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This paper is about a problem concerning nonlinear Yamabe-type operators of negative admissible
metrics. We first give a result on ox Yamabe problem of negative admissible metrics by virtue of the

degree theory in nonlinear functional analysis and the maximum principle and then establish an
existence and uniqueness theorem for the solutions to the problem.

1. Introduction

Let (M, g) be a compact closed, connected Riemannian manifold of dimension n > 3. In 2003,
Gursky-Viaclovsky [1] introduced a modified Schouten tensor as follows:

A=t <Ric— R > t<1 (1.1)
s a\NE T oné) e '
where Ricg and R, are the Ricci tensor and the scalar curvature of g, respectively.

Define

oc() = D Ak ford=(Ag,..., L) €RY,

1<ir<<ig<n

(1.2)
Qi ={A=(y,..., ) €RY 0;(1) >0,1<j <k}

The oy Yamabe problem is to find a metric § conformal to g, such that

O'k()Lg(Ag)) =1, )Lg(Ag) € QZ on M, (1.3)
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where 13(Az) denotes the eigenvalue of Az with respect to the metric g. This problem has
attracted great interest since the work of Viaclovsky in [2] (cf., e.g., [2-7] and references
therein).

Assume Q, = —-Q.. Then the ox Yamabe problem in negative cone

Gk(—x\g(Ag)) =1, )Lg(Ag) € Q; on M, (1.4)
is still elliptic (see [1]).
Definition 1.1. A metric g conformal to g is called negative admissible if

A <Af§> €Q; on M. (1.5)

Under the conformal relation § = e?*g, the transformation law for the modified
Schouten tensor above is as follows:

_;(Az)g— 2_TT|VZ|2g+dz®alz. (1.6)

AL = AT - V2z -
8 8 z n

We consider the following nonlinear equation:

P(Z) = ﬂ(Ag(Z)) =¢(x,z), A(Z) €Q on M, (1.7)
where
2 —t 2-t 2 t
Z=V z+n_2(Az)g+T|VZ|g—dz®dz—A, (1.8)

peCe(Q)NC’ (Q*)isa symmetric function and is homogeneous of degree one normalized,
and ¢ is a positive C* function satisfying the monotone condition:

there exists two constants y <0 <y with
(1.9)
('D<x'}_/> <ﬂ<_)‘g<Atg>> <p(x,y), VxeM.

For this equation, we have the following.

Theorem 1.2. Let (M, g) be a compact, closed, connected Riemannian manifold of dimension n > 3
and

ALeQ, fort<l. (1.10)

Suppose that Q*,Q~ C R" are open convex symmetric cones with vertex at the origin, satisfying

Q,CcQc, Q =-QF, (1.11)



Journal of Applied Mathematics 3

where
Ql = {.)L:()Ll,...,)Ln); .)Li>0},
; (1.12)
Qpi={A=W,... . ), Li>0for1<i<nm}.
Let f satisfy
(i) p>0in QF, B; :=0p/0\; > 0 0on Q*, and f(e) = 1 on QF, where
e=(,...,1). (1.13)
(ii) B is concave on Q*, and
pA) <gor(L), VieQF, (1.14)

where @ is a positive constant.

Moreover, assume that ¢(x, z) is a positive C* satisfying condition (1.9). Then there exists a solution
to (1.7).

Theorem 1.3. Let (M, g) be a compact, closed, connected Riemannian manifold of dimension n > 3
and

Atg €Q, fort<l. (1.15)

Let (B, Q%) be those as in Theorem 1.2. Then there exist a function ¢ and a positive number A, such
that ¢ is a solution to the eigenvalue problem

P(U) = (A (U)) = A, (1.16)
where
U =-Al —V2¢+1_t(A¢) +ﬁ|v¢|2 ~dpedp- Al (1.17)
I n-2 8 2 g 8 :

for conformal metric § = € and g (U) denotes the eigenvalue of U with respect to metric g.

Remark 1.4. (1) (¢, A) is unique in Theorem 1.3 under the sense that, if there is another solu-
tion (¢, A') satisfying (1.16), then

A=A, ¢=¢+c (1.18)

for some constant c.
(2) A is called the eigenvalue related to fully nonlinear Yamabe-type operators of
negative admissible metrics, and ¢ is called an eigenfunction with respect to A.
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2. Proof of Theorem 1.2

To prove Theorem 1.2, firstly, let us give the following proposition.

Proposition 2.1. Suppose all the conditions in Theorem 1.2 are satisfied. Then every C? solution z to

(1.7) with

satisfies

Proof. Assume z is a solution to (1.7) with y < z. Denote

Z=z-Y,
zs=sz+ (1-s)y,
1

Zo=V2z, +

It is easy to verify that Z; € Q*.
Write

Qlz] = P(2) - y(x,2).
Then
Qlz] - Q[y] =0~ P(-4%) + 9 (x7).
On the other hand,
ol=1-Qly] - f: 2 Oz
_ f: T;i(Z,)dsDyZ + bD;Z + cZ

- L(3)

for some bound b' and constant ¢, where

Ti]' = Pi]' +

1-t
Puyij 20,
n_2; nYij 2

oP >0

P:= —

by condition (ii).

—t 2—t
2(Azs)g+ T|st|2g—dzs ®dzs — A;.

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

2.7)
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Therefore, we know that L is an elliptic operator, and

L(Z) <0 with 2>0. (2.8)

By the maximum principle, we get Z > 0. That is,

z>y. (2.9)
Similarly, we can derive

z<Y, (2.10)
for solution z with z <. O

Thus, we have the following Gradient and Hessian estimates for solutions to (1.7).

Lemma 2.2. Let z be a C solution to (1.7) for some t < 1 satisfying y < z < y. Then
IVzllp= < C1, (2.11)

where Cy depends only upon y,y, g,t, ¢.
Moreover, B

||vzz||m <G, (2.12)

where C, depends only upon y,7, g,t, ¢, Cy.

Proof of Theorem 1.2. We now prove Theorem 1.2 using a priori estimates in Lemma 2.2, the
maximum principle in Proposition 2.1, and the degree theory in nonlinear functional analysis

(cf., eg., [8]).
Foreach0 <71 <1,let

Br(A) =BT+ (1 -T)or (V)e), (2.13)
(heree = (1,...,1) as in Section 1) which is defined on
Qf={(LeR"; A+ (1-1)o1(\)e € Q"}. (2.14)
We consider the problem

P(rZ + (1-1)01(Z)e) = 9(x,z) + (1 - 7)oy (—Afg)eZZ (2.15)
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on M, where
Z—V22+u(Az) Jrﬁ|v2|2 —dzedz - Al (2.16)
- n_2 "8 8 g '
Since Ag € Q°, we have
o1 (—Aé) >0 (2.17)

by condition (ii). Hence for 7 = 0, it follows from the maximum principle that z = 0 is the
unique solution.

In view of Proposition 2.1, we see that, for each 7 € [0, 1], every C? solution z” to (2.15)
with y < 27 < ¥ satisfies

y<z' <Y (2.18)

This, together with Lemma 2.2, shows that for each 7 € [0,1] and solution z” to (2.15) with
y < z7 <Y, the following estimate holds

1z7llcz < C, (2.19)

for some constant C independent of 7.

This estimate yields uniform ellipticity, and by virtue of the concavity condition (ii),
the well-known theory of Evans-Krylov, and the standard Schauder estimate (cf. [9]), we
know that there exists a constant K independent of T such that

127 llcse < K, (2.20)

where z7 is a C? solution to (2.15) withy < z7 <7.
Set a

S, = {y<zT<?}ﬂ{||zT||C4,u <K)n{zZeQ), (2.21)
and define T, : C** — C?>“ by
T,(z) = P(rZ + (1 - 1)01(Z)e) - Top(x, z) — (1 - 7)oy (-A;)ezz. (2.22)

Then, by (2.19), we see that there is no solution to the equation

T:(z) =0 on 0S;,. (2.23)
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So the degree of T, is well defined and independent of 7. As mentioned above, there is a
unique solution at 7 = 0. Therefore

deg(To, So, 0) #0. (2.24)

Since the degree is homotopy invariant, we have

deg(Ty, S1,0) #0. (2.25)

Thus, we conclude that (1.7) has a solution in Sj.
The proof of Theorem 1.2 is completed. O

3. Proof of Theorem 1.3

Proof of Theorem 1.3. Take a look at the following equation:

ﬁ(u) = P<V2u + -

1:;(Au)g+ ?|Vu|2g—du®du—A;>—e”=)L. (3.1)

We will prove that, for small A > 0, (3.1) has a unique smooth solution.

Since OP/du < 0, the uniqueness of the solution to (3.1) follows from the maximum
principle.

Next, we show the existence of the solution to (3.1) by using Theorem 1.2.

It follows from

Atg e (3.2)
that, for A > 0 small enough, we can find two constants y < 0 < ¥, such that

el +\< P(—Aé) <el + .\ (3.3)

That is, condition (1.9) for ¢(x,z) in Theorem 1.2 is satisfied. Therefore, by the result in
Theorem 1.2, the existence of unique solution to (3.1) is established for small A > 0.
Set

E :={1>0; (3.1) has a solution}. (3.4)

Since E # @, we can define

A =supl. (3.5)
AeE
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We claim A is finite. Actually,

1-t
n-2

A<P<V2u+ (Au)g + ?Wuﬁg—du@du—Afg). (3.6)

If we assume that at x(, u achieves its maximum, then V2u < 0, and so

1-t
A<P<V2u+ n_z(Au)g—A;> 5P<—A;>. (3.7)
This means that
A<P(-AL), (3.8)

For any sequence \; C E with \; — A, let u), be the corresponding solution to (3.1)
with A = ;.
First, we claim that

iAr}Ifu)Li—> —co asi— oo. (3.9)
Suppose this is not true, that is,
i]r\ldf uy, 2 -Co (3.10)

for a positive constant Cy. Then, by (3.1), at any maximum point x¢ of u,,,

maxuy, <C (3.11)
M

for some constant C depending only on P(~A¢). Then the apriori estimates imply that uy, (by
taking a subsequence) converges to a smooth function 1, in C*, such that uy satisfies (3.1) for
A = Ap. Since the linearized operator of (3.1) is invertible, by the standard implicit function
theorem, we have a solution to (3.1) for

A=X+06 with6>0 smallenough. (3.12)

This is a contradiction. Hence (3.9) holds.
Next, we prove that

maxuy,— —co  as i— oo. (3.13)

We divided our proof into two steps.

Step 1. Let

A= P<—At ) (3.14)
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Then, following the above argument,

uy, — ¢ inC%,

and (A, up) is a solution to (3.1). Assume 1 attains its maximum at 1. Then at yy,

V2u, <0, Vug =0.
Therefore,
et < P(—Afg) ~A=0.
So

uo(yo) = —oo.

That means that (3.13) holds.

Step 2. Let

P(-AL) A =@ >0.

Then, if (3.13) is not true, that is,

maxuy,> —Co
M

for a positive constant Cyp, write

Z); = Uy —mAE/?XM)Li.

Then we have

maxz), — 0, infz), — —oo,
M M

asi — oo.
On the other hand, z), satisfies

1-t
n—-2

P(sz)ti +

Since at any minimum point zj of zy,,

V?z), >0, Vz,, = 0.

2t
(Azy,)g + TlVZ)Lilz —dz), ®dz), - AZ,) = eMPMM; p24 4 ),

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
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Consequently, at zg, we obtain
MMM g7 > p(—A;,) ~A>0. (3.25)

Thus, it is easy to verify that z, is bounded from below as i — oo. This is a contradiction. So
we see that (3.13) is true.

By a priori estimates results again, we deduce that z,, converges to a smooth function
z in C* and z satisfies (1.16) with A = A.

Finally, let us prove the uniqueness.

Denote

Z:=V?z+

n_;(Az)g+%|vZ|2g-dz® dz - AL, (3.26)

and for any smooth functions zy and z, set

U =21 — 2,
zs = sz1 + (1 - 8)zo, (3.27)
1-t 2t
— 2 2 t
Zs=Vzs + - _Z(Azs)g+ T'VZS| g-dzs®dzs — Ag.
Then we get
'd ! 1t :
P(Zy) = P(Zo) = | -P(Zs) = | |Py+ EZPHW (Zs)dsvi; + by (3.28)
0 0 1

for some bounded b'. Thus, if
zo=¢, z1=¢ (3.29)

are two solutions to (1.16) for some A and X', respectively, then a'/ is positive definite. There-
fore,

p=¢ +c (3.30)

for some constant ¢ by the maximum principle. O

Acknowledgment

The authors acknowledge support from the NSF of China (11171210) and the Chinese
Academy of Sciences.



Journal of Applied Mathematics 11

References

[1] M. Gursky and J. Viaclovsky, “Fully nonlinear equations on Riemannian manifolds with negative cur-
vature,” Indiana University Mathematics Journal, vol. 52, no. 2, pp. 399-419, 2003.

[2] J. Viaclovsky, “Conformal geometry, contact geometry and the calculus of variations,” Duke Mathemat-
ical Journal, vol. 101, no. 2, pp. 283-316, 2000.

[3] T. P. Branson and A. R. Gover, “Variational status of a class of fully nonlinear curvature prescription
problems,” Calculus of Variations and Partial Differential Equations, vol. 32, no. 2, pp. 253-262, 2008.

[4] A.Chang, M. Gursky, and P. Yang, “An equation of Monge-Ampere type in conformal geometry, and
four-manifolds of positive Ricci curvature,” Annals of Mathematics, vol. 155, no. 3, pp. 709-787, 2002.

[5] M. Gursky and J. Viaclovsky, “Prescribing symmetric functions of the eigenvalues of the Ricci tensor,”
Annals of Mathematics, vol. 166, no. 2, pp. 475-531, 2007.

[6] A.Liand H. Zhu, “Some fully nonlinear problems on manifolds with boundary of negative admissible
curvature,” Analysis and Partial Differential Equations. In press, http:/ /arxiv.org/abs/1102.3308v3.

[7] J. Viaclovsky, “Estimates and existence results for some fully nonlinear elliptic equations on Rieman-
nian manifolds,” Communications in Analysis and Geometry, vol. 10, no. 4, pp. 815-846, 2002.

[8] K. Deimling, Nonlinear Functional Analysis, Springer, Berlin, Germany, 1985.

[9] D. Gilbarg and N. S. Trudinger, Elliptic Partial Differential Equations of Second Order, vol. 224, Springer,
Berlin, Germany, 2nd edition, 1983.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



