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We present some results for the asymptotic stability of solutions for nonlinear fractional difference
equations involvingRiemann-Liouville-like difference operator. The results are obtained by using
Krasnoselskii’s fixed point theorem and discrete Arzela-Ascoli’s theorem. Three examples are also
provided to illustrate our main results.

1. Introduction

In this paper we consider the asymptotic stability of solutions for nonlinear fractional
difference equations:

A%x(t) = f(t+a,x(t+a)), teNp 0<a<l,

1.1
Aa_lx(t)h:() = X0, ( )

where A® is aRiemann-Liouville-like discrete fractional difference, f : [0,+o0) x R — Ris
continuous with respecttot and x, N, = {a,a+1,a+2,...}.

Fractional differential equations have received increasing attention during recent years
since these equations have been proved to be valuable tools in the modeling of many
phenomena in various fields of science and engineering. Most of the present works were
focused on fractional differential equations, see [1-12] and the references therein. However,
very little progress has been made to develop the theory of the analogous fractional finite
difference equation [13-19].

Due to the lack of geometry interpretation of the fractional derivatives, it is difficult to
find a valid tool to analyze the stability of fractional difference equations. In the case that it
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is difficult to employ Liapunov’s direct method, fixed point theorems are usually considered
in stability [20-25]. Motivated by this idea, in this paper, we discuss asymptotic stability of
nonlinear fractional difference equations by using Krasnoselskii’s fixed point theorem and
discrete Arzela-Ascoli’s theorem. Different from our previous work [18], in this paper, the
sufficient conditions of attractivity are irrelevant to the initial value xo.

2. Preliminaries

In this section, we introduce preliminary facts of discrete fractional calculus. For more details,
see [14].

Definition 2.1 (see [14]). Let v > 0. The v-th fractional sum x is defined by
1 t—v (v-1)
-v — _ g — V= 2.1
ATVf(E) ) ;:a(t s=1)""f(s), (2.1)

where f is defined for s = amod (1) and A™f is defined for t = (a + v) mod (1), and t™ =
I'(t+1)/T(t—v+1). The fractional sum A~ maps functions defined on N, to functions defined
on Ngip.

Definition 2.2 (see [14]). Let p > 0 and m — 1 < p < m, where m denotes a positive integer,
m = [u], [-] ceiling of number. Set v = m — p. The p-th fractional difference is defined as

Alf(t) = A"TVf(E) = A™(ATVf(H)). (2.2)

Theorem 2.3 (see [15]). Let f be a real-value function defined on N, and p,v > 0, then the following
equalities hold:

(i) AV [ATHf ()] = AEf(1) = AH[AF(B)];
(t-a)™

(i) AAF() = MM f(B) = - f (@)

Lemma 2.4 (see [15]). Let p#1 and assume p + v + 1 is not a nonpositive integer, then

AW = Mt(#ﬂ’)_ (2.3)
I(p+v+1)

Lemma 2.5 (see [15]). Assume that the following factorial functions are well defined:
(1) If0 < a < 1, then t@0) > ()%,
(ii) £+ = (¢ —y) P,

Lemma 2.6 (see [13]). Let p > 0 be noninteger, m = [u], [], v = m — u, thus one has

t_ZH (t—s— 1)(M—1) = (t_a—_v)(#)'

s=a+v #

(2.4)
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Lemma 2.7. The equivalent fractional Taylor’s difference formula of (1.1) is

x(t) = F’(“(i) A F(la) g(t —s-1)Vf(s+a,x(s+a)), teN,. (2.5)

Proof. Apply the A~ operator to each side of the first formula of (1.1) to obtain
A™Ax(t) = A" f(t+a,x(t+a)), t€ N,. (2.6)

Apply Theorem 2.3 to the left-hand side of (2.6) to obtain

la=1)
ATA(t) = AAA TP x(t) = AA A" TP x (1) -

ORI 2.7)

=mﬂ—i%%H*V

So, applying Definition 2.1 to the right-hand side of (2.6), for t € N, we obtain (2.5).
The recursive iteration to this Taylor’s difference formula implies that (2.5) represents the
unique solution of the IVP (1.1). This completes the proof. O

Lemma 2.8 (see [4, (1.5.15)]). The quotient expansion of two gamma functions at infinityis

ey == [0
T(z+b) =z7|1+0 2l (larg(z + a)| < 7, |z| — ). (2.8)
Corollary 2.9. One has
tP > (t+a) P for a, Bt > 0. (2.9)

Proof. According to Lemma 2.8,

=P rt+1) T(t+a+p+1)
(t+a) P T(t+p+1) T(t+a+l)

_ T+l T(t+a+p+1)
Tt+a+1) T(+p+1)

1+O<%>] -(t+ﬂ)“[1+0<ﬁ>] (2.10)

) Bl o)

> 1.

Then, t) > (t + )P for a, B, t > 0. This completes the proof. O



4 Journal of Applied Mathematics

Definition 2.10. The solution x = ¢(t) of the IVP (1.1) is said to be
(i) stable if for any € > 0 and ty € R, there exists a 6 = 6(fy, €) > 0 such that

|x(t, x0,t0) —(t)| < & (2.11)

for |xg — ¢(to)| < 6(to, ) and all t > t;

(ii) attractive if there exists 7(tp) > 0 such that ||xp|| < 77 implies

tllr&x(t, xo,tp) =0; (2.12)

(iii) asymptotically stable if it is stable and attractive.

The space ;7 is the set of real sequences defined on the set of positive integers where
any individual sequence is bounded with respect to the usual supremum norm. It is well
known that under the supremum norm I3 is a Banach space [26].

Definition 2.11 (see [27]). A set Q of sequences in [ is uniformly Cauchy (or equi-Cauchy),
if for every € > 0, there exists an integer N such that |x(i) — x(j)| < &, whenever i,j > N for
any x = {x(n)} in Q.

Theorem 2.12 (see [27, (discrete Arzela-Ascoli’s theorem)]). A bounded, uniformly Cauchy
subset Q of I5? is relatively compact.

Theorem 2.13 (see [20, (Krasnoselskii’s fixed point theorem)]). Let S be a nonempty, closed,
convex, and bounded subset of the Banach space X and let A : X — Xand B: S — X be two
operators such that

(a) A is a contraction with constant L < 1,

(b) B is continuous, BS resides in a compact subset of X,

() [x=Ax+By, yeS]=x¢€S.
Then the operator equation Ax + Bx = x has a solution in S.

3. Main Results

Let I be the set ofall real sequences x = {x(t) };2, with norm ||x|| = supen, [x(#)], then I? is a
Banach space.
Define the operator

Px(t) = FJ(C;) et 4 F(la) g(t —s-1D)Vf(s+a,x(s+a),
Ax(t) = —0_gla-1), (3.1)

I'(a)

t-a
! Z(t—s—l)(“_l)f(s+a,x(s+cx)), t € N,.
5=0

Bx(t) = W
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Obviously, Px = Ax + Bx, the operator A is a contraction with the constant 0, which implies
that condition (a) of Theorem 2.13 holds, and x(¢) is a solution of (1.1) if it is a fixed point of
the operator P.

Lemma 3.1. Assume that the following condition is satisfied:
(H1) there exist constants p € (a,1) and Ly > 0 such that

|f(t,x(t)] < Lit"™)  for t € N,. (3.2)
Then the operator B is continuous and BS; is a compact subset of R for t € Ny, where
Sy = {x(t) Cac(B)] < E for t € Ny, } (3.3)

11 = (-1/2)(a — B1), and ny € N satisfies that

/D@1 LiT(1-p)

|0 ( 1)
m(a+n1+y1) Fi+azp) (x+n+11) <1. (3.4)

Proof. Fort € N, apply Lemma 2.8 and y; >0,

and we have that #) — 0 ast — oo, then there exists a n; € N such that inequality (3.4)
holds, which implies that the set S; exists.

We firstly show that B maps S; in S;.

It is easy to know that S; is a closed, bounded, and convex subset of R.

Apply condition (H;), Lemma 2.5, Corollary 2.9 and (3.4), for t € Ny.p,, we have

1
T(a)
1 t-a . 5
smé(t—s—l)( VLi(s+a)P
= LA™ (t + )P
_ Lir(1-p)
B F(l +zx—ﬁ1)
< L1F(1—ﬁ1) #la=pr)
F(l+a—ﬂ1)
_ Lir(1-p)
T T(l+a-p)

t_Za(t —-s— 1)(“’1)|f(s +a,x(s+a))|

s5=0

|Bx ()| <

(t+a)@PV)

(t + Yl) (—Yl)t(—yl)
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LT (1-

< (1-p1) (a+n1+}f1)(_mt(_m
F(1+a—ﬂ1)

< t(_Yl),

(3.6)

which implies that BS1 C St for t € Naup, .
Nextly, we show that B is continuous on S;.
Let € > 0 be given then there exist T} € N and T; > n; such that t € N1, implies that

LA -$1) o .
T(1+a-pr) 2' (37)

Let {x,} be a sequence such that x, — x.Fort € {a+nm,a+m+1,...,a+T; -1},
applying the continuity of f and Lemma 2.6, we have

|Bxn(t) — Bx(t)] < T )Z (t-—s-1)Y |f(s+a,xu(s+a)) - f(s+a,x(s+a))|

< {Or?ax |f(s+a,xu(s+a))— f(s+ax(s+a))]

Z(t —s-1)D

r() (3.8)
()
ﬁse{Ol |f(5+a,xn(s+a) f(s+a,x(s+a))|
_ 1)@
< (a ;(7[;1+ 11)) se{o?i);l—l}'f(s +a,x,(s+a)) - f(s+a,x(s+a))|
— 0 asn— oo.
Fort € Ny.1,,
|Bx,(t) — Bx(t)| < e )Z(t—s DD f(s+a,xa(s +a)| + | f(s+a,x(s +a))]]
< r( )Z(t— ~ D) (s +a) )
=201 A (t + o) PV 59
_ 2L1r(1 —ﬁl) (t+ a)(a*ﬂl) ’
T T(l+a-p)
2LT(A = A1) apy
IF(1+a- ,[51)

<E.
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Thus, for all t € Ny.,,, we have

|Bx,(t) - Bx(t)] — 0 asn — oo. (3.10)

which implies that B is continuous.
Lastly, we show that BS; is relatively compact.

Lett1,tp € Ngot, and tp > t1, thus we have

bh—a

|Bx(t,) — Bx(t1)| = N )Z(tZ—s—l) “Df(s+ax(s+a))

(1 2 (t1 —s— 1)(“’1>f(s +a,x(s+a))
s=0
< %hz_ix(tz —s-1)6D |f(s+a,x(s+a))|
s=0
e S s )@ (s x(s ) e
_ —5-— a,x(s+a
(@) & 1—§ f(s S
LiL(1-p) @py  LilL(L-P1) (a-p1)
STaracp) 2 riva ﬂl)(t 1+ a)
LT -p1)  wpy, LTA=B1)  apy
TU+a-p)>  Tara-p)"

<E.

Thus, {Bx : x € 51} is a bounded and uniformly Cauchy subset by Definition 2.11, and BS;
is relatively compact by means of Theorem 2.12. This completes the proof. O

Lemma 3.2. Assume that condition (Hy) holds, then a solution of (1.1) is in Sy for t € Nasn,.

Proof. Notice if that x(t) is a fixed point of P, then it is a solution of (1.1). To prove this, it
remains to show that, for fixed y € S;, x = Ax + By = x € S1 holds.
If x = Ax + By, applying condition (H;) and (3.4), for t € N, we have

[x(B)] < [Ax ()] + IBy(f)I

0] (o ) -
ST(a)( i T )Z(t s=D)" V| f(s+ay(s+a))|
SEHHMM

I'(a) T(1+a-p)

1ol yaeyy , BT =) oy
I'(a) I(1+a-p)

(t+ )(a—ﬂl)

<
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[Ixol (4 y2) /D@D LiT(1-p) (t+y1) m]t< 1)

T(a) T(l+a- p)

£ (/2@spy- . LT -pr) e |,
< 1 N T/ 1 1)
_[r()(a+n +11) +F(1+a ﬂ)(a+n1+y) t
St(*)’l).

(3.12)

Thus, x(t) € 51 for t € Ngiy,. According to Theorem 2.13 and Lemma 3.1, there exists a x € Sy
such that x = Ax+Bx, thatis, P has a fixed point in S; which is a solution of (1.1) for t € Ny, .
This completes the proof. O

Theorem 3.3. Assume that condition (Hy) holds, then the solutions of (1.1) is attractive.

Proof. By Lemma 3.2, the solutions of (1.1) exist and are in S;. All functions x(t) in S; tend to
0 ast — oo. Then the solutions of (1.1) tend to zero as t — oo. This completes the proof. [

Theorem 3.4. Assume that the following condition is satisfied:
(Hy) there exist constants p € (a, 1) and Ly > 0 such that

|[ft,x(®) - fF(ty(#)| < Lot |x-y|| for t € N,. (3.13)
Then the solutions of (1.1) are stable provided that

L2F(1 + a)F(l - ﬂz)

“TUta-p)T(+p) (3.14)

Proof. Let x(t) be a solution of (1.1), and let X(t) be a solution of (1.1) satisfying the initial
value condition X(0) = X,. For t € N,, applying condition (H;), we have

- t@1 g 1 & -
|x(t)—x(f)|Sm|xo—xol+m§(t—5—l)( Y

x|f(s+a,x(s+a)) - f(s+a,X(s+a))|

la=1)

< xn— % f—g—1)@D P ||y _ =

R )Z< oD (s + ) P - 7
ttx 1)

- T )|x0—x0|+L2A “(t+a) P x - X
#eD) LI'(1-p)

_ x0T P) e,z
T B T gy 0 Pl
a(”‘ D 2I'(1-po _ -

< Fa - ol + 2P pen

(1+[X—ﬂ2)
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Lzr(l + a)F(l — ﬁz)

= alxy — Xo| + flx = x|
F(l +a— ﬂz)r(l + ﬂ2)
= alxg — Xo| + cllx — X||,
(3.15)
which implies that
- & € —2—|xo - & (3.16)
S 7= g0 = Xol- .

For any given € > 0, let 6 = ((1 —¢)/a)e, |xo — Xo| < 6 follows that ||x — X|| < &, which
yields that the solutions of (1.1) are stable. This completes the proof. O

Theorem 3.5. Assume that conditions (Hy) and (Hpy) hold, then the solutions of (1.1) are
asymptotically stable provided that (3.14) holds.
Theorem 3.5 is the simple consequence of Theorems 3.3 and 3.4.

Theorem 3.6. Assume that the following condition is satisfied:
(H3) there exist constants B3 € (a, (1/2)(1 + a)), 2 = (1/2)(1 — a), and L > O such that

|t x(®)] < La(t +712) P |x(t)]  for t € N,. (3.17)

Then the solutions of (1.1) is attractive.

Proof. Set
S, = {x(t) Cac(B)] < ) for t € Naon, } (3.18)

where n, € N satisfies that

LsT'(1 - fi5 - 12)
r<1+b‘(—ﬂ3—}’2)

_ll')(cil) (lX +np + Yz)(_YZ) +

(a+m+7) P <1, (3.19)

We first prove condition (c) of Theorem 2.13, that is, for fixed y € S; and for all x € R,
x = Ax + By = x € S; holds.
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If x = Ax + By, applying condition (H3) and (3.19), for t € Ny.p,, we have

[x(B)] < |Ax(t)] + |By(t)|

|xo] (a=1) < (a=1)
< A (t-s-1 s+a,y(s+a

e ( ZO ) N f(s+ay(s+a)]

|x0| 1 1 & (a-1) (=p3)
SF( )t(“ )+ () Zt—s—l) Liy(s+a+1) "|y(s+a)|
< I|1-7(C0|) pla-1) 4 Z(t_ _1)(6!*1)(5_’_“)(*!33*]’2)

(3.20)

< |xo] pla-) L3F(1 — ) (t+ )(a P3-12)

(@) r(l+a- ﬁ3 vy
< |x0| t(u—l) + L3r(1 B ﬂ3 B Y2) t(a—ﬁs—Yz)

I'(a) Fl+a-ps-71)

|0l (r , LT(1-Ps-1) @) [ 41
[F(a)(t ") +r(1+a—ﬁ3—yz)(t+yz) ]t Y

LI (1-f5 - 12)
F(1+a—ﬂ3—y2)

[(a)

< 1)

< [l adl (a+m+12) 7 + (a+n2+y2)(“_ﬁ3)]t(ﬁ)

Thus, condition (c) of Theorem 2.13 holds.

The proof of condition (b) of Theorem 2.13 is similar to that of Lemma 3.1, and we
omit it. Therefore, P has a fixed point in S, by using Theorem 2.13, that is, the IVP (1.1)
has a solution in S,. Moreover, all functions in S, tend to 0 ast — oo, then the solution of
(1.1) tends to zero as t — oo, which shows that the zero solution of (1.1) is attractive. This
completes the proof. O

Theorem 3.7. Assume that conditions (Hpy) and (Hs) hold, then the solutions of (1.1) are
asymptotically stable provided that (3.14) holds.

Theorem 3.8. Assume that the following condition is satisfied:
(Hy) there exist constants € (0,1), Ps € (a, 2+ an)/(2+1)), and Ly > 0 such that

|f(t, x(t)| < La(t+ 1) |x(t)[?  for t € N,. (3.21)

Then the solutions of (1.1) is attractive.

Proof. Set

Ss = {x(t) S |x(®)] < £ for t € Ny, } (3.22)
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where y3 = (1/2)(ps — a), and n3 € N satisfies that

LT(1-pB4—
|xol (a+n b)) aT(1 - s~ y1)

.
T(e) F(1+a-ps—ys1) (a+ns+ys) <1 (3.23)

Here we only prove that condition (c) of Theorem 2.13 holds, and the remaining part
of the proof is similar to that of Theorem 3.6.

Sincernp € (0,1), s (a,2+an)/(2+n)),and y3 = (1/2)(fs — a), then y3, 131, a + 13 €
(0/ 1)/ )64 +7y3n € (0‘/ 1)

If x = Ax + By, applying condition (Hj4), Lemma 2.5 and (3.23), for t € Ny.y,, we have

lx(t)| < |Ax(t)| + |By(t)| < 1|,(O|) @D 4 F( )Z(t—s )(“_1)|f(s+cx,y(s+a))|

|0l (a-1) ;. (a-1) ( P1) 1
< ——t“ t-s-D""VLy(s+a+1)"™|y(s+a)
M)  Ta )Z ly(s+a)

< 1|_3(CO|) D 4 F( )Z(t -1)b (s+a+ qu)(fﬁ“) [(s + a)(,m]n

< 1Xol |x0] pla=1) r( )Z(t 1)(a—1)(s+a+Y3Tl)(—ﬂ4)(S+a)(—ym)

= T(a) )
1%l oy |, Z(t ~ 1)@ (g 4 ) Pem)
" T(a) ) 1"( )<
< 2oL |xol 1201 4(a-1) L4T(1 —Pi—ysm) (t + o) @ Prrn)
T(a) r(1 +a—fu—y31)
< | o] fa) L4F(1 Pas - Y371) pla=Pa-ysm)
I'(a) F(1+a-ps—ys1)
< ¥l oy, LiP( = fa—13) apyy
I(a) T(1+a-pi- ym)
| xo| (t )(ﬂ—lﬂ’s) " L4r(1_ﬂ4_Y311) (t+YS)(_V3) 113)
T(a) T(1+a-ps—yn)
|xo (a-1+y3)
< | ==L
< [F(zx) (a+mn3+7y3)
Ll (=P —ysm)

(=13) | +(-13)
a+ns+ t
F(1+a—ﬂ4—}f3 )( Y3) ]

< 1)
(3.24)

Thus, condition (c) of Theorem 2.13 holds. This completes the proof. O
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4. Examples

Example 4.1. Consider

A%Sx(t) = 0.2(t + 0.5) " sin(x(t + 0.5)), t € Ny,
A% (t)|=0 = xo,

where f(t,x(t)) = 0.2tC%7 sin(x(t)), t € Nos.
Since

|f(t, x(t)] = |0.2t(‘0'75) sin(x(t))| < 026079,

this implies that condition (H;) holds.
In addition,

|[f(t,x(®) - £t y(®)] <0267 ||x - .

Thus, condition (Hy) is satisfied.
Moreover, from L, = 0.2, = 0.5, and > = 0.75, we have

_ LI(+al(1-p)  0.20(1.5I(0.25)
T +a-p)T(1+p) TA25)I(175)

=0.7716 < 1,

which implies that inequality (3.14) holds.
Thus the solutions of (4.1) are asymptotically stable by Theorem 3.5.

Example 4.2. Consider

A%x(t) = 0.2(t+1.5) 9 x(t +0.5), t € Ny,
A‘0'5x(t)|t:0 = Xy,

where f(t,x(t)) = 0.2(t + 1) x(t), t € Nys.

Since 3 = 0.6, & = 0.5, we have that 3 € («, (1/2)(1 + a)), y» = 0.25 and

|f(t,x(1)] = |0.2(t + 1) 9% )| < 0.2(t +0.25) 9 |x (1)),

which implies that condition (H3) is satisfied.
Meanwhile,

|f(tx(t) - f(ty(®)] <0.2(t+ 1) x — y|| < 02679 ||x - y||,

which implies that condition (Hy) is satisfied.

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)
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From L, = 0.2, a = 0.5, and f, = 0.6, we have

_ LI+al(1-p)  0.20(15I(04)
“TTA+a-p)r+p)  TOIT(L6)

~04120 < 1, (4.8)

which implies that inequality (3.14) holds.
Thus the solutions of (4.5) are asymptotically stable by Theorem 3.7.

Example 4.3. Consider

A%x(t) = (£ +1.5)00x1/3(+ +0.5), t € Ny,

4.
A5 (1)1 = xo, (49)

where f(t,x(t)) = (t+1)"9x/3(t), t € Nos.
Since a = 0.5, f4 =0.6, 1=1/3, we have thaty € (0,1), s € (a, 2+ an)/(2+ 1)) and

|t x(®)] < (t+ 1) |x(1)]'?, (4.10)

then condition (Hy) is satisfied.
The solutions of (4.9) are attractive by Theorem 3.8.
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