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We introduce a new concept called implicit evolution system to establish the existence results of
mild and strong solutions of a class of fractional nonlocal nonlinear integrodifferential system,
then we prove the exact null controllability result of a class of fractional evolution nonlocal

integrodifferential control system in Banach space. As an application that illustrates the abstract
results, two examples are provided.

1. Introduction

In this paper, we study the fractional nonlocal integrodifferential system of the form

fﬁ”+A@Bma»Mﬂ=mewa»+fg@&wa»$, (11)
0

mww%ﬂm=ﬂhwmmn (1.2)

where 0 < a < 1,t € [0,a]. Let —A be the infinitesimal generator of a Co-semigroup in a
Banach space X, and {B;(t) : i = 1,2,3,4} is a family of linear closed operators defined on
dense sets S; O D(A), i = 1,2,3,4, respectively, in X into X. It is assumed that uy € X,
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fiIxX —- X,g:AxX — Xand h: C(I: X) — X are given abstract functions. Here,
I'=[0,aland A ={(s,t) : 0<s<t<a}l

Basic researches in differential equations have showed that many phenomena in
nature are modeled more accurately using fractional derivatives and integrals; for more
detail, we can refer to [1-13] and the references therein. There are many applications where
the fractional calculus can be used, for example, viscoelasticity, electrochemistry, diffusion
processes, control theory, heat conduction, electricity, mechanics, chaos, and fractals [14].

Controllability is a fundamental concept in mathematical control theory and plays an
important role in both finite and infinite dimensional spaces, that is, systems represented
by ordinary differential equations and partial differential equations, respectively. So it is
natural to extend this concept to dynamical systems represented by fractional differential
equations. Several fractional partial differential equations and integrodifferential equations
can be expressed abstractly in some Banach spaces, in many cases, the accurate analysis,
design and assessment of systems subjected to realistic environments must take into account
the potential of random loads and randomness in the system properties. Randomness is
intrinsic to the mathematical formulation of many phenomena such as fluctuations in the
stock market or noise in communication networks. Fu studied the controllability results of
some kinds of neutral functional differential systems, see [15, 16]. In our previous work [17],
we established the controllability of fractional evolution nonlocal impulsive quasilinear delay
integrodifferential systems.

The existence results to evolution equations with nonlocal conditions in Banach space
were studied first by Byszewski [18, 19]; subsequently, many authors have been studied the
same question, see for instance [20-23].

Deng [24] indicated that, using the nonlocal condition #(0) + h(u) = uy to describe for
instance, the diffusion phenomenon of a small amount of gas in a transparent tube can give
better result than using the usual local Cauchy problem u(0) = uo. Let us observe also that,
since Deng’s papers, the function h is considered

(1.3)

p
h(u) = Y cxulte),
P

where ¢cx, k =1,2,...,p are given constantsand 0 < t; <--- <t, < a.

In this paper, we introduce a new concept in the theory of Semigroup named “implicit
evolution system” to show the reader “what is the main difference between the solutions of
fractional (0 < & < 1) and classical (first order) homogeneous evolution equation?” which is
based on the work [17] and Pazy [25]. A new form of nonlocal condition is also presented.

Our paper is organized as follows. Section 2 is devoted to a review of some essential
results which will be used in this work to obtain our main results. In Section 3, we use
the theory of semigroups [25] in order to introduce our new concept that is called implicit
evolution system. In Section 4, we establish the existence, uniqueness, and regularity of mild
solutions of a class of fractional evolution nonlinear integrodifferential systems with nonlocal
conditions in Banach space. In Section 5, we prove the exact null controllability of a class of
fractional evolution nonlocal integrodifferential control systems; the last section deals to give
examples that provide the abstract results.
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2. Preliminary Results

Definition 2.1. The fractional integral of order a with the lower limit zero for a function f €
C([0, e0)) is defined as

a1 (1 f(s)
If(t)_r(a) 0 (t—s)'™@

ds, t>0,0<a<l, (2.1)

provided the right side is pointwise defined on [0, o0), where I' is the gamma function.
Riemann-Liouville derivative of order a with the lower limit zero for a function f €
C([0, o0)) can be written as

appy o LA f(s)
LDf(t)—r(l_a)afo(t_s)ads, t>0, 0<a<l. (2.2)

The Caputo derivative of order a for a function f € C([0, o)) can be written as
Cpa _ Lpya
Def(t) = "D*(f(t) - f(0)), t>0, 0<a<l. (2.3)
Remark 2.2. (1) If f € C}([0, 00)), then

1 (" f)

DO =ram ), i

~ds=1""f'(t), t>0,0<a<l. (2.4)

(2) The Caputo derivative of a constant is equal to zero.
(3) If f is an abstract function with values in X, then integrals which appear in
Definition 2.1 are taken in Bochner’s sense.

Definition 2.3. By a strong solution of the nonlocal Cauchy problem (1.1), (1.2), we mean a
function u with values in X such that

(i) u is a continuous functionin t € I and u(t) € D(A),
(ii) d*u/dt* exists and continuous on (0, a], 0 < a < 1, and u satisfies (1.1) on (0, a] and
(1.2).
It is suitable to rewrite (1.1), (1.2) in the form

1 ' a-1
) = u0) + 1 fo (t-1)

(2.5)
x [—A(n, Biu(n))u(n) + f (1, Bou(n)) + fo g(1,s,Bsu(s))ds|dy,

see also [26, 27].

Let X and Y be two Banach spaces such that Y is densely and continuously embedded
in X. We denote by Z every Banach space Z(I, X) endowed with the usual norm, which is
given by ||lul|z = sup,,||u(t)||, for u € Z. The space of all bounded linear operators from X to
Y is denoted by B(X, Y). We recall some definitions and known facts from Pazy [25].
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Definition 2.4. Let S be a linear operator in X, and let Y be a subspace of X. The operator S

defined by D(§) ={xeD(S)NY :SxeY}and Sx = Sx for x € D(§) is called the part of S
inY.

Definition 2.5. Let Q be a subset of X and for every t € I and Bju € Q, and let —A(t, Biu) be
the infinitesimal generator of a Cp-semigroup S;p,,(s), s > 0, on X. The family of operators
{A(t, Biu), (t, Biju) € I x Q} is stable if there are constants M > 1 and w such that

p(A(t, Biu)) > (w, )

2.6
<M -w)* 20

IE‘[R(J\ . A(t]', Blu))

=1

for A > w every finite sequences 0 <t; <t <--- <t <a,1<j<k.
The stability of {A(t, Biu), (t, Biju) € I x Q} implies that

k k
[ IS:8u(sj)|| < Mexp <sz]->, s; >0, (2.7)
j=1 j=1

and any finite sequences 0 <t <t <--- <t <a,1<j<k k=1,2,...

Definition 2.6. Let Sy p,.(s), s 2 0 be the Cp-semigroup generated by A(t, Biu), (t, Biu) € I x Q.
A subspace Y of X is called A(t, Biju)-admissible if Y is invariant subspace of S; p,,(s), and
the restriction of Sy p,,,(s) to Y is a Cyp-semigroup in Y.

Let Q C X be a subset of X such that for every (¢, Biu) € I x Q, A(t, Biu) is the
infinitesimal generator of a Cp-semigroup S;p,.(s), s > 0 on X. We make the following
assumptions.

(Hy) The family {A(t, Biu), (t, Biju) € I x Q} is stable.

(Hy) Y is A(t, Biu)-admissible for (¢, Biu) € I x Q, and the family {A(t, Biu), (t, Biu) €
I x Q} of parts A(t, Biu) of A(t, Bju) in Y is stable in Y.

(H3) For (t, Biu) € I xQ, D(A(t, Biu)) D Y, A(t, Biu) is a bounded linear operator from
Y to X and t — A(t, Byu) is continuous in the B(Y, X) norm || - ||.

(Hy4) There is a constant L > 0 such that

A, Biu) = A(t, Bio)|ly _ x < Lllu - vl|x (2.8)

holds for every Biu, Bjv € Q,and t € I.

In the next section, we will introduce a new concept in the theory of semigroups.

3. Implicit Evolution System

Let Q be a subset of X and {A(t, Biu), (t, Biju) € I x Q} a family of operators satisfying the
conditions (H;)-(Hy). If u € C(I : X) has values in Q, then there is a unique evolution system
Uy (t,s;Biu), 0 <a<1,0 < s <t < a,in X satisfying
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(i) |Ux(t, s; Biu)|| < Me“9 for 0 < s < t < a, where M and w are stability constants,
(ii) (0%/0t*)U,(t, s; Biu)y = A(s, Biu(s))Ux(t,s; Biju)y fory € Y and0<s<t < a,
(iii) (0%/0s*)Ux(t, s; Biu)y = —U,(t, s; Biu)A(s, Biu(s))y fory e Yand 0 < s <t < a.

Remark 3.1. (1) If By is the identity and a = 1, then U (¢, s; u) is the explicit evolution system
given in Pazy [25] and in Zaidman [28].

(2) Since, in our case, U(t,s;u) is dependent of & and B;, so we call it an implicit
evolution system generated by —A(t, Biu).

(3) For nonautonomous differential equations in a Banach space, the implicit evolution
system is similar to our concept (a, u)-resolvent family.

(4) We can deduce that (1.1)-(1.2) is well posed if and only if —A(t, Biu) is the generator
of the implicit evolution system U (t, s; u).

Further, we assume the following.

(Hs) For every u € C(I : X) satisfying u(t) € Q for 0 <t < a, we have

U(t,s;u)YCY, 0<s<t<a (3.1)

and U(t, s; u) is strongly continuousin Y for0 < s <t < a.
(He) Y is reflexive.
(Hy) For every (t, Bou) € I xQ, f(t,Bou) €Y.
(Hs) The operator [By(t) + A*I 7! exists in B(X) for any A with Re A <0 and

|| [Bu(t) + A°I] “ < G

<=1 tel, (3.2)

where C, is a positive constant independent of both ¢t and A.
(Hg) h : C(I : Q) — Y is Lipschitz continuous in X and bounded in Y, that is, there
exist constants k; > 0 and k, > 0 such that

IRy < k1,

(3.3)
|h(u) — h(D)ly < k2 max llu-2|x.

For the conditions (Hg) and (Hyy), let Z be taken as both X and Y.
(Hio) g : A x Z — Zis continuous, and there exist constants k3 > 0 and ks > 0 such
that

t
f |lg(t, s, Bsu) - g(t, s, Bsv)|| ,ds < ksllu—vll;, u,veX,
0
t (3.4)
ky = max{J‘ llg(t,s,0)|| ,ds: (ts) € A}.
0
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(Hn1) f : I x Z — Zis continuous, and there exist constants ks > 0 and k¢ > 0 such
that

| f(t, Bou) - f(t, Boo) ||, < ksllu—o|l,, uveX,

L ‘o (3.5)
6 = max||f(£,0)]| .
Let us take My = max ||U(t, s;u)||az), 0<s<t<a,ueQ.
(Hi2) There exist positive constants # > 0 and 0 < A < 1 such that
MQ{ ||u0|| + aCakl + a[r(k3 + k5) + k4 + k()]} <7,
(3.6)

A= Ka||u0||Y + azC“le + aM()Cakz + a{K[(k3 + k5)1’ + k4 + k@]a + Mo(k3 + k5)}

By a mild solution of (1.1), (1.2), we mean a function u € C(I : X) with values in Q and
uy € X satisfying the integral equation

u(t) = U(t,0;u)uo + U(t,0;u)B;* fah(u(t))dt
° 3.7)
t s
+f U (t, s;u) [f(s, Byu(s)) +I g(s, 1, Bsu(n))dn|ds.
0 0

(Hi3) Further, there exists a constant K > 0 such that for every u,v € C(I : X) with
values in Q and every w € Y we have

t
U (t,s;u)w —U(t, s;0)w| < K||w||Yf |lu(T) —ov(T)||dT. (3.8)

4. Existence Results

Theorem 4.1. Let ug € Y and Q = {u € X : |lully < r}, r > 0. If —A(t, Biu) is the generator of
an implicit evolution system U (t, s; u) and the assumptions (Hs)~(Hy3) are satisfied, then (1.1), (1.2)
has a unique mild solution on 1.

Proof. Let S be a nonempty closed subset of C(I : X) defined by

S={u:ueCU:X),|lully<r}, tel (4.1)
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Consider a mapping P on S defined by

(Pu)(t) = U(t,0;u)ug + U(t,0; u)B;1 Ia h(u(t))dt
° (4.2)
t s
| Ui |5, Bouts)) + [ g(om Ba(ny)n s
0 0

For u € S, we have

IPu(®)lly < (U, 0;u)uoll +

U(t,0;u)B;! J: h(u(t))dtH

t
+ fonuu, s;u>||{||f<s, Bau(s)) — £(s,0)| + |f (5 0

+ +

fs[g(s,ﬂ/Bau(n))—g(s,n,O)]dn Jjg(sﬂ,@dq”}ds.

0

< My|lugl| + aMoCprky
t
+f Mol kslu(s)] + ke + ksllu(s)[| + ka}ds
0

< M0||u0|| + aMoC,xkl + aMo{k5||u(s)|| + k6 + k3||u(s)|| + k4}
< Mo{|luoll + aCaky + a[r(ks + ks) + ka + ke] }

<r.
(4.3)

Thus, P maps S into itself. Now, we will show that P is a strict contraction on S which will
ensure the existence of a unique continuous function satisfying (3.7) on I.
Ifu,v €S, then

[[Pu(t) = Po(t)||

< U, 0;w)ug — U(t,0; v)ug|| +

U(t,0; u)B;" f h(u(t))dt - U(t,0; v)B;" f h(v(t))dtH
0 0

+ JZ”LI(t, ;1) [f(s, Byu(s)) + Jj g(s,m, Bgu(q))dq]

ds

U, s;0) [f(s, Byo(s)) + fo g(s,1, st(n))dn]

< |\U(t,0; w)ug — U (¢, 0; v)ug|| +

uf(t,o; u)B;1 J‘a h(u(t))dt - U(t,0; v)B;1 fﬂ h(u(t))dtH
0 0

+

U(t,0;0)B;" f h(u(t))dt - U(t,0;v)B;" f h(v(t))dt”
0 0
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+ ﬂ{ “U(t, ;1) [f(s, Byu(s)) + Jj g(s,m, B3u(q))d71]

~U(t, s;v) [f(s, Bau(s)) + ,[os g(sn B3u(rl))dn] H

+

Ut 5:0) (s, Bauts) + fo (s, ()

-U(t,s;v) [f(S,BzU(S)) +f g(sm, BSU(W))dW] “ }ds
0
< Kalluolly max||u(7) - v(7)|| + azc"lenTl?IX (=) = =t

+ aMoCak maxju(7) - v(7)]|
TE

. ﬂ{KHns,Bzu(s» [ ssn B

amax ||u(t) —o(7)||
Y Tel
+ MO [”f(sl BZu(S)) - f(sl BZU(S)) ”

[ Mg Brun)) = g s, Bo ()l i
< (Kalluolly + @*CokiK + aMoCokz) max [lu(r) - o(7)|
TE

+ a{K[(ks + ks)r + kg + kg]a + My(ks + ks)} mealx lu(T) —v(7)]-

(4.4)

Thus,

|Pu(t) - Po(t)]] < Amax llu(r) - o(r), (45)

which means that P is a strict contraction map from S into S, and therefore by the Banach
contraction principle there exists a unique fixed point u € S such that Pu = u. Hence, u is a
unique mild solution of (1.1), (1.2) on I. O

Theorem 4.2. Assume the following.

(i) Conditions (Hy)~(Hi3) hold.

(ii) The functions B,(t)w and Bs(t)w are uniformly Holder continuous in t € I for every
element w in S, N Ss.

(iii) There are numbers L1, Ly > 0 and p,q € (0, 1] such that
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||f(t1,Bzu) - f(tz, BQU) ” <L (ltl - tzlp + ”Bzu - BQUH),
(4.6)

||g (51,1, Bsu) — g(s2,1, B3v)|| < La|sy — so|

forall ty,t, € Iand all (s1,1), (s2, 1) € A.

Then, the problem (1.1), (1.2) has a unique strong solution on I.

Proof. Applying Theorem 4.1, the problem (1.1), (1.2) has a mild solution u € S. Now, we will
show that u is a unique strong solution of the considered problem on I.

According to (ii), || Bou—B,v|| is uniformly Holder continuous in t € I for every element
uin S,NS3, also (iii) implies thatt — f(t, Bou) andt — fé g(t, s, Bsu)ds are uniformly Holder
continuous on I ([20, 26]).

Set

V(t) = f(t, Bou) + JZ g(t, s, Bsu)ds. (4.7)

Clearly V (t) is uniformly Holder continuous in t € I.
Consider the following nonlocal Cauchy problem:

Lo L A B = V),

) (4.8)
Ba(u(©) = w0) = [ hu()dr
0
From Pazy, (4.8) has a unique solution v on I given by

a t
o(t) =U(t,0;u)uy + U(L0; u)B;1 J h(u(t))dt + ’[ U(t,s;u)V(s)ds. (4.9)

0 0

Noting that [21], each term on the right hand side of (4.9) belongs to D(A), thus v(t) € D(A),
using the uniqueness of V (t), we have that u(t) = v(t). Hence, u is the unique strong solution
of (1.1), (1.2) on I. O

In next section, some results are obtained from Sakthivel et al. [29, 30].

5. Exactly Null Controllability Results

Consider fractional nonlocal evolution integrodifferential control system of the form

deu(t)
dte

t
+ A(t, Biu(t))u(t) = (Op)(t) + ‘P<t, f(t, Bau(t)), fo glt,s, B3u(s))ds>,
(5.1)

mwmrﬂw=ﬂhwmmn
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where the unknown u(-) takes values in the Banach space X, the control function y belongs to
the spaces L*(I, H), a Banach space of admissible control functions with H, a Banach space.
Further, @ is a bounded linear operator from H into X, the function ¥ : I x X x X — X is
given, and the others terms are defined as above.

For all 4y € X and admissible control u € L*(I, H), the problem (5.1) admits a mild
solution given by

u,(t) = U(t,0;u)uo + U(t,0; u)B;1 J: h(u(t))dt
¢ . (5.2)
[ ute s [@u) (s £s, B, [ (5,7 Bauryar ) ds.

Definition 5.1. We will say that system (5.1) is exactly null controllable on the interval I if
for all up € X, there exists a control u € L?(I, H), such that the mild solution u(t) of (5.1)
corresponding to p verifies 1(0) — B;l fg h(u(t))dt = ug and u(a) = 0.

In order to prove the controllability result, in addition, we consider the following
conditions.

(Hyg) ¥ : I x X x X — X is continuous, and there exist constants N7 and N; such that
forall x;,y; € X,i=1,2, we have

It 21, y1) =t x2,12) || < Nuflloen = xall + [lyr - vell],

(5.3)
N, = max |[¥(t,0,0)].
tel
(His) Let
p+aMMiMy(p+o0)+o0<r, (5.4)

where 0 = aMo{Ni[(ks + ks)r + ks + k¢] + No} and p = Myl|ug|| + aMCqk, and let
A= {Ka||u0|| +a’C kK + aMoCukz} +2a{MoM1M,(p + ap) } + a{Kga + p}, (5.5)

wherep = M()Nl(kg, + k5), q= Nl[(kg + k5)1’ + k4 + ké] + Nz, and 0 < A<1.
(Hi6) The bounded linear operator W : L2(I, H) — X defined by

Wy = I U(a, s;u)®uds (5.6)
0

has an induced inverse operator W~! which takes values in L*(I, H)/ker W and there exist
positive constants M1, My, such that ||®|| < M; and [|[W!|| < M,.
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Theorem 5.2. If hypotheses (H1)~(Hig) are satisfied, then the control nonlocal fractional integrodif-
ferential system (5.1) is exactly null controllable on 1.

Proof. Let S, = {u:u € C(I: X),u(0) - B," [ h(u(t))dt = uy, |ul <r,t € I}.
We define an operator Q : S, — S, by

(Quy,) (t) = U(t,0;u)u + U(t,0;u) B}’ I h(u(t))dt
0
t _ a
+f U(t,mu)dw" [—U(a, 0; u)ug — U(a,0; u)B;lf h(u(t))dt
0 0
- [ uta swe(s, 565, Bats, 57)
0
fs g(s, T, B3u(T))dT> ds] (n)dn
0

+ J:) U(t,s; u)‘P<s,f(s, Bou(s)), Jj g(s,, Bgu(‘r))ch') ds.

Using the hypothesis (Hi4), for an arbitrary function u(-), we define the control

u(t)y=w-! [—U(a, 0; u)ug — U(a,0;u)B; ! fo h(u(t))dt
., . (5.8)
—j ll(a,s;u)‘P(s,f(s,Bzu(s)),f g(S,T,B3u(T))dT>dS] (t).
0 0

Using this controller, we will show that the operator Q has a fixed point. This fixed point is
then a solution of (5.2).

Clearly, Q,u(a) = 0, which means that the control y steers system (5.1) from the initial
state ug to origin in time a, provided we can obtain a fixed point of the nonlinear operator Q.

Now, we show that Q maps S, into itself.

We have

[1(Qu) |

S ‘

U(t,0; u)uy + U(t,0; u)B;1 j: h(u(t))dtH
+ f;||ll(t, )| ||q>W-1 ” [HLI(a, 0; 1)up + U (a, 0; 1) B} L h(u(t))dt“

+ J:llll(a, s; u)||{ H‘P(s,f(s, Bzu(s)),J‘: g(s, T, B3u(T))dT)

~¥(s,0,0)

+ | (s,0,0)|| }ds] dn
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t
+ [ Iuc s
0

x {H‘P(s,f(s, Bzu(s)),fz g(s, T, B3M(T))dT> -¥(s,0,0)

+ % (s,0,0)] }ds.

< Molluol| + aMoCaks
+aMoMi M, [Molluoll +aMyCykq + aMo{Nl(k5T + k¢ + kzr + k4) + Nz}]
+ aMo{Nl(k5T + k6 + k31" + k4) + Nz}

<r.
(5.9)

Thus, Q maps S, into itself. Now, for u,v € S,, we have

1Quy(5) = Quu ()]

< UL, 0; u)yug — U(t,0; v)ugl| +

U(t,0;u)B;! j: h(u(t))dt —U(t,0;v) B, J: h(v(t))dtH
+ f ;{ “u(t, ;1) W [—U(a, 0; u)up — U (a,0;u) By fo h(u(t))dt
- J: Ul(a,s; u)‘P<s,f(s, Bou(s)), Jj g(s, T, B3u(T))dT> ds]
~U(t,g;0)dW™ |—U(a, 0;v)ug — U(a,0;v)B;" fa h(v(t))dt
0
- J: U(a, s;v)‘P<s,f(s, Byv(s)),

JZ g(s, T, B3U(T))dT> ds]

fer
+ JZHU(t, s; u)‘P<s,f(s, Bzu(s)),f: g(s, T, B3u(T))dT>

-U(t, s;v)‘P(s,f(s, Bzv(s)),fS g(s, T, B3’U(T))d7'> ds.
0

< Ut 0; w)ug — U(t, 0; v)uo| +

U(t,0;u)B;! f h(u(t))dt —U(t,0;v)B;" f h(u(t))dtH
0 0

+

U(t,0;v)B;" f h(u(t))dt — U (t,0; v)B;" f h(v(t))dt”
0 0

s f O{ “ua, 1) O [—u<a, 0;u)uo - U(a, 0;u) B;' fo h(u(t)dt
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- fa Ul(a,s; u)‘P(s,f(s, Bou(s)), r g(s, T, B3u(T))dT> ds]
0 0
~U(t, g 0)dW™! [—U(a, 0; v)up — U(a, 0;v) By f h(v(t))dt
0
- Jm Ul(a,s; v)‘P<s,f(s, Byv(s)),
0

Jj g(s, T, B3U(T))d7'> ds]

Jan
" I ;{ “ua, % “)IP<S'f (s, Byu(s)), f; (s, Bgll(T))dT)

-U(t,s; v)‘P(s, f(s, Bau(s)), Jj g(s, T, B3u(T))dT>

U(t,s; v)‘P(s,f(s, Byu(s)), j: (s, T, B3u(T))dT>

+

-U(t,s; v)‘P(s, f(s,Bv(s)), r g(s, T, BgU(T))dT)
0

bas.

< (Kalluol| + a*Caki K + aMoCakz) max|ju(r) - o(r)]
TE
+2a{MoM1 Mz [ Mylluo|| + aMoCaki + aMoN1 (ks + k3)]} max lu(r) —o(7)l
+ a{aK[Ni(ksr + k¢ + ks + k) + N3] + MoN1(ks + k3) } maIx [|lu(T) —o(T)||
TE

< .)LmaIX lu(t) —o(7)|.
TE

(5.10)

Therefore, Q is a contraction mapping, and hence there exists a unique fixed point u € X,
such that Qu(t) = u(t). Any fixed point of Q is a mild solution of (5.1) on I which satisfies
u(a) = 0. Thus, system (5.1) is exactly null controllable on I. O

6. Examples
To illustrate the abstract results, we give the following examples.

Example 6.1. Consider the nonlinear integropartial differential equation of fractional order

0" u(x,t) N Z

ot*

t
aq(x, t;byu(x, t))DZu(x, t) = F(x,t,w) +’[ G(x,t,s,wy(s))ds, (6.1)
|q|$2m 0
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with nonlocal condition

P
u(x,0) + D cxu(x, ty) = g(x), (6.2)
k=1

where0 <a<1,0<t <---<t,<axe R, DI =DI...D¥ D, =0/0x;,q=(q1,...,q,) is
an n-dimensional multi-index, || = g1 + -+ + g, and w;, i = 1,2, is given by

w;i(x,t) = Z bqi(x,t)D;Zu(x,if)+J‘Q Z cq,(x, ) Diu(y, t)dy. (6.3)

|q]<2m-1 |q]<2m-1

Let L,(R") be the set of all square integrable functions on R". We denote by C”(R") the set of
all continuous real-valued functions defined on R” which have continuous partial derivatives
of order less than or equal to m. By Cj'(R"), we denote the set of all functions f € C"(R")
with compact supports. Let H™(R") be the completion of C'(R") with respect to the norm

DI f(x) |2dx
x : (6.4)

15 = X
IR

It is supposed that the following hold.

(i) The operator A = -3 gl<2m 94 (x,t;bgu(x, t))D1 is uniformly elliptic on R". In other
words, all the coefficients a,, |q| = 2m, are continuous and bounded on R", and there is a
positive number ¢ such that

(D)™ D] eq(x,8bg)é7 2 cléP™, (6.5)

|q|:2m

forallx € R*and all §#0,¢ € R", &7 =¢1 - ¢ and |¢[> = & + -+ + &2.

(ii) All the coefficients a,, |q| = 2m, satisfy a uniform Holder condition on R". Under
these conditions, the operator A with domain of definition D(A) = H?*"(R") generates an
evolution operator defined on L(R"), and it is well known that H?>"(R") is dense in X =
Ly(R") and the initial function g(x) is an element in Hilbert space H>"(R"), see [26, page
438]. Applying Theorem 4.1, this achieves the proof of the existence of mild solutions of the
problem (6.1), (6.2). In addition,

(iii) If the coefficients by, ¢4, || < 2m — 1 satisfy a uniform Holder condition on R" and
the operators F and G satisfy.

There are numbers Ly, L, > 0 and 1y, A, € (0,1) such that

2 L 2
dx§L1<|t—s| + w1 — wj| dx),

JR |F<x, t, DZw1> - F(x, s, Diw]‘)
|g|<2m-17 K"

(6.6)

I |G<x, t,n, DZw2> - G(x, s, 1, D1w2> |2dx < Lyt - s|*2,
|g|<2m-17 K"
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forallt,s € I, (t,7),(s,n) € A, and all x € R". Applying Theorem 4.2, we deduce that (6.1),
(6.2) has a unique strong solution.

The second example is concerned with the controllability result.

Example 6.2. Consider the fractional nonlocal evolution integropartial differential control
system of the form

0"“u(x,t)
ot

0%u(x, t)

+a(x, t, (bu)(x,t)) Ox2

=¢(x,t) + Y<t, ui(t,u(x,t)), ft Ha(t, s, u(x, t))ds),
0

u(x,0) + icku(x, te) =g(x), xe€[0,x],
k=1
u(0,t) =u(x,t)=0, tel,
(6.7)

where 0 <a<1,0<t <---<t, <a,and the functions a(x,t,-), b(x, t) are continuous.
Let us take

X=10,x], S ={yel[0,x]: |yl <r}. (6.8)

Put (Dp)(x)(t) = ¢(x,t), x € [0, 7] where u(t) = (-, t) and ¢ : [0, 7] xI — [0, ] is continuous.

We define A(t,-) : X — X by (A(t, )w)(x) = a(x, t,-)w"” with domain D(A) = {w e X :
w,w' are absolutely continuous, w"” € X, w(0) = w(sar) = 0}. Assume that —A(t, -) generates
an evolution system U (t, s, -) such that for every positive numbers n; and ny, ||U (¢, s,)|| < m
and ||U(t,s,-)A(s, )| < na.

Also, define Bi(t) : D(B1) = S1 — X by (Bi(t)z)(x) = b(x,t)z, for all z € X and
x € [0,].

Assume that the linear operator W that is given by

Wu(x) = f: Ul(a,s;u)(x,s)ds, xe€]0,x], (6.9)

has a bounded invertible operator W' in L2(I, H) /kerW.
Let us assume that the nonlinear functions Y, y, and y, satisfy the following Lipschitz
conditions

],

1Yt z0,51) =Y (622, 92) || < erfllzn = 220l + Jlyr - 2

|l (8, x1) = pa (8, x2) || < eallxs = x2l, (6.10)

t
f lp2(t, s, 01) = pa(t, s, v2) ||ds < csl|or — 02,
0

wherec; >0,j=1,2,3,x;,y;,z;,vi€ X,i=1,2,and s,t € I.
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All the conditions stated in Theorem 5.2 are satisfied. Hence, system (6.7) is exactly
null controllable on I.
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