz et al. [15]. The exact solutions of systems under
consideration are subject of future work.

The outline of paper is as follows. In Section 2, some definitions related with multiplier
approach are presented. The conservation laws for integrable coupled kdv-type system,
complexly coupled kdv system, coupled system arising from complex-valued KDV in
magnetized plasma, Ito integrable system, and Navier stokes equations of gas dynamics are
constructed in Section 3. Conclusions are summarized in Section 4.

2. Preliminaries

Consider a kth-order system of partial differential equations (PDEs) with n independent
variables x = (x!,x2,...,x™") and m dependent variables u = (u!,2?,...,u™) defined as,

E,,(x, U, Uy, UQ), .- - ,u(k)) =0, a=1,2,...,m, (2.1)

where ;) is the collection of ith-order partial derivatives of u.
(1) The Euler operator is defined by

6 0 0 0
Fur = B~ D PPy 22
where
Di=i+ufxi+ +oee, i=1/2/ (23)

a
oxi i gux T Hiigym
j

is the total derivative operator with respect to x'.
(2) A conserved vector of (2.1) is an n-tuple T = (T, T?,...,T"), T' € A, i=1,2...n,
such that

DT =0 (2.4)

holds for all solutions of (2.1). Equation (2.4) is called a local conservation law.
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(3) The multipliers A* of system (2.1) has the property

D,T! = A°E,, (2.5)

for the arbitrary function u* [9, 10].
(4) The determining equations for the multipliers are obtained by taking variational
derivative of (2.5) (see [10]):

% [A“E,] = 0. (2.6)

Equation (2.6) holds for the arbitrary functions u* not only for the solutions of system (2.1).

Equation (2.6) yields multipliers for all local conservation laws. Then conserved
vectors can be derived systematically using (2.5) as the determining equation. But in some
problems it is not difficult to construct the conserved vectors by elementary manipulations
once the multiplier has been determined.

3. Conservation Laws for Nonlinear Systems of Partial
Differential Equations

3.1. Integrable Coupled System
Consider the integrable coupled system [16, 17]
Ei=u+ [uxx — (k+3)(k + 6)u* — ksz] +2k[(k + 6)vie + (k +3)uvy = 0,

(3.1)
Ex=v+ [vxx —k(k-3)0* - (k + 3)2u2] +2(k +3)[kvuy + (k - 3)uvy = 0.

The group invariant solution of (3.1) was derived in [17]. Here we will construct conservation
laws for coupled system (3.1). Consider simple multipliers of the form A;(t,x,u,v) and
Ay (t, x,u,v). Multipliers Ay and A, for the system (3.1) have the property that

A E1 + AyE, = DiT! + D, T?, (3.2)

for all functions u(t, x) and v(t, x) where the total derivative operators D; and D, from (2.3)
are

Dy 9 + llti + O FUp— + Uy — + Mtxi +Utxi +
ot ou 0v ouy 0v; Oty 0v, ! (3.3)
D—i+u£+v—+u — +v i+uti+vfi+
YU ox ou Yov ou, ou,  Tou T ou

The right-hand side of (3.2) is a divergence expression and T' and T? are the components
of the conserved vector T = (T',T?). The determining equations for the multipliers



4 Journal of Applied Mathematics

A7 and A, are

6
5 [MEL+ MaE2] =0, (3.4)
6
5o [A1E1 + A2E2] =0, (3.5)

where 6/6u and 6/6v are the standard Euler operators defined in (2.2), which annihilate
divergence expressions:

5 0 ) o ., 0 o ., 0
5= 5u~ Dig ~Deg # Digo #DiDag + Dl =, (3.6)
5 @ ) p) ) ) )

— - _D— — 2 2 — 7
6o o0 Do, DPrag, TDigy, TPPxg, -t Dig (37)

Separating (3.4) and (3.5), after expansion, with respect to different combinations of
derivatives of u and v, yields the following overdetermined system:

A2xx = 0/ A2vx = O/ AZvv = 0/

A= )=o)k +3ulhee, Are= LoDy,
Ay =12[(k + 3)u — kv] Ay,
(k+3)[(2k* + 6k)A2 +2A1k* + (k +3)((u - v)k + 3u)]A2,, 38
Alu = ( : )
K2[(u —v)k + 3u]
(BRI A = Aik? — (k+3)(u - 0)k +3u) Ay
2 [(u—v)k + 3ulk
o (BRI As = Auk? — (k +3)((u~0)k +3u) sy,
1o =

[(u—v)k +3u]k

The solution of system (3.8) yields following four multipliers:

k+3

M _ W _
AV =1 A =

1
AP = okt 3%, AP =o,

1
A® = ~-ko +2(k + 3)ul, AY =y, (3.9)
AWk 1: 3 [+ 12(k + 3)ut — 12kot],

ALY = x +12(k + 3)ut - 12kto.
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From (3.2) and (3.9), we obtained following four conserved vectors:

T = -1[(k +3)u - ko),

T = [6(k +3)2u% — 12k (k + 3)uv + kvgy — Kider — 3uxx],

2) _ 2,2
T® = 2k2[ (k +3)% - k>0,
L= e [3<k +3)%u5 = 3K70% + 4(k +6) (k +3)*u’ — 4k* (k - 3)°

“12k(k + 3)%120 + 12K3 (k + 3)uv? — 6(k + 3)2uue + 6k2mzxx],
@_ 1 2
Y= [(k +3)u kuv],
T = % [3(k +3)12 +2(k +3)(k + 12)1®
- 2k30° — 6k(k + 3)(k + 9)u’v + 6k*(k + 6)uv?
—6(k + 3)uthyy + 3Kty 0 + 3kUv, ) — 3kuxvx] ,
TV = —% [6(k +3)2tu? + 6k2t0*
“12k(k + 3)tuv + (k + 3)ux - kvx],
T = % [ — (k +3)(x + 12(k + 3)tu — 12ktv) thxy

+ (x +12(k + 3)ut — 12ktv) kv, + 6(k + 3)*tu2 + 6tk>v?
—12k(k + 3)tuxvy + (k + 3)1tx — kvy + 48(k + 3)°1°
— 4813 t0° — 144k (k + 3)*tu’v + 144K% (k + 3)tuv?

+6(k +3)%xu? + 6k*xv? — 12k (k + 3)xuv].

(3.10)
3.2. Higher-Order Conservation Laws for
Complexly Coupled KDV System
The conservation laws of complexly coupled KDV were discussed in Naz [18]
— 6UUy — 6V — Uyrx = 0,
(3.11)

— 6UVy — 6VUy — Uy =0,
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and six conserved vectors were derived by multipliers approach with multipliers of form
A1(t,x,u,v) and Ay (t, x,u,v). Now we will consider higher-order multipliers and derive the
associated conservation laws fluxes. The determining equations for multipliers of the form
A (t, X, U, 0, Uy, Uy, Uyx, Uxx) and Ap(t, X, U, U, Uy, Uy, Uxy, Uxy) from (2.6) are

;—u [A1(us — 6ULy — 6DV — Uyyy) + N2 (U — 6UD, — 6VUy — Vsxy)] =0, (3.12)

66—0 [A1(uy — 6ULy, — 6DV, — Uyry) + Ao (U — 6UD, — 6VU; — Viry)] =0, (3.13)

where the standard Euler operators 6/6u and 6/6v are given by (3.6) and (3.7). Equations
(3.12) and (3.13) are separated, after expansion, according to different combinations of
derivatives of u and v and after some simplification the following system of equations for
A1, A\, is obtained:

Aixx =0, NAipx =0, Aixp,, =0, Aiyo,, =0, Ay, =0, A1y, =0,
Noxx =0, Apox =0, Noxo,, =0, Appo,, =0, Ny, =0, Aoy, =0,
Aivyo,, =0, Aoy, o, =0, Nopy = 61y, Aty = 6y,
A1y = 62,0 + 61,1, Aoy = 6A1,0 + 62,1,

Alu = A2UI AZu = Alvr Aluxx = AZUxxr AZu,OC = Alvxx-

(3.14)
The solution of system (3.14) yields
X 2 2
Ay =c1+u(cs + cat) + v(cs + cet) + €C4 + <3u + 30" + uxx)C7 + (6UD + Dy )Cs,
Ay = co +v(cs + cat) + u(es + cet) + %c6 + (6UD + Vyy)C7 + <3u2 +30°% + uxx>c8,
(3.15)

where ¢, ¢y, . . ., cg are arbitrary constants. The first six multipliers are same as derived in [18].
The two new multipliers are actually the higher-order multipliers associated with constants
c7 and cg

AY) = 31/[2 + 3'02 + Uyy, A£7) = 61{7) + Uxx,
(3.16)
AY = 6uv+ 05, A =307 4307 + 1.
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Equation (2.5) with multipliers given in (3.16) gives two new conservation laws

7 1 1
T1( ) = 3uv? + 1l + —Ulyyx + =VVxy,

2 2
1 9 1
T2(7) = —6UVVyy — 27UV — Evvtx - §u4 - Euix
2 2 94 1,
— BUyx U = 3U Uyy — EU - vax - Euutx + vavt + Euxut/
) . (3.17)
Tl(g) = 3120 + 0% + ZUUxy + = Uy,
2 2
1
T2(8) = —Zuvp — 18150 — Uy Uyy — 18U0° — 30705y

2

’ 1 1 1
= 3U Uy — Evutx — OUDUL, + Euxvt + vaut.

The two new higher-order conservation laws (3.17) are obtained for the system (3.11).

3.3. Conservation Laws for Complex-Valued KDV in Magnetized Plasma

The complexly coupled KDV
wy — <|w|2w> — Wyxx =0 (3.18)

arises in the study of the asymptotic investigation of electrostatic waves of a magnetized
plasma [19]. The variable w is the complex field amplitude w = u + iv. The representation of
(3.18) in real field variables u and v is

ur — 3u2ux - 2uvv, - UZux — Uxxx =0,
(3.19)
Uy — 3vzvx - 2UuvuU, — uzvx — Uxxx = 0.

The conservation laws for system (3.19) are derived here by using multiplier approach.
The determining equations for multipliers of the form A;(t,x,u, v, Uy, Uy, Uxx, Uxx) and
Ao (t, X, U, 0, Uy, Uy, Uyx, Uxx) from (2.6) are

6

— [Al (ut - 3uuy — 2uvvy — V Uy — uxxx> + Ay <Ut - 3070, — 2uviy — uPUy — Uxxx)] =0,

[A1 <ut = 31Uy — 2V, — VU, — uxxx> + Ay <vt - 30%0y = 2uvuy — Uy — vxxx>] =0.
(3.20)

ou
6
o6v
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Equation (3.20) finally results in the following overdetermined system:

3
Ay = — (uxx U+ UZu>A2x, (3.21)
v

3
Ay = = (Avaxx + Apy1i20 + A2xv3>,
(9

Aqu
Alx = 7
(4

Ay = 2A2‘0n uZ - 2A2‘0n UZ + Ao,
A2u = ZszmuU,

Alv = 2A2Uxx uo.

The solution of system (3.21) yields following five multipliers:

AV =0, Al =1,
AP =1, AP =0,

®B) _ Q) _
N =u, Ny =0,

2

AYD =15 + UV + Uy, (3.22)
Agl) =+ + DVyx,

A§5) =3t <u3 +uv® + uxx> + XU,

Ag’) =3t (713 + 1’0+ vxx> + X0.
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The corresponding conserved vectors conserved vectors are

Tl(l) =7, Tz(l) = 120 — V° — Uy,
T1(2) =u, Tz(z) =—u®—uv® - Uy,
2 2
us v
T = = 4 —,
1 2 2
2 2
3 U 3 3 3
T2( ) = 7" + X Uy — VVsy — Zu4 - 104 Euzvz,

1
T1(4) =1 [u4 + 0% + 20207 + 2uttyy + Zvax],

4 1
Tz( ) = -5 [ 0+ 00 + 12, + V2 + 2uVP Uy + 2UP VT — VLT

(3.23)
—U U + 2u3uxx +3utv? + 3uPot + 27)3va + VUi + Ullyy |,
T® = g [u4 + 0t + 2007 + 2Ul ey + Zvax] + fu‘2 + fv2
1 4 2 27
3t
TZ(S) ) [u6 +0° + uix + U,Z(x + 2UD Uy + 2UPVVy — VL0
—Uslly + 21Uy + 3107 + 3UP0* + 20505 + VO + uutx]
1 1 3 3
- Euux - z'UUx +Xx Eui + 57)32( - Zu4 - 104 — UUyxx — OUxx — §u27)2:| .
3.4. Conservation Laws for Ito Integrable System
Consider the following integrable Ito coupled system [20]:
Ut = Uy,
Ut = =2(Uxxx + 3U0y + 30U, ) — 12ww,, (3.24)

Wi = Wyxx + SUWY,

where u(t,x),v(t,x) and w(t,x). For simplicity, consider multipliers of the form A; =
A (t, x,u,0,w), Ay = Ay (t, x,u,v,w), and Az = A3(t, x,u, v, w).
The determining equations for multipliers A;, Ay, and Az from (2.6) are

66_u [A1 (s — 0x) + A2 (U + 205 xx + 6UDy + 60Uy + 12004 ) + A3 (Wi — Waxx — SUwW,)] =0,
(3.25)

% [A1(ur — Ux) + A2 (Ut + 2052y + 6UDy + 60Uy + 12005 ) + A3 (W — Waxx — 3UWy)] =0,
(3.26)

% [A1 (1t — vx) + Ao (Vf + 20xxx + 6UD, + 60U, + 12WTW5 ) + A3(Wi — Wixy — SUWy)] =0,

(3.27)
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where the standard Euler operators 6/6u, 6/6v, and 6/6w can be computed from (2.2).
Separating (3.25)—(3.27), after expansion, according to different combinations of derivatives

of u,v, and w and after some simplification following system of equations for A1, Ay, Az is
obtained:

Alxx = 0/ Alt = 0/ Alu = 0/ Alv = O/ Alw = 0/
A2x = 0/ A2u = 0/ AZ‘I) = 0/ AZw = 0/ (328)
AZt = Alxr A3 (t/ X, U,0, w) = 0

The system of determining equation (3.28) yields

AN =1+ ox, N> =3+ oo, A; =0, (329)
where ¢, ¢2, c3 are arbitrary constants and we have three multipliers

(1) 1) 1)
AV=1,  All=0 Al =0,
Agz) = x, Aéz) = t, A:(BZ) = 0, (330)

AP =0, AP=1, AP-=o

From (2.5), the conservation laws associated with multipliers given in (3.30) are

9=y, T =,
T1(2) =ux + ot, Tz(z) = 6uvt + 6wt — VX + 240y, (3.31)
T1(3) =0, T2(3) = 6UD + 6W + 2Vyy.

The multiplier approach gave three nontrivial conservation laws for Ito system (3.24).

3.5. Conservation Laws Navier-Stokes Equations for the Compressible Flow
of a Heat-Conducting, Viscous Fluid for the Ideal Gas Case

The one-dimensional compressible flow of a heat-conducting, viscous fluid for the ideal gas
case is represented by the Navier-stokes equations [21]

E1=pi + pxu+ puy =0,

Bp=x Unx _
E, —ut+uux+R7 +RO,—p— =0, (3.32)
R 2 xXx
E3=91+u9x+—9ux—ﬁ&—£9— =0,
Cy Cv P Co P
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where u(t,x), p(t,x), and 6(t,x) are the density, velocity, and temperature, g > 0 is the
viscosity coefficient, k > 0 is the heat conductivity coefficient, R > 0 is called the ideal gas
constant, ¢, > 0 represents the specific heat at constant volume. Consider multipliers of the
form A1 = Ai(t,x,u,p,0), A0 = No(t,x,u,p,0),and Az = Az(t, x,u,p,0). The determining
equations for multipliers Aj, A, and Aj from (2.6) are

6
a[AlEl + A2E2 + A3E3] = 0,

% [A1E1 + AzEz + A3E3] = O, (333)

o)
@[AlEl +A2Er + A3E3] =0,

where the standard Euler operators 6/6u, 6/6p, and 6/60 can be calculated from (2.2).
Expanding (3.33) and then separating according to different combinations of derivatives
of u,p, and 6 and after some simplification following system of equations for Aj, Ay, Az is
obtained:

Aixx =0, Ay = —ul\qy, Ayt = =Aixp,

A
A3 =0, Aoy =0, Az =0, Ay = _21

A A
A==,  Au=0, Aip=0, Ay=-2, (3:34)

c P

A A3
Asp==2,  Ag=—, Aw=0, Azp=0
P P

R+ ¢, #0, —R+2¢, #0.

The adiabatic constant y = 1 + R/c¢, has physical applications in region (1, (5/3)] (see e.g.,
[21,22]). If R + ¢, = 0 or =R + 2¢, = 0 then the value of y will be outside the region of
physical significance. The assumptions R + ¢, #0 and —R + 2¢, #0 are necessary for having
a true physical model. The solution of system (3.34) results in the following four multipliers:

3.35
AP =x—tu, AP =—tp, Aés) =0, (339
2
(4) u @ _ up 4)
A =4 £ e N
1 o 2 = 3
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The expressions for the fluxes are

1 1
Tl():p, Tz():up,

T1(2) =up, Tz(z) = u’p — puy + Rpb,

3.36
Tl(s) = p(x —tu), T2(3) = xup — tu’p + ptu, — Rtp0, (3.36)
2
1
T = p6 + =P, TV = — [2cvup9 +1%p + 2Rup0 — 2puuu, — 2k9x].
2¢, 2¢,
We will get same results if we consider multipliers of the form A; = Ai(t,x,u,p,0,uy,

szex)/ i= ]-/2/3 or Ai = Ai(t/x/u/p/ Qluf/ptlet)/ i= 1/2/3'

4. Conclusions

The conservation laws for the integrable coupled kdv type system, complexly coupled
kdv system, coupled system arising from complex-valued KDV in magnetized plasma,
Ito integrable system, and Navier stokes equations of gas dynamics were computed
by multipliers approach. The multipliers having dependence on dependent variables,
independent variables, and derivatives of dependent variables up to some fixed order were
constructed. After computing multipliers, the conservation laws fluxes were derived.

First of all, we considered integrable coupled kdv-type system and multiplier
approach yielded four local conserved vectors. For the complexly coupled KDV system,
total eight multipliers were obtained. The two new conserved vectors corresponding to
second-order multipliers were obtained and were not found in [18]. The multiplier approach
on coupled system arising from complex-valued KDV in magnetized plasma gave five
conserved vectors. For Ito integrable system three and for Navier stokes equations of gas
dynamics four, nontrivial conserved vectors were derived.

The conserved vectors derived here can be used in constructing the solutions of
underlying PDE systems and will be considered in the future work.
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