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Let A be an algebra over a commutative unital ring C. We say that A is zero triple product
determined if for every C-module X and every trilinear map {-,-,-}, the following holds: if
{x,y,z} = 0 whenever xyz = 0, then there exists a C-linear operator T : A> — X such that
{x,y,z} =T(xyz) for all x, y, z € A.If the ordinary triple product in the aforementioned definition
is replaced by Jordan triple product, then A is called zero Jordan triple product determined. This
paper mainly shows that matrix algebra M, (B), n > 3, where B is any commutative unital algebra
even different from the above mentioned commutative unital algebra C, is always zero triple
product determined, and M, (F), n > 3, where F is any field with chF #2, is also zero Jordan
triple product determined.

1. Introduction

Over the last couple of years, several papers characterizing bilinear maps on algebras
through their action on elements whose certain product is zero have been written; see [1-6].
The philosophy in these papers is that certain classical problems concerning linear maps
that preserve zero product, Jordan product, commutativity, and so forth can be sometimes
effectively solved by considering bilinear maps that preserve certain zero product properties.
For example, in [1], in order to determine whether a linear map preserving zero product
(resp., zero Jordan product, zero Lie product) is “closed” to a homomorphism, the authors
introduced the definitions of zero product (resp., zero Jordan product, zero Lie product)
determined algebras. The core idea of these definitions is to answer the aforementioned
questions by determining the bilinear maps preserving zero product (resp., zero Jordan
product, zero Lie product). Furthermore, as the main task, they gave the positive answer
that the matrix algebra M, (B) of n x n matrices over a unital algebra B is zero product
determined, and under some further restrictions on B, M,,(B) is still zero Jordan (resp., Lie)
product determined.
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Meanwhile, in preserver problems, there have appeared many kinds of preserving
product forms, such as the forms in papers [7-10]. Particularly, in [10], there appears a
definition of Jordan triple product. This definition has applications not only in Banach algebra
(see [11]) but also in generalized inverse of matrices (see [12]).

Inspired by the aforementioned, this gives rise to a question: whether can we
generalize the products in paper [1] to more generalized forms, such as triple product and
Jordan triple product? And immediately, it follows another interesting preserver problem:
whether a linear map preserving zero triple product (resp., zero Jordan triple product) is
still “closed” to a homomorphism? In order to answer the aforementioned questions, we
introduce the following definitions. Let C be a (fixed) commutative unital ring and A an
algebra over C. By A3, we denote the C-linear span of all elements of the form xyz, where
x,y,z € A. Xis a C-module and we denote by {-,-,-} : Ax Ax A — X a C-trilinear map.
Consider the following conditions:

(a) for all x,y, z € A such that xyz = 0, we have {x,y,z} =0;

(b) there exists a C-linear map T : A3 — X such that {x,y,z} = T(xyz) forall x,y,z €
A.

Trivially, (b) implies (a). We call that A is a zero triple product determined algebra if
for every C-module X and every C-trilinear map {-,-,-}, (a) implies (b). And we say that A
is a zero Jordan triple product determined algebra if we replace the above triple product by
Jordan triple product (x o y 0 z = xyz + zyx).

From the previous definitions, it is interesting to examine whether the matrix algebra
M, (B) of n x n matrices over a unital algebra B is still zero triple product (resp., zero Jordan
triple product) determined. If the unital algebra B has no further restrictions, this problem
will be difficult. Therefore, the purpose of this paper is to characterize the zero triple product
(resp., zero Jordan triple product) determined algebra under some additional restrictions on
the unital algebra B. In Section 2, we show that the answer is “yes” for the triple product if
B is any commutative unital algebra even different from C. The Jordan triple product case,
treated in Section 3, is more difficult; we only show that the matrix algebra M, (F), where F
is any field with chF #2 (chF stands for the characteristic of a field) is also zero Jordan triple
product determined.

Finally, we end this section by giving an equivalent condition of (b) in the previous
definition which is more convenient to use:

(b')if xt, yi, zt €A, t=1,...,m, are such that /" x;y:z; = 0, then 3% {x¢, yi, 2} = 0.

2. Zero Triple Product Determined Matrix Algebras

In this part, we will consider the matrix algebra M, (B), where B is any commutative unital
algebra even different from the (fixed) commutative unital ring C mentioned in Section 1. By
be;j, where b € B, we denote the matrix whose (i, j) entry is b and all other entries are 0.

Theorem 2.1. Let B be a commutative unital algebra, then M,,(B) is a zero triple product determined
algebra for every n > 3.

Proof. In order to prove that (a) implies (b), we only prove that (a) implies the equivalent
condition (b"). Set A = M, (B), let X be a C-module, and let {-,-,-} be a C-trilinear map such
thatforall x,y,z € A, xyz = Oimplies {x, v, z} = 0. Throughout the proof, a, b, and c denote
arbitrary elements in Band i, j, k, I, r, and h denote arbitrary indices.
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First, since ae;jbexice,, = 0if j#k or r #1, we get
{aeij, bex, cern} =0 if j#k or r#l.

Second, (ae;; + abeix)(bej — ex;)cern = 0, where j #k, and consequently

{aeij, bej, cen} = {abei, exi, cen),
replacing a by ab and b by 1in (2.2), we have

{aeij, beji, cei} = {abeij, e, cen ),
and using (2.3) and (2.2), this yields that

{aeij, bej, cen} = {abei, e, cen ).
Similarly, from ae;;(bej; + beeji)(cein — exn) = 0, where [ # k, we obtain

{aeij, bej, cen} = {aeij, beeji, e ).
Finally, combining (2.5) and (2.4), it follows that

{aeij, beji, cen} = {aeij, beeji, e} = {abeeir, enn, ein ).

Let x¢, yt, z¢+ € A be such that 3" x;y:z¢ = 0; then we only need to show

m

xt/ytrzt =u.
=1

Writing

non non non
Xt = Z Zagjeif’ Z Zbkleklr = Z ZC nErhs
1 h=1

i=1 j=1 k=1 I1=1 r=

it follows, by examining the (i, h) entry of >}, x;1:2:, that for all i and h, we have

n

iZi ij ]l h:(),

t=1 j=1 1

1l
—
I
—_

Note that

m

m n n n n n n
{xt,ye 2} = D04 D0 Diatieis D Dibuert, D, D Cmern ¢
=1

t=1 | i=1 j=1 k=1 I=1 r=1 h=1

-
—

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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by (2.1), this summation reduces to

n

m m n n
PREREAEDY > Z{aﬁjeij,bj-leﬂ, clthezh}, (2.11)

n
t=1 =1 i=1 j=1 I=1 h=1

-

and using (2.6) and (2.9), we obtain

Z{xt/yt/ Zt} = Z Z Z Z Z{af]-b;lcfheil,eu,elh}

=1 t=1 i=1 j=1 I=1 h=1
n o n m n n (2.12)
= Z Z { Z Z Zafjb;-lcfheﬂ, €11, elh}
i=1 h=1 | t=1 j=1 I=1
=0.
Therefore, the result of this theorem holds. O

3. Zero Jordan Triple Product Determined Matrix Algebras

In this part, we only consider the matrix algebra M,,(F), where F is a field with chF #2, and
C is still the (fixed) commutative unital ring mentioned in Section 1. Let beij, where b € F, be
the matrix whose (i, j) entry is b and all other entries are 0.

Theorem 3.1. Let F be a field with chF #2; then M, (F) is a zero Jordan triple product determined
algebra for every n > 3.

Proof. Set A = M,,(F), let X be a C-module, and let {-,-, -} be a C-trilinear map such that for
allx,y,z€ A, xoyoz=0implies {x,y,z} =0. Let a, b, and c be arbitrary elements from F
and i, j,k,I,r,and h denote arbitrary indices.

First, for j#k, h#k or j#k, [#ior l#r, h#k or l#r, and [ #1i, we have ae;; o bey o
ce,;, =0, and so

{aei,-,bekl,cerh} =0 ifj#k, h#korj#k, I#iorl#r, h#k or l#r, [#i. (3.1)

Forany z € Aand i#k, j#k, wehave (ae;j +abejx) o (bejx —exx) 0z = 0 and zo (ae;; + abejx) o
(bejk — exk) = 0, which implies

{aeij, bejk, z} = {abei, exk, z} if i#k, j#k, (3.2)

{z,aeij, beji} = {z, abe, e} ifi#k, j#k. (3.3)
Similarly,

{bejk, aeij, z} = {exk, abei, z} ifi#k, j#k, (3.4)

{z, bejk, aeij} = {z, exk, abei} if i#k, j#k. (3.5)
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Forany z € Aandi#k, we have (aejx—eji)o(abejx+begk)oz = 0, (aejx—exk)o(abejr+be;i)oz = 0,
z o (aejx — ejj) o (abejx + bexk) =0, and z o (aejx — exx) o (abejx + be;;) = 0, and consequently,

{aei, bekk, z} = {ei, abei, z} if i#k,
{aeik, beii, z} = {exk, abei, z} ifi#k,
{z, aei, bexi} = {z, e, abey}) if i#k,

{z, aeix, beii} = {z, exk, abex} if i#k.
Similarly,

{bekk/ aeik,Z} = {abeik/ eiilz} if l#k/
{be;i, aeix, z} = {abejx, exx, z} ifi#k,
{z,bekk, aeix} = {z, abei, e;;} ifi#k,

{z,bei;, aei} = {z,abei, exx) if i#k.

(3.6)
(3.7)
(3.8)
(3.9)

(3.10)
(3.11)
(3.12)
(3.13)

Since aejy, o (ej; — enn) © (€5 + enn) = 0 and (ej; — eny) o (ei; + epn) 0 aei, = 0, if h #1, it follows that

{aein, eii, eii} = {aein, enn,enn} ifi#h,

{eii, eii, aein} = {enn, enn, aein} if i#h.
Using (3.8), (3.11), (3.15), and (3.14), we arrive at
{eii, eii, aein} = {aein, enn, enn} = {€nn, enn, aein} = {aen, eii, eii} if i#h.
Using (3.7) and (3.12), we have
{aeij, beji, eji} = {abeij, eji,eji} ifi#].
Since (ae;j + bej;) o (ae;j — bej;) o e;; = 0if i # j, then
{aeij, beji, eii} = {beji, aeij, e} if i#].
Using (3.18) and (3.17), it follows that
{aeij, beji, eii} = {abeji, eij, e} if i#].
Using (3.6), (3.8), (3.18), and (3.17), we obtain

{ei,-, aeij, be,-,-} = {bae,-i,e,-j,e,-i} = {e,-]-, baeﬁ, eii} ifi#j.

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Similarly, using (3.10), (3.9), and (3.17), this yields
{6,’,’, aeﬁ, bei]-} = {abeﬁ, ei]-ei,-} if 175] (321)
Further, we claim that

1
{aeii, beii, ceii} = {Ea obo ceéii, éii, eii}. (322)

Ifi#j, then ((1/2)abe;; + ae;; — (1/2)abej;) o (bej; — ej; + €j;) o (ce;; + cejj) = 0; consequently,

1 1 .
{Eabeii + aejj — Eabejj, bEji — €5+ ejj, Ceijj + Ce]']'} =0, if 175] (323)

Using (3.8)—(3.13) and (3.16), we get
1 1 e,
{aeij,be,-i,ceii + ce,-,-} = zabeii,eii, cej ¢ + zabejj,e;j, ce,-,- ; if 175] (3.24)

From (ae;; + bej; — be;j — aej;) o (be;; — ae;j + aej; — bej;) o (ce;; + cejj) = 0, where i # j, it follows
that

{aeii + bej; — bej; — aejj, bej; — ae;; + aej; — be;j, ceji + ceji} = 0. (3.25)
Using (3.3), (3.4), (3.6)—(3.13), and (3.16), we arrive at
{aei;, beii, ceii} + {aejj, bejj, cej;} = {beij, aeji, ceji + ceji} + {beji, aeij, cei + cejj}. (3.26)
Then, by (3.24), we have
{abeji, eii, ceii} + {abejj, ejj, ceji} = {aei, bey, ceii} + {aejj, bejj, ceji}, wherei#j.  (3.27)
Since n > 3, we choose k such that k #1i, j; applying (3.27), we get

{aeii, beii, ceii} + {aejj, bejj, cejj} + {aexx, bekk, cexx} + {aeii, bei;, ceii)
= {abe;;, ei;, ceii} + {abejj, ejj, ceji} + {abexk, ek, cexx } + {abeii, eji, ceii} (3.28)

= 2{abe;, ejj, ceii} + {aexk, bexr, cex} + {aejj, bejj, ceji},
then

{aeii, beij, ceii} = {abej;, eiice;i ). (3.29)
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Similarly, by (ce;; + cejj) o (beji —eii +ej;) o (1/2)abe;; + ae;ij — (1/2)abej;) = 0 and (ce;; + cejj) o
(beii — ae;jj + aej; — bejj) o (ae;; + bej; — beij — aejj) = 0, where i # j, we get

{ceii, beii, ae;;} = {ceii, bae;;, e;; ). (3.30)

Then, combining (3.29) and (3.30), we have {cej;, aei;, bei;} = {abcej;, eii, eii}. Hence, the claim
(3.22) holds.
Finally, we claim that

{aeij, beji, ceij} = {eii, eii,aoboce;j}, wherei#j. (3.31)

Fori# j, we have (=(1/2) bce;; + b‘lceﬁ- +cejj) o (—(1/2) abe;; + (1/2) abejj + aej;) o (eii —ejj +
be;;) = 0, and consequently {—(1/2) bce;; + b‘lce]-,- +cejj,—(1/2) abe;; + (1/2) abej; + aej;, e;; -
ejj + be;j} = 0. Using (3.8)-(3.13), (3.16), (3.17), and (3.19), this can be reduced to

1 1
{abzcei,-, €ii, e,-i} + {abcei,-, €ji, 6]']'} = {cejj, Eabe,-,-, 81','} + {zbcei,-, aeji, beij}. (332)

Replacing b by 1 and 2 in (3.32), respectively, we have

{aceij, eii, eii} + {aceij, eji, eji} = {cejj, %aejj,ejj} + {%cei]-, aeji, ei]-}, (3.33)
{4aceij, eii, eii} + {2aceij, eji, eji} = {cejj, aejj, eji} + {ceij, aeji, 2ei;}. (3.34)
Computing (3.34)-2 (3.33), this yields
{2aceij, eii, eii} = {ceij, aeji, eij}, (3.35)
then taking (3.35) into (3.33), we derive
{aceij, eji, ejj} = {ce,-,-,%ae,-,-,e,-,-}, (3.36)
replacing a by ab in (3.36), we get
{abceij, eji eji} = {ce]-]-,%abejj,ejj}, (3.37)

then taking (3.37) into (3.32), it follows that

1
{abzceij, €ii, eii} = {zbceij, ae]-i, be,-]-}, (338)
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and replacing b by b + 1 in (3.38), and using (3.38), (3.35), and (3.16), we get
{ceij, aeji, be;;} = {eii, eii, 2abce;;} = {eji, eii,aoboce;j}, wherei#j. (3.39)

Therefore, (3.31) holds.
Let x¢, yi, and z; be such that 3}, x;0y;0z; = 0; we have to prove that 3% {x¢, yi, z¢} =
0. Writing

n n n n n
X = Z Zaﬁjei]-, Y = Z Zb;dekl, z = Z Zciherh, (3.40)

it follows, by examining the (i, h) entry of >} x; o y; o z; = 0, that for all i, h, we have

m n n
30> > (albhcly, + cljphal, ) =0. (3.41)

t=1 j=1 I=1

First, by (3.1), we get

m m n n n n
DIERTEIED DI 1{ i, blyexi, e ) (3.42)
t= t=1 i=1 j=1k#j r=
m n n n n
+> _ Z > { ajeij, bj-lejz,thezh} (3.43)

m n n n
+ Z Z Z Z{ It']'eij/ b;'ieji/ C;]'erj}‘ (3.44)

n

m n n n n m n n
Z Z Z Z Z{afjeij,biieki,cikerk} + Z Z Z Z{afieii, by exis Cerc), (3.45)

t=1 i=1 jik#jr=1 t=1 =1 k#i r=1

using (3.4), (3.5), and (3.21), the first summation can be rewritten as

m n n n n
22303 D dhen bluew clyen

t=1 i=1 j#ik#j r=1

m n n
= eji, at.b ek, c e
ZZZ ] J17 %ij Y ki K] T rk
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n m n n n
oAt ot oAb,
> {e]], a;;biiexj, rkerk} + Z 22 {e]], aijbkieklfcjke]k}
-1 P

M:
M=

m n

22

t=1 i=1 j#ik#jr#j t=1 i=1 j#ik#j

n n n n n ug n n n
=ZZZZZ{3”,€”,[1 bt Crk6rl}+ZZZZ{a bt c]kek],e]k,e]]}

t=1 i=1 j#ik#jr#j t=1 i=1 j#ik#j

(3.46)

and using (3.8), (3.12), (3.9), (3.10), (3.4), (3.17), and (3.18), we split the second summation
in three parts:

n

Z{a bklekz/ekk/ kerk}
ir=1

M=

2.2, 2 2 aen bigei cpenc) = 3 3

t=1 i=1 k#ir=1 t=1 i=1 k

S

n

> {alblexi, exk, Chexk )
k7i

Mz
M=

-~
]
—_
1]
—_

M:

m n onon m
= Z Z Z Z a ibt i€ki, C kerkr err + Z
t=

{eu/ a; bkleku Ckkekk }

Il
—_

i

n
k#i
n

> {albl.ex, chei eii}

m n n
ZZZZ ibjiekis exk, Cprerk ) +
}

Ms=
M=

n
Z {a bklekl/ rk€rks Err +

t=1 i=1 k#ir#k,i t=1 i=1 k#i
m n n

+ Z Z Z {eu/ €ii, 4; bklckkekl} (34.7)
t=1 i=1 k#i

m n non m n on

= Z Z Z Z {611,11 bkzcrke”’ e”’} + Z Z{a bkzclkeki’ €ik, eii}

t=1 i=1 k#ir#k,i t=1 i=1 k#i
m n n

+ Z {eu/ €ii, a; bklckkekl}
t=1 i=1 k#i

n

m n nn m n
= Z Z Z Z '{eii’ €ii, 4; bklcrke” + Z Z e’k’ a bklczkeki’ eii}

=1 i=1 k#i

-
I
—_
~
Il
o
=
o
<
S
ES
-

~
Ul
—_
W
Ju
.

‘k

Therefore, the summation (3.42) can be rewritten as

ZZZZZ{eff’e]]’a b Crke’]}+

{a bt c]kek],e]k, e]]}

M=
=
M=
M:

t=1 i=1 j#ik#jr#j t=1 i=1 j#ik#j
m n n n m n n

+ Z Z Z Z {6”, €ii, 4; bklcrkerl + Z Z Z Cik, a; bklclkeklr 6”} (348)
t=1 i=1 k#ir#k, t=1 i=1 k#i
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The summation (3.43) can be written as
n

n m n n

t t t t t t
Z{aijei]-, bﬂeﬂ, clhelh} + Z Z Z {aijei]-, bjjejj,cjhejh}
h=

1 t=1 i=1 j#i h=1
m n n n
DIV { aljeis, bliesi, chyemn ), (3.49)

using (3.2), (3.10), (3.8), (3.16), (3.17), (3.18), and (3.6), the first summation can be rewritten
as

~
]
—_
~
1]
—_
.
11
—_
Sy
]
—_

m n n n n m n n n
222 Saben bhenchen) =X > X 3 S albhen en e

n
=1 i=1 j=11#i,j h=1

m n n n
t t
aj;ben en, Clhelh} + Z Z Z > { i ]lé‘il,ezz,c‘”ell}
t=

,...
I
—_
~
1]
—_
-
I
—_
S
N
<
=
Il
—_
-~

Mz
agb
LM

M=

E’f

t=1 i=1 j=11#i,jh#l i=1 j=11#i,j
m n n n n m n nn
t
35503 S henchenen) + 5 55 S e afen chen)
t=1 i=1 j=11#i,jh#l t=1 i=1 j=11#i,j

m n n n
t t
{al]bﬂeiz, Clhelhzehh} DI {a,]b]lezz, ceti, eu}

t=1 i=1 j=11#i,

Mz
M-
M=
M=
M=

-~
]
—_
-
I
—_
-
I
—_
—
S
=
=
S
.

€ii, €ij, aljb]lclleil}

-
1l
—_
Il
—_
-
1l
—_
—
S

'bbj“ M=
,M: 'Mx
M- LD
M- 2

m n n n
{at b chein e em ) + 233 > {abliclen ea e
t=

t=1 i=1 j=11#ijh#li 1 i=1 j=11#ij
m n non m n n

+ Z Z Z Z {em Cii, al]b]lclleil} + Z Z Z{elll €ii, a”bllclleil}
t=1 i=1 j#il#i, t=1 i=1 1#i

M
¥
M-
M=
M= ©

-
Il
—_
]
—_
~
Il
—_
—
S
<
=
S
<
-

m n n n
enn, ehh,al bt lclheih + e]],e”,al bt lcl.ei]-
i it
» e

+
=

M= IPMs

M= LM
M= iMs=
x
.

——
S
=

:n
5
5
o

N

+
LM
T
M=

1] ] Z { aubllclieli/ €il, €ij }

m n n
{eu, eii, a. b],cl,elz} +3.> Z {ei, eii, alblichen),

+

M=
M=

~
]
—_
1]
—_
-
e
~
—
S
.
-~
]
—_
1]
—_
*N\

(3.50)

and using (3.6), (3.3), (3.8), (3.16), and (3.20), we rewrite the second summation as

m n n n m n n n
Z Z Z Z{at el]’b]]e]]’ ]helh} Z Z Z Z{e”’ az]b]]ell’ ]helh}

i=1 j#i t=1 i=1 j#i h=1

h=1
n n m n n
ot bt o A S
_Z Z{ew aj;bj;eij, thefh} +2 Z Z {ew a;bj;eij, Cﬂe]’}

~
Il
—_
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m n n n m n n
=y Z Z Z.{eii' afjb;je,-j,c;hejh} +3) Z{en, a b]]e,,,c]]e]]}

t=1 i=1 j#i h#i,j t=1 i=1 j#i
m n n
+ > {el], al]bncﬂe]l,eu}
t=1 i=l j#i
m n nn m n n
= Z Z {euz al]b]]cjhelhl ehh} + Z Z {ell/elll az] ]] ]]ez]}
t=1 i=1 j#i h#i,j t=1 i=1 j#i
m n n
+ Z Z Z{el], al]b]]c]le]l, e,l}
t=1 i=1 j#i
m n n n m n n
= Z Z Z Z {ehh/ €hh, al]bjjc]helh} + Z Z Z{eu/eur al] jj ]]31]}
t=1 i=1 j#ih#i,j t=1 i=1 j#i
m n n
+ Z Z Z {ell, al]b]]c],e],,eu}
t=1 i=l j#i

(3.51)

and then using (3.3), (3.2), (3.8), (3.6), (3.20), (3.22), and (3.31), the third summation is split
in four parts:

n
t
Z{ i€ij, bl eji/Ciheih}

M=

>3

t=1 i=1 j=1 h=1
m n on on m n n
= Lo bte.: o e Lo bte: oo
=222 Z{aije,], bjieji, Cihe’h} 22 Z{ai]-elj, bjieji, Ciie”}
t=1 i=1 j=1 h#i =1 o1 =1
m n n n m n n
- s
= Z Z {aljel],b]le],, ihelh} + Z {al]e,],bﬂe]l,cl]el]}
t=1 i=1 j=1 h#i,j t=1 i=1 j#i
m n n m n
t
+ZZZ{ 81],b eji’ciieil} +ZZ{ eii, beii, eu}
t=1 i=1 j#i t=1 i=1
m n n o on m n n
t
=222 2 {allelJ’b]lczhe]h’ehh} +> Z{eiizeiua obj; Oc]el]}
t=1 i=1 j=1 h#i,j t=1 i=1 j#i
m n n monoq
t t t
+ Z Z Z{e“’ az]el]’b]z ue]l} + Z Z { Eaii o bii O Cy;€ii, €iiy eii}
t=1 i=1 j#i t=1 i=1

m n n n m n n
=> >3] {aub; Cly\Cins €hh, €nn }+ZZZ{E"'€”'“ o b; ocleu}
L 4

i=1 j=1 h#i,

~
1l
—_
<.
Il
—_
—.
‘k

m n n m n 1
+> > Z{e,], aj;bl; ue,l,e,,} +> Z{ Eafl. obloches, eii,e,-i}. (3.52)

t=1 i=1 j#i t=1 i=1
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Hence, the summation (3.43) can be rewritten as

=

noon
Z Z {e]]’e]]’al] ]lcljeij}

j#il#if

m n n n n m
Z Z Z Z Z {ehh'ehh' A ]lclhelh} + Z .

t=1 i=1 j=11#i,j h#Lij t

m n n n
+ Z Z Z Z {aljb]lcfieli/ €il, eii} +

II
11
—

=

a;; 1101,-611, €il, eii}

Mz
™M=

~.

1¢

-~
1l
—_
1]
—_
-
RS
~
—
S
R
-
I
—_
]
—_

Mz
M-
™M=

{eii, eir, aybjcyen}

m n n n
" Z Z Z Z {e"’e”’ al]b]lcfleil} +

t=1 i=1 j#il#i,j t=1 i=1 [#i
m n o n n m n n
+ D) {ehh, enh, al]b]]c]heih} +30> Z{e,l,eu, aub]]c”elj} (3.53)
t=1 il j#i h# t=1 izl j#i
m n n m n n n
+ Z Z Z {e’l’ al]b]]cjle]l’ 6“} + Z Z Z Z {ehh/ €hh, aqbﬂclheih}
t=1 i=1 j#i t=1 i=1 j=1 h#i,j
m n n m n n
t
+ZZZ{€H,611,Q ob °¢ 61]}+ZZZ{3,7,QU ji ue]“e’l}
t=1 i=1 j#i t=1 i=1 j#i
m n 1
t t t
* Z Z{ 5%i © bj; © ¢;;eii, eii/eii}-
t=1 i=1

Finally, using (3.5), (3.7), (3.8), (3.10), (3.12), (3.16), and (3.21), the summation (3.44) can be
written as

m n n n m n n
t t
Z Z Z{al]el]’ b]ze]“ Cr]e’] } + Z Z a'ieiir biieii/ Crieri}
t=1 i=1 j#ir#i t=1 i=1 r#i
m n n n m n n
= ZI Z Z{e]]’ al]el]’bjlcr]e”} + Z Z a i€iis bucrlerl/ err}
t=1 i=1 j#ir#i t=1 i=1 r#i

n n
Z Z {e]], al]el],b e]l}

=1 j#i

Ms

non
t
Z Z {ej]" aijei]’bjlcr]erl} +

t=1 i=1 j#ir#i,j

m n n
t
+>30) Z{aubucnem €rr,€rr )

~
I
—_

(3.54)

m n n n m non
ZZZ Z {e]]’ef]’al] ji r]er]} +ZZZ{al]bﬂC el]/e]uen}

t=1 i=1 j#ir#i,j t=1 i=1 j#i

m n n
+ Z Z Z €rrsCrry anbucrle“}

t=1 i=1 r#i

D
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Consequently, rewriting the summation (3.44) as

m n n
t
{e]]’e]]’alj ji r]erl} + Z Z Z{aqb]lcuellfel“e]]}
t=

i=1 j#i

....
Il
-
T
—_
-
S
~
‘}L

L]

m n n
+Z Z Z { €rrsErry aubucrle” }

(3.55)

therefore, we get

{xt,y1, 21} = (3.47) + (3.52) + (3.54). (3.56)
=1

t

Next, we only need to prove that (3.47) + (3.52) + (3.54) =0
Replacing the indices r, k, i,and j by i, j, [,and h, correspondingly, in the first
summation of (3.48), and rewriting the summation as

n n n n

Z Z Z Z Z {6']']', €jjs a b Crker] } tZ: Z Z {ehhr €hh, Cljbﬂalheih }r (3.57)

t=1 i=1 j#ik#jr#j i=1 j=1 I=1 h#i,jl

then adding (3.57) and the first, the seventh, the tenth summations of (3.53), together, this
yields

n n

iz i i {ehh/ehh' <a1]b;lclh +Cl]b]lalh>€ih}‘ (3.58)

t=1 i=1 j=1 I=1 h#i,]

-
N

Replacing i and k by I and i, respectively, in the fifth summation of (3.48), then by (3.16), this
summation is further equal to

m n n
Z Z > {eii eii, ayblichen), (3.59)

t=1 i=1 I#i

and replacing r, k,and ibyi, j,and [, correspondingly, in the third summation of (3.48), then
using (3.16), the summation is further equal to

Z Z Z Z {eu,el,, aub fos ezl} (3.60)

i=1 j#il#i,]

-~
I
—_

Then adding (3.59), (3.60), and the fifth and the sixth summations of (3.53), together, this
yields

> Z Z i{eﬁ, eir, (aljblych + byl e |- (3.61)
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Replacing k by j in the fourth summation of (3.48), then adding the 12th summation of (3.53),
we get

i i i {eij’ < 1]b;1Cfl + aubjl 1]>eﬁf eii}' (3.62)

Replacing i and r by j and i, correspondingly, in the third summation of (3.55), then adding
the 8th summation of (3.53), we have

i i i {e”’e”’ (al]b;JC]] + aj;bjc; >eif}' (3.63)

t=1 i=1 j#i

Replacing r,j, and ibyi,j, and I, respectively, in the first summation of (3.55), and rewriting
this summation as

jir €jjr 41j951CijCij .
ZZZZ{e ejj, a;bjc; e} (3.64)

t=1 i=1 j#il#i,j

then adding (3.64) and the second summation of (3.53), together, and by (3.16), we derive
> Z Z Z.{eii' eii, <al]b;lcl] + al]b],c ]>ei]- } (3.65)

Replacing i and I by j and i, respectively, in the fourth summation of (3.53), then adding the
second summation of (3.55), we arrive at

m n n
2 ZZ{( abjicy; + aj;bjic f]>ez‘fr€ﬁr e]’f}- (3.66)

Replacing i, j, and k by I, i, and j, respectively, in the second summation of (3.48), and
rewriting this summation as

i i i i {alz ]lcl]e]l’ €ij, e”} + i i i{a bt C:]e]l/ €ij, €ii }/ (3.67)

t=1 i=1 j#il#i,j t=1 i=1 j#

<

then using (3.19) and (3.18), the aforementioned summation can be rewritten as

i i i i {alzb]lclle]l’ €ij, e”} + i i i{ell’ aji fjefi’ €ii } (368)

t=1 i=1 j#il#i, t=1 i=1 j#i
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Adding the second summation of (3.68) and the ninth summation of (3.53), together, we get

n n

i 2 D e (aljbichi+ aliblych Jegisen ) (3.69)

t=1 i=1 j#i

By (3.36), we know that the first summation of (3.68) can be written as

m n n 1

> ZZ Z{ aybicieii, eu,eu}, (3.70)
m n n n 1 ;

Z Z Z Z { al]b]lcheii/ eii/eii}, (3.71)

monononoq t
Z Z Z Z { <al]b]lclz + allb]qu)eii’ eii’eii}' (3.72)

Therefore, we derive

(3.47) + (3.52) + (3.54) = (3.52) + (3.60) + (3.62) + (3.64) + the 11th summation of (47)

+ (3.61) + (3.65) + (3.68) + (3.71) + the 13th summation of (3.52).
(3.73)

Our first goal is to show

(3.52) + (3.60) + (3.62) + (3.64) + the 11th summation of (3.52) = 0. (3.74)

First, notice that by (3.16), the summation (3.61) can be rewritten as

i Z i i{ezz,mz, <a1]b]lcll + allb]lcq>eil}' (3.75)

> Z Z Zl{ehhf €hh,s <a17b]hchh + ahhb]th)elh}' (3.76)
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Second, notice that

m n n n
(3.64) + the 11th summation of (3.52) = Z Z Z Z{eii,eﬁ, (al]b;lcl] + cljbﬂalj>e,-]- } (3.77)
t=1 =1 j#il#]

Then, by (3.16), and replacing j by h, this yields

m n n n
Z Z Z Z{ehhf enn, (@bl Cly + Cipblaay, ) ein )

. (3.78)
—1izhl#hh=1

~

Third, using (3.16), and replacing j by h in the summation (3.63), we obtain
2. > > (enn enn, (@bl Ch, + Cipbiy @) ein - (3.79)
t=1i#h h=1

Finally, rewriting (3.58) as

i i i i i{ehh/ Chh/ < ]lclh +c;b a1h>eih}r

ijjl (380)
t=1i#hj#hl#hh=1
then, adding (3.76), (3.78), (3.79), and (3.80), together, it follows that
Z 2222 {ehh'ehh’ ( ibjic + Cubﬂalh>eih}
t=1i#h j=1 I=1 h=1
(3.81)
=>> { Ehn ehns D, D, Z( ag;blcpy, + ¢ ],a,h>eih }
i#hh=1 =1 j=1 I=1
and using (3.41), we get (3.74) holds.
Next, we claim that
(3.61) + (3.65) + (3.68) + (3.71) + the 13th summation of (3.52) = (3.82)

First, using (3.19) and (3.36), we rewrite the summations (3.62) and (3.69), respectively, as

i ji 1]

m n n 1
ZZZ{Z( z]bjchz+ﬂ biic >€ii/eii/€ii}/

(3.83)

mononoq
ZZZ{§< 1]b;]C;1+a bt )eiileii/eii}/
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and then, adding (3.83) and (3.72), this yields

m n n n 1

> Z Z Z{ (“z]b;lch + ahbt >€ii, €ii,€ii}. (3.84)
m n n 1 ;

22 Z{ 2 <“ubnc 4 anu>€fff €jjs €jj } (3.85)

(1
Z{ > < 1]bjlct + a]]b]lclj>ejj’ €jj, €jj } (3.86)

Replacing i and j by I and i, respectively, in the summation (3.86), then adding (3.84), and
by (3.41), we get

1
{E(aﬁjb;lch + ahb;l 1]>€ii,€i,’, eii}
(3.87)

n mononoq
= Z Z Z ZE <a1]b]lcll + allb]lcl]>eii’ eii,eii ¢ =0.

Therefore, (3.82) holds.
Consequently, we get (3.47) + (3.52) + (3.54) = 0, and using (3.56), we finish the proof
of this theorem. O
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