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We study learning algorithms generated by regularization schemes in reproducing kernel Hilbert
spaces associated with an e-insensitive pinball loss. This loss function is motivated by the e-insen-
sitive loss for support vector regression and the pinball loss for quantile regression. Approximation
analysis is conducted for these algorithms by means of a variance-expectation bound when a noise
condition is satisfied for the underlying probability measure. The rates are explicitly derived under
a priori conditions on approximation and capacity of the reproducing kernel Hilbert space. As an
application, we get approximation orders for the support vector regression and the quantile regu-
larized regression.

1. Introduction and Motivation

In this paper, we study a family of learning algorithms serving both purposes of support vector
regression and quantile regression. Approximation analysis and learning rates will be provided,
which also helps better understanding of some classical learning methods.

Support vector regression is a classical kernel-based algorithm in learning theory
introduced in [1]. It is a regularization scheme in a reproducing kernel Hilbert space (RKHS)
H associated with an e-insensitive loss ¢¢ : R — R, defined for € > 0 by

¢ (u) = max{lu| —€,0} = (1.1)

lu|—e, if lu|>e,
0, otherwise.
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Here, for learning functions on a compact metric space X, K : X x X — R is a continuous,
symmetric, and positive semidefinite function called a Mercer kernel. The associated RKHS
Hk is defined [2] as the completion of the linear span of the set of function {K, = K(x,-) :
x € X} with the inner product (-, -) g satistying (K, Ky), = K(x,y). Let Y = Rand p be a
Borel probability measure on Z := X x Y. With a sample z = {(x;, i) }/y € Z™ independently
drawn according to p, the support vector regression is defined as

o= ang i . S0 2071 12)
K i=1

where A = A(m) > 0 is a regularization parameter.

When € > 0 is fixed, convergence of (1.2) was analyzed in [3]. Notice from the original
motivation [1] for the insensitive parameter € for balancing the approximation and sparsity
of the algorithm that e should change with the sample size and usually € = e(m) — 0 as the
sample size m increases. Mathematical analysis for this original algorithm is still open. We
will solve this problem in a special case of our approximation analysis for general learning
algorithms. In particular, we show how f¥R approximates the median function f,, 1,2, which
is one of the purposes of this paper. Here, for x € X, the median function value f,1/2(x) is a
median of the conditional distribution p(: | x) of p at x.

Quantile regression, compared with the least squares regression, provides richer infor-
mation about response variables such as stretching or compressing tails [4]. It aims at esti-
mating quantile regression functions. With a quantile parameter 0 < 7 < 1, a quantile regression
function f, . is defined by its value f,.(x) to be a T-quantile of p(- | x), that is, a value u € Y
satisfying

p(lyeY:y<u}|x)>7, plyeY:y>u}|x)>1-1. (1.3)

Quantile regression has been studied by kernel-based regularization schemes in a
learning theory literature (e.g., [5-8]). These regularization schemes take the form

1
FOR _ arg;gjlr;{;;%(f(xi) ~ i)+ A||f||§<}/ (14)

where ¢, : R — R, is the pinball loss shown in Figure 1 defined by

A-7u, ifu>0,

1.5
—TU, if u<0. (15)

(PT(u) = {

Motivated by the e-insensitive loss ¢¢ and the pinball loss ¢, we propose the e-insen-
sitive pinball loss ¢g : R — R, with an insensitive parameter € > 0 shown in Figure 1 defined
as

A-1)(u-e¢), ifu>e,
gi(u) =4 -t(u+e), if u<-e, (1.6)
0, otherwise.



Journal of Applied Mathematics 3
@r(u) 7 (u) (1-7)u-e)
1-7)u

-T(u+e¢)
—TuU

0 u

Figure 1

This loss function has been applied to online learning for quantile regression in our previous
work [8]. It is applied here to a regularization scheme in the RKHS as

H

€ € : ]' B €
O 1 s in | 2 S0 -0 2l a7
i1

The main goal of this paper is to study how the output function fz(e) given by (1.7) converges
to the quantile regression function f, - and how explicit learning rates can be obtained with
suitable choices of the parameters A = m™,e = m P based on a priori conditions on the
probability measure p.

2. Main Results on Approximation

Throughout the paper, we assume that the conditional distribution p(: | x) is supported on
[-1,1] for every x € X. Then, we see from (1.3) that we can take values of f,, tobe on [-1,1].

So to see how fz(e) approximates f, -, it is natural to project values of the output function fz(e)
onto the same interval by the projection operator introduced in [9].

Definition 2.1. The projection operator o on the space of function on X is defined by
1, if f(x)>1,

a(f)x)=4-1, if f(x) <-1, (2.1)
f(x), if —1<f(x)<1.

Our approximation analysis aims at establishing bounds for the error ||or ( fz(e) )= forll
PX

in the space Lz; with some p* > 0 where px is the marginal distribution of p on X.

2.1. Support Vector Regression and Quantile Regression

Our error bounds and learning rates are presented in terms of a noise condition and approx-
imation condition on p.
The noise condition on p is defined in [5, 6] as follows.
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Definition 2.2. Let p € (0,00] and g € (1, o0). We say that p has a T-quantile of p-average type
q if for every x € X, there exist a T-quantile t* € R and constants a, € (0,2], b, > 0 such that
for each u € [0, ay],

plly € (" —u,t*)} | x) > bui™, p(ly € (", " +u)} | x) > bu™, (2.2)

and that the function on X taking value (byal")! at x € X lies in Lﬁx.

Note that condition (2.2) tells us that f, - (x) = t* is uniquely defined at every x € X.

The approximation condition on p is stated in terms of the integral operator L :
Ly, — L defined by Lx(f)(x) = [y K(x,u)f(u)dpx(u). Since K is positive semidefinite,
Lk is a compact positive operator and its 7-th power L} is well-defined for any r > 0. Our
approximation condition is given as

1
for=L%(gyz) forsome0<r< 5 8o € L;er' (2.3)

Let us illustrate our approximation analysis by the following special case which will
be proved in Section 5.

Theorem 2.3. Let X C R" and K € C*(X x X). Assume f,. € Hx and p has a T-quantile of p-
average type 2 for some p € (0, 0]. Take A = m~P*V/(P*2) and e = m™F with (p+1)/(p+2) < < oo.
Let 0 << (p+1)/2(p +2). Then, with p* =2p/(p +1) > 0, forany 0 < & < 1, with confidence
1 -6, one has

where C is a constant independent of m or 6.

If p> (1/21) — 2 for 0 < 17 < 1/4, we see that the power exponent for the learning rate
(2.4) is atleast (1/2)—-2#. This exponent can be arbitrarily close to 1/2 when 7 is small enough.

In particular, if we take T = 1/2, Theorem 2.3 provides rates for output function f5'}
of the support vector regression (1.2) to approximate the median function f, /2.

If we take ff = oo leading to € = 0, Theorem 2.3 provides rates for output function fZQR
of the quantile regression algorithm (1.4) to approximate the quantile regression function f, ..

2.2, General Approximation Analysis

To state our approximation analysis in the general case, we need the capacity of the hypo-
thesis space measured by covering numbers.

Definition 2.4. For a subset S of C(X) and u > 0, the covering number (S, u) is the minimal
integer | € N such that there exist I disks with radius u covering S.
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The covering numbers of balls Bg = {f € H#k : ||f|lk < R} with radius R > 0 of the
RKHS have been well studied in the learning theory literature [10, 11]. In this paper, we as-
sume for some s > 0 and C, > 0 that

log V(By,u) < CS<%> , Yu>0. (2.5)

Now we can state our main result which will be proved in Section 5. For p € (0, o0]
and g € (1, o), we denote

szin{g,]%} € (0,1]. (2.6)

Theorem 2.5. Assume (2.3) with 0 < r < 1/2 and (2.5) with s > 0. Suppose that p has a T-quan-
tile of p-average type q for some p € (0,00] and q € (1,00). Tnke A = m™* with0 < a < 1and a <
(2+s)/s(2+s-0).Sete=mP withar/(1-r) < < co. Let

(1+s)[2+2s—sa(2+s—-0)]

0<n< s2+s5-0)(2+5) 27)
Then, with p* =pq/(p+1) >0, for any 0 < 6 < 1, with confidence 1 — 6, one has
||]T<f(€)> - f, <C(log 3 2log - (2.8)
z pT L;’;; > Tl 5 s

where C is a constant independent of m or & and the power index ® is given in terms of r,s,p, q, a,
and 1 by

ar 1 _sla+s-0)-1] s7
1-r"2+s-0 (2+s-0)2+s) 1+s’

= 1 min{
1 (2.9)

1 sa(l —2r) 1 s [a 1
2+s—9_(1+s)(2—2r)’2+s-6_1+s<§_2(2—9)>}‘

The index & can be viewed as a function of variables 7, s, p, g, &, 7. The restriction 0 <
a<(2+s)/s(2+s—-0)onaand (2.7) on 7 ensure that 8 is positive, which verifies the valid
learning rate in Theorem 2.5.

Assumption (2.5) is a measurement of regularity of the kernel K when X is a subset of
R™. In particular, s can be arbitrarily small when K is smooth enough. In this case, the power
index ¢ in (2.8) can be arbitrarily close to (1/g) min{ar/(1-r),1/(2-0)}. Again, when f = oo,
€ = 0, algorithm (1.7) corresponds to algorithm (1.4) for quantile regression. In this case,
Theorem 2.5 provides learning rates for quantile regression algorithm (1.4).
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Error analysis has been done for quantile regression algorithm (1.4) in [5, 6]. Under the

assumptions that p satisfies (2.2) with some p € (0, oo] and g > 1 and the £? empirical covering
number N, (Bi,7,€?) (see [5] for more details) of B; is bounded as

sup log N, <Bl,11, €2> < a<%> with s € (0,2), a>1, (2.10)

zeZm

it was proved in [5] that with confidence 1 -6,

(p+1)/(p+2-s/2)
2.(\) log(3/6) [ Ksc,a
I (#) - o (s

Lﬁ; S {%T()t) + .A, m )Ls/zm
1/q

Kyc,a <32cp log(3/6) > P2 45100(3/6)
+5 g oY/
A32m

+

m m

(2.11)

where C, and K 5,C, are constants independent of m or A. Here, ®;(\) is the reqularization error
defined as

(1) = inf {&(f) - &(for) +AIf X} (212)

= inf
feHdk
and &, (f) is the generalization error associated with the pinball loss ¢, defined by
& (f) = fz g (f(x) ~y)dp = fx L ¢z (f(x) = y)dp(y | x)dpx (x). (2.13)

Note that &.(f) is minimized by the quantile regression function f, . Thus, when the regular-

ization error @, (1) decays polynomially as ®,()) =O(\"/4)) (which is ensured by Lemma 2.6

below when (2.3) is satisfied) and A = m™, then ||Jr(fZQR) — forllpr = O(log(3/6)m™?) with
PX

1 ar p+1 asy p+1
19—5m1n{1_r,P+2_(s/2)<1 7>’P+2}' (2.14)

Since (p+1)/(p +2) =1/(2 - 0), we see that this learning rate is comparable to our result in
(2.8).
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2.3. Comparison with Least Squares Regression

There has been a large literature in learning theory (described in [12]) for the least squares
algorithms:

1= arg mip {150 20715 ) @19

It aims at learning the regression function f,(x) = [, ydp(y | x). A crucial property for its
error analysis is the identity &;5(f) — &i5(fp) = [If — fP”iZ for the least squares generalization
PX

error &5(f) = [,(y - f (x))?dp. Tt yields a variance-expectation bound E(¢2) < 4E(¢) for the
random variable ¢ = (y —f(x))2 -(y—fp (x))* on (Z,p) where f : X — Y is an arbitrary mea-
surable function. Such a variance-expectation bound with E(¢) possibly replaced by its posi-
tive power (E(Z))? plays an essential role for analyzing regularization schemes and the power
exponent 0 depends on strong convexity of the loss. See [13] and references therein. However,
the pinball loss in the quantile regression setting has no strong convexity [6] and we would
not expect a variance-expectation bound for a general distribution p. When p has a T-quantile
of p-average type g, the following variance-expectation bound with 6 given by (2.6) can be
found in [5, 7] (derived by means of Lemma 3.1 below).

Lemma 2.6. If p has a T-quantile of p-average type q for some p € (0,00] and q € (1, o), then

E{ (e () = y) = e (for () = 1))} < Cal&x(F) = & (o))", ¥f: X —,
(2.16)

where the power index 0 is given by (2.6) and the constant Cg is Co = 22794°||y"! ||ig .

Lemma 2.6 overcomes the difficulty of quantile regression caused by lack of strong
convexity of the pinball loss. It enables us to derive satisfactory learning rates, as in
Theorem 2.5.

3. Insensitive Relation and Error Decomposition

An important relation for quantile regression observed in [5] assets that the error ||or( fz(€>) -

fprll taken in a suitable Li; space can be bounded by the excess generalization error
& (ar( fz(e))) - &+(fp,r) when the noise condition is satisfied.

Lemma 3.1. Let p € (0,00] and q € (1,0). Denote p* = pg/(p + 1) > 0. If p has a T-quantile of
p-average type q, then for any measurable function f on X, one has

1f = forllyy < Caplén(F) =& (for)}'"", (3.1)

1/q

_ -1y-1
where Cyp = 21-0/0) g1/4||{ (byal }XEX”L£ .
X
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By Lemma 3.1, to estimate ||or( fz(e)) ~ fozll,» , we only need to bound the excess gener-

i
alization error & (or( fz(e) )) = &+(fp,r)- This will be done by conducting an error decomposition
which has been developed in the literature for regularization schemes [9, 13-15]. Technical
difficulty arises for our problem here because the insensitive parameter ¢ changes with m.
This can be overcome [16] by the following insensitive relation

¢r(u) —e <gi(u) < (u), ueR. (3.2)

Now, we can conduct an error decomposition. Define the empirical error &,.(f) for
f:X — Ras

1 m
o () = - Do (f (xi) = 9i)- (33)
i=1

Lemma 3.2. Let \ > 0, £ be defined by (1.7) and

3 = argfrgj;l{éf (F) = & for) + MIFIIR - (3.4)

Then,
&(x () = & (for) <51+52+e+9 W), (3.5)

where

5= e (1)) - )] [ear (o)) - ),
52 = [éz,-r< )(LO)> - éz,'r(fp,'r)] - [ér< )EO)> - éT(fP,T)]’

(3.6)

Proof. The regularized excess generalization error & (o (f)) — &+ ( for) + Al A% [|% can be ex-

pressed as

(e () - ()} {[e0n (= (27) o e ) L
e (1) - (B} e (1) - 5<ﬁﬂ+wﬁﬂl}

(e)
z

(3.7)



Journal of Applied Mathematics 9

The fact |y| < 1 implies that &, (7(fi)) < &,.(f1”). The insensitive relation (3.2) and the
definition of £{ tell us that

& (£27) qur( ) - i)
3w ) P ) A

(e) (€)
z

2
+ €
K

(3.8)

Then, by subtracting and adding &.(f,-) and &,,-(f,-) and noting D (1) = &:(f) (O) )=E&r(fpr)+
A f )LO) || we see that the desired inequality in Lemma 3.2 holds true. O

In the error decomposition (3.5), the first two terms are called sample error. The last
term is the regularization error defined in (2.12). It can be estimated as follows.

Proposition 3.3. Assume (2.3). Define f )EO) by (3.4). Then, one has

(1) < oA/,

el <vee, <3—9>
where Cy is the constant Co = l|gpzlli2, + ||gp,T||i/%X.
Proof. Let p = A1) > 0 and
= (Lx +pI) 'L fpr. (3.10)
It can be found in [17, 18] that when (2.3) holds, we have
V= Forl + L < el e

Hence, |Ifu — forlliz, < 1 lIgplliz, and I1fulF:

by taking f = f, in (2.12) that

<2 gp,T”i ;- Since ¢ is Lipschitz, we know

2, (4) < f ge (fu(2) = y) =g (for () = ) + Al full
<M= Forlls, +MFullie < W= Forllis, +Allfulli (3.12)
e e e (o e o P
This verifies the desired bound for 9, (\). By taking f = 0 in (2.12), we have

O <200 < coarr e, (3.13)

Then the bound for || f )fo) || is proved. O
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4. Estimating Sample Error

This section is devoted to estimating the sample error. This is conducted by using the vari-
ance-expectation bound in Lemma 2.6.
Denote « = sup, .V K(x, x). For R > 1, denote

w(R)z{zezm:

£ <

R}. (4.1)

Proposition 4.1. Assume (2.3) and (2.5). Let R > 1and 0 < 6 < 1. If p has a T-quantile of p-average
type q for some p € (0,00] and q € (1, o0), then there exists a subset Vg of Z™ with measure at most
6 such that for any z € W(R) \ Vg,

(6)

&(n(£7)) - & or)

/ o A-(1/@-20)
S 2e + Cjlog - .)L maxq 1, ———
o m

+C,log %m’l/ (2-0) | !/ @rsO) R/ (149),
(4.2)

where 0 is given by (2.6) and C}, C},, C;, are constants given by

C) = 4Co+2x\/Cy,  Cy=245+324Cy %%, C, =40(6Cs)" 1*9 +40(8CoC,) " @+
(4.3)

Proof. Let us first estimate the second part S, of the sample error. It can be decomposed into
two parts S = S, 1 + S, where

1= [ean () - ()] - (1) - (=),
1= [ean (o) - ar )] [ (7)) - 50)]

For bounding .S, 1, we take the random variable ¢(z) = ¢ (f /{0) (x)=y)—@ (o (f A(O)) (x)-vy)
on (Z,p). It satisfies 0 < & < [or(f{")(x) = £{” ()] < 1+ [|f\”lloo. Hence, | = E@)| < 1+ [I£" I
and E(¢ - E(g))2 <EZ < (1+ ||fA( )||OO)E (¢). Applying the one-side Bernstein inequality [12],
we know that there exists a subset Z; s of Z™ with measure at least 1 — (6/3) such that

A ) oo

6m

501 < +&(fO) - &n(x(F)), vzezis (4.5)
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For S,,, we apply the one-side Bernstein inequality again to the random variable

¢(z) = ¢r (Jr(f)fo)) (%) =y) = ¢ (fp,r(x) —y), bound the variance by Lemma 2.6 with f = m'(fio) ),
and find that there exists another subset Z, s of Z" with measure at least 1 — (6/3) such that

Sop <

4log(3/0) |, <6>9/<4‘29><1 B 9) <2c9 log(3/5)>1/<2-9>

3m 2 2 m

+&(x(f)) - &(for), V2EZas.

(4.6)

Next, we estimate the first part $; of the sample error. Consider the function set

G= {‘I’T(”(f)(x) =) _‘I’T(fprT(x) -y): ”f”K < R}' (4.7)

A function from this set g(z) = ¢ (7 (f)(x) — ) — ¢ (f,,-(x) — y) satisfies E(g) >0, [g(z)] < 2,
and E(g?) < Co(E(g))? by (2.16). Also, the Lipschitz property of the pinball loss yields
N(G,u) < N(By,u/R). Then, we apply a standard covering number argument with a ratio
inequality [12, 13, 19, 20] to G and find from the covering number condition (2.5) that

(& (7 () = & (fpr)] = [Ear (7 (f)) = Ear(for)]

Prob,czn 4 sup = < 4y1-072)
7], <R V() ~ & (fpr)) +uf
u mu®? R\°® mu*°
>1- (B, % — l>1- (=) ~—=————1t
>1-A(By ) eXP{ 2C9+(4/3)u1‘9} - eXp{C <u> 2Co + (4/3)u1—9}

(4.8)

Setting the confidence to be 1 — (6/3), we take u*(R,m, 6/3) to be the positive solution to the
equation

R\® mu®? 6
s| — _ = l —. 4.9
¢ <u) 2Ce + (4/3)ul0 83 (49)

Then, there exists a third subset Z3 s of Z™ with measure at least 1 — (6/3) such that

sy £ &y )]~ [oar (1)) ~Ear ()] cs(u(rom, 5)>1—<9/2> V2 € Zas.

1=k En () —En (o)) + (R, m,6/3)) 3 '
(4.10)
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Thus, for z € W(R) N Z3 5, we have

= [ (7 (£7)) - & Gom)] = [Ear (2 (£7)) - €2 ()]
s4[ (R m, 3 6/2)\/[5 (£) - & (pr)] [ *<R,m,§>]6 (4.11)
< (1 2)42/@ 0) *(R m,6> 2[;, ( (fﬁ)) _aT(fp,T)] +4u*<R,m,§>.

Here, we have used the elementary inequality vVa+b < v/a + vb and Young’s inequality.
Putting this bound and (4.5), (4.6) into (3.5), we know that for z € W(R) N Z35 N Z1,6 N Zys,
there holds

é’ (]Z'(fz)) é (fPT) 2[6 ( <fz(€)>> _éT(fp,T>] +€+2%T()t)

7(1+ f(O) log(3/6) 1/(2-0)
+20u*<R,m,§) " ( ” 4 ||oo> +410g(3/6) .\ <2Celog(3/6)> ,
(4.12)

which together with Proposition 3.3 implies

(E)

& (7(f2)) = &x(for)

. <26 +4CoN1 1 (5+2(2C5) /) log S /-0

3 \@r-1)/(2-2r)

+ 40u* ( > +2xV/C 1og

(4.13)
Here, we have used the reproducing property in #x which yields [12]
Al < wllfllcr VS € i (4.14)
Equation (4.9) can be expressed as
3 2C, 3 4C,R? 2CyCsR°
2+5-0 _ ylts=0 _ 20 _ =S 1-0 _ 2005 4.15
u log 5 log = 6 3 u P 0. (4.15)

By Lemma 7.2 in [12], the positive solution u*(R, m, 6/3) to this equation can be bounded as

1/(2-6) RS\ I/(1+9) RS\ 1/ (2+s-6)
w (R, m,5/3)<max{—1og2 <8C@1 gg) ’<6C;l ) ,<8CenC15 ) }

< (6 + (8C9)1/(279)> log gm—l/(z—e) + <(6CS)1/(1+S) + (SCGCS)l/(ZJrst))
x m*l/(2+579) Rs/(1+s) .
(4.16)
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Thus, for z € W(R) N Z3 s N Z15 N Zy 5, the desired bound (4.2) holds true. Since the measure
of the set Z3 s N Z1 5 N Zy5 is at least 1 — 6, our conclusion is proved. O

5. Deriving Convergence Rates by Iteration

To apply Proposition 4.1 for error analysis, we need some R > 1 for z € JJ(R). One may
choose R = 1712 according to

f(e)
z

S V2 yzezm (5.1)

which is seen by taking f = 0 in (1.7). This choice is too rough. Recall from Proposition 3.3
that || f A(O) |k < A/CoA®~D/2=2) which is a bound for the noise-free limit f A(O) of £ Itis much
better than A-1/2. This motivates us to try similar tight bounds for fz(e). This target will be

achieved in this section by applying Proposition 4.1 iteratively. The iteration technique has
been used in [13, 21] to improve learning rates.

Lemma 5.1. Assume (2.3) with 0 <r <1/2 and (2.5) with s > 0. Take A = m™* with0 < a <1 and
e=m"P with0 < p < co. Let 0 < 17 < 1. If p has a T-quantile of p-average type q for some p € (0, oo]
and q € (1,00), then for any 0 < 6 < 1, with confidence 1 — 6, there holds

! ! ! 3 2 3
« S4C3<1+\f2+\/C1 +\/C2> <log E> ‘Vlog gme’l, (5.2)

f(f)
z

where 0, is given by

(5.3)

9,1=max{a_ﬂ a(l-2r) a 1 [zx(2+s—9)—1](1+s)+ }20.

2 " 2-2r ‘2 22-0) (2+s5-0)2+s)

Proof. Putting A = m™® with 0 < a < 1 and e = m™ with 0 < § < oo into Proposition 4.1, we
know that for any R > 1 there exists a subset Vi of Z™ with measure at most 6 such that

f(€>
z

S an R/ %% 4+ b, Vz e W(R)\ Vg, (5.4)

where with ¢ := max{(a - f)/2,a(1 -2r)/(2-2r),a/2 -1/2(2 - 0)} > 0, the constants are
given by

A = Cgm(“/z)‘(l/z(zﬂ_e)), b, = <\ﬁ + \/C’1 log% + \/C’2 log %> m°. (5.5)

It follows that

W0(R) €10(anR ) +b,,) U V. (5.6)
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Let us apply (5.6) iteratively to a sequence {R"/)} ]].:0 defined by R® = 17/2 and R =

A (RUD)/ 229 1 where ] € N will be determined later. Then, J0(RU) € 10(RD) U V.
By (5.1), W(R©®) = Z™. So we have

2" =90(R®) ¢ W(RV) U Vg €+ CW(RD) U (U3 Vio))- (5.7)

As the measure of Vi) is at most 6, we know that the measure of U]L—S Vro is at most J6.

Hence, 70(RY)) has measure at least 1 — J6.
Denote A = s/(2 +2s) < 1/2. The definition of the sequence { R/} ][:0 tells us that

. A I o
R = glyeatess/ T (ROYT 4 3 glededlecatpal y (5.8)
j=1

Let us bound the two terms on the right-hand side.
The first term equals

) (1-01)/2(01-8) | (a(2+5-6)-1)/ (4+25-20))(1-A)/ (1-8)) p (a/2) AT (5.9)

which is bounded by

c, 1 (@(2+5-0)=1)/ (4+25-20) (1-A) .. (/2)~(@x(2+5-0)~1)/ (4+25-20) (1-A)) A/

. (5.10)
<C [a@+s=0)-11(1+5)/ (2+5-0) (2+5) ,, (1/ (2+5-0))27

Take J to be the smallest integer greater than or equal to log(1/7)/ log2. The above expres-
sion can be bounded by C,m[a(2+s-0)-11(1+s)/ (2+s-0)2+s)+1,
The second terms equals

7-1 7-1
S aliae e A A < 5Ol (8/2)71/2255-0) (=80 (=MD A 1t
= =1
(5.11)
where by = v/2 + \/c'1 log(3/6) + \/C’2 log(3/86). It is bounded by
J-1 ) )
m[a(2+s—9)—1] (1+s)/ (2+5-0)(2+s) C§b1 Zm(g—([a(2+s—6)—l] (1+8)/ (2+s5-0) (2+s))) (s / (2+2s)7) ) (512)

j=0

When ¢ < [a(2+5-0) -1](1 +5s)/(2+ s -0)(2 + s), the above expression is bounded by
CLby Jma@+s=0)-11(1+5)/(2+s=0)2+) 'When § > [a(2+5-0) —=1](1 +5)/(2+5 - 0)(2 +s), it is
bounded by C4b; Jmé.
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Based on the above discussion, we obtain
R(]) S (Cé + Céblj)me'l, (513)

where 0, = max{[a(2+5-0) - 1](1+5)/(2+5-0)(2+s) +1,¢}. So with confidence 1 - 6,
there holds

”f(e)
z

! ! ! 3
S RY) < C3<1 +V2+14/C + \/C2>]Vlog Sme’l. (5.14)

Then, our conclusion follows by replacing 6 by 6/ ] and noting J < 2log(3/7). O

Now, we can prove our main result, Theorem 2.5.

Proof of Theorem 2.5. Take R to be the right side of (5.2). By Lemma 5.1, there exists a subset
Vi of Z™ with measure at most § such that Z™\V}, C W(R). Applying Proposition 4.1 to this
R, we know that there exists another subset Vi of Z™ with measure at most 6 such that for
any z € W(R)\ Vg,

&(m(f27)) = & (for) <2m™ +Cllog %m_“” -1 4+ C) log %m_l/ 2-6)

5 (5.15)
3 3 1+5))0,—(1/(2+s-0
+ (f'J <10g —> log Zm(s/ (149)0y=(1/ Q2+s )),

where
C, = C,(4cy)¥ 09 (1 +V2+4/Cl + \/c'2>. (5.16)

Since the set Vx U V}, has measure at most 26, after scaling 26 to 6 and setting the constant C

by
C=2C,,(2+Cy+Ch+C)), (5.17)

we see that the above estimate together with Lemma 3.1 gives the error bound

[=(727) = for

<& (1083 21 S (5.18)
Lg;_ Ogﬁ Oggm .

with confidence 1 — 6 and the power index & give by

1 . ar 1 S
19_amm{ﬂ'l—r'2+s—6_1+seq}' (5.19)
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provided that

1+s
O < s2+s-0) (5-20)
Since p > ar/(1 - r), we know that (o« — ) /2 < a(1 - 2r)/(2 - 2r). By the restriction 0 < a <
(2+5)/s(2+s-0) on a, we find a(1-2r)/(2-2r) < (1+s)/s(2+s-0) and (a/2)—-(1/2(2-0)) <
(1+5s)/s(2+s—0). Moreover, restriction (2.7) on 7 tell us that [a(2+s-0) -1](1+5s)/(2 +
s—0)2+s)+n<(1+5)/s(2+s—0). Therefore, condition (5.20) is satisfied. The restriction
p > ar/(1-r) and the above expression for 8 tells us that the power index for the error bound
can be exactly expressed by formula (2.9). The proof of Theorem 2.5 is complete. O

Finally, we prove Theorem 2.3.

Proof of Theorem 2.3. Since f,, € Hx, we know that (2.3) holds with 7 = 1/2. The noise condi-
tion on p is satisfied with g =2 and p € (0, 0]. Then, 8 = p/(p + 1) € (0,1]. Since X C R" and
K € C*(X x X), we know from [11] that (2.5) holds true for any s > 0. With 0 < 1 < ((p +
1)/2(p+2)), let us choose s to be a positive number satisfying the following four inequalities:

p+1< 2+s
p+2 s2+s-06)’

1. (1+s)[2+2s-(s(2+s-0)(p+1))/(p+2)]

3 s2+s-0)2+5s) ’ (5.21)
p+1 o1 s[Q+s-0)(p+1)/(p+2-1)] s '
pr2 M1=237s-0° 2+5-0)(2+9) T3(1+s)

p+1

£ _ <
p+2 212_2+s—6

The first inequality above tells us that the restrictions on «,  are satisfied by choosing a =
p+1)/(p+2)=1/2-0)and (p+1)/(p +2) < P < oo. The second inequality shows that
condition (2.7) for the parameter 77 renamed now as 7* is also satisfied by taking #* = 1/3.
Thus, we apply Theorem 2.5 and know that with confidence 1 -6, (2.8) holds with the power
index ¥ given by (2.9);butr =1/2,a =1/(2-0), and #* = 1/3 imply that

4= 1min{

1 1 s[a(2+s-0)-1] s
2 - }

Y ts—0'2+5-0 (2+s5-0)2+s) 3(1+s) (522)

The last two inequalities satisfied by s yield & > (a/2) — 1. So (2.8) verifies (2.4). This com-
pletes the proof of the theorem. O
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