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We propose and generalize a new nonlinear conjugate gradient method for unconstrained opti-
mization. The global convergence is proved with the Wolfe line search. Numerical experiments are

reported which support the theoretical analyses and show the presented methods outperforming
CGDESCENT method.

1. Introduction

This paper is concerned with conjugate gradient methods for unconstrained optimization

minf(x), xeR", (1.1)

where f(x) : R" — Ris continuously differentiable and bounded from below. Starting from
an initial point x;, a nonlinear conjugate gradient method generates sequences {xx} and {d}
by the below iteration

Xks1 = Xk +apd, k>1, (1.2)

where ay is a step length which is determined by a line search and the direction dj is gener-
ated as

- if k=1
di = {8 ifk=1, (1.3)
-8k + Prdi, ifk>2,

where gx = V f(xy) is the gradient of f(x) at xj and p is a scalar.



2 Journal of Applied Mathematics

Different conjugate gradient algorithms correspond to different choices for the scale
parameter fi. The well-known formulae of f are given by

2
FR _ ”gk”
k 27
| gk
e Sk (8 — k1)
gl
(1.4)
2
DY _ ”gk”

dl (k- gea)

HS _ 8E(gk - 8k-1)
- d£—1 (8k — &k-1)

which are called Fletcher-Reeves [1] (FR), Polak-Ribiere-Polyak [2] (PRP), Dai-Yuan [3]
(DY), and Hestenes-Stiefel [4] (HS), respectively. Though FR and DY have strong conver-
gence properties, they may have modest practical performance. While PRP and HS often
have better computational performance, but they may not generally be convergent.

These motivate us to derive some efficient algorithms. In this paper, we focus on mixed
conjugate gradient methods. These methods are combinations of different conjugate gradient
methods. The aim of this paper is to propose the new methods that possess both convergence
and well numerical results.

The line search in the conjugate gradient algorithms is often based on the Wolfe inexact
line search

f ok + ardi) < f(x) + b g i, (1.5)

8 (xk + axdy) ' di > ogidy, (1.6)

where0 <6 <o <1.

Many research on the parameter pi have been concerned [5-7]. Such as Al-Baali [8]
proved that FR global convergent with inexact line search in which o < 1/2. Liu et al. [9]
spread the results of [8] to the case of o = 1/2. Dai and Yuan [10] gave an example when
o > 1/2, FR may produce a rise direction.

PRP is famous as the best performance of all conjugate gradient methods which is
the restart method in nature. When the direction di_; is small and the factor g — gk-1 in the
numerator of ﬁiRP tends to zero, the search direction dj is close to —gk. Gilbert and Nocedal
[11] proposed PRP* which is the most successful modified method, that is,

iRIﬁ = max{ﬂgRP, O}. (1.7)
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Dai and Yuan [12] presented DY method and proved the global convergence when the line
search satisfies the Wolfe conditions. Zheng et al. [13] derived

r (8k — di-1)

ﬂ;clew — ,
dﬁl (8k — 8k-1)
new . T . 1 2 (18)
5 prev, if 0 < gldi1 < min 2,5 gl
k =
2Y,  otherwise,

and discussed the properties of the new formulas.

HS is similar to PRP. It is equal to PRP when using the precision line search. HS satisfies
the conjugate condition which is different from other methods.

Touati-Ahmed and Storey [14] gave

PRP - if 0 < BPRP < gFR,
s _ ) Pr k k (19)
k FR

s otherwise.

Dai and Chen [15] proposed

. : 1
I;S, if 0 < g;fgk—l < rn1r1<2, 5) “gk”z'

DY
Kk 7

(1.10)
otherwise.

Dai and Ni [16] derived

—bﬂEY, if ﬁkHS < —bﬁEY,
Pe=q 85 i bR < B <P, (1.11)
O RS> B

Throughout the paper, || - || stands for the Euclidean norm.
Hager and Zhang (CGDESCENT) [17] proposed a conjugate gradient method with
guaranteed descent which corresponds to the following choice for the update parameters:

BkN = max{ﬁllc\’, 1k}, where

-1
el min{n, [|gell}”

1 vl
Yk
52W<yk—2dk%> k1

Here, 1 > 0 is a constant. The extensive numerical tests and comparisons with other methods
showed that this method has advantage in some aspects.

Mk =
(1.12)
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Zhang et al. (ZZL) [18] derived a descent modified PRP conjugate method, the direc-
tion dy is generated by

~8ks ifk=1,
di = 8k . ' (113)
=8k + P dk — Okykr, if k>2.

The numerical results suggested that the efficiency of the MPRP method is encouraging.

Consider the above mixed techniques and the properties of the classical conjugate
gradient methods, the new mixed methods will be presented. The main difference between
the new methods and the existed methods are the choice of fr and giving the generalization
of the new method. Moreover, the direction generated by the new methods are descent
directions of the objective function under mild conditions. In the numerical results, the
method’s overall performance will be given.

Firstly, we present a new formula

T
new 8k 8k
B = )

_ , (1.14)
plgpdia| +di_y (8 — gk-1)

The rest of the paper is organized as follows. In Section 2, we give a new mixed con-
jugate gradient algorithm and convergence analysis. Section 3 is devoted to a generalization
of the new mixed method. In the last section, numerical results and comparisons with the
CGDESCENT and ZZL methods on test problems are reported and show the advantage of
the new methods.

2. A New Algorithm and Convergence Analysis

We discuss a new mixed conjugate gradient method

’ 2.1)

g [ llgll” > | ik
k 0, otherwise,

where p > 1.

Algorithm 2.1.

Step1.Givex; € R", e>0,d1 =-gi; k:=1.

Step 2. If || gx|| < ¢, stop, else go to Step 3.

Step 3. Find a satisfying Wolfe conditions (1.5) and (1.6).
Step 4. Compute new iterative xx.1 by xx1 = Xk + ardk.

Step 5. Compute i by (2.1), di+1 = —=Sk+1 + Prs1di, k := k + 1, go to Step 2.
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In order to derive the global convergence of the algorithm, we use the following
assumptions.

H 2.1 The objective function f(x) is bounded in the level set as below
Li = {x eR"| f(x) < f(x1)}, (2.2)

where x; is the starting point.

H 2.2 f(x) is continuously differentiable in a neighborhood N of L; and its gradient g(x)
is Lipschitz continuous, there exists a constant L > 0 such that

lse) - @)l <Llx-yll, vryeN. 23)

Lemma 2.2 (see Zoutendijk condition [19]). Suppose that H 2.1 and H 2.2 hold. If the conjugate
gradient method satisfies gl dy <0, then

. 2

2
k= Akl

Theorem 2.3. Suppose that H 2.1 and H 2.2 hold. Let {xy. } and {dy} be generated by (1.2) and (1.3),
where Py is computed by (2.1), a satisfies Wolfe line search conditions, then gldy < 0 holds for all
k>1

Proof. The conclusion can be proved by induction. When k = 1, we have gld; = —||gi1|* < 0.
Suppose that gl | di—1 < 0 hold for k. From (1.3), we have

grdi = — ||kl + Prgidi

s (2.5)
< llgell® + 1Bel | gl di-r -
When f; =0, it is obvious that
gidi < ~||g]l* <o. (2.6)
When i = g%, from (1.6) we have
Ay (8k — 8k-1) = Gkt — Gey it
> ogl dic1 — g4k (2.7)

= (0 - 1)g,11dk,1 > 0.
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Then,
i < -l + sl o, |
—_ k —
‘ plgidial +di (8k — k1)
2
< - ”gk”Z + "%k” |g;£dk—1| (28)
.“|gk dk—1|
1 > s
=(-1+— ,
CEHIE
from p > 1, then we can deduce that ggdk < 0holds forall kK > 1.
Thus, the theorem is proved. O

Theorem 2.4. Suppose that H 2.1 and H 2.2 hold. Consider Algorithm 2.1, where Py is determined
by (2.1), if gk #0 holds for any k, then,

H}?E;If”gk || =o. (2.9)

Proof. By contradiction, assume that (2.9) does not hold. Then there exists a constant € > 0,
such that

llgkll > Vk>1. (2.10)

From (2.1),

”gk”2 DY
0<pf < —~———= . (2.11)
£ d£—1 (8k — 8k-1) P

By (1.3), if fi = BPY, we derive

gzdk=—||gk||2+dg_l("gi—k['2gmgzdk1: oYt g o)
Then,
P = gf_%j:_{ (2.13)
So,
i< o] = | o
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From (1.3), we have

dk + gk = Prdr-1- (2.15)
By squaring the two sides of (2.15) and transferring and trimming, we get
ldll® = =gk ]|” - 2gidi + Blldi-al. (2.16)
Then,
(grdi)”
ldil? < ~llgell” - 2gidk + —F—— lldx’,
Si_1%k-1
k: 2.17)
Ik 1® <2 . i [l [ 1
T 2 2 2
) 8 (gde) ()t () T
Since,
2
la? ™ 1
(sf)”  (-gle)” g™
(2.18)
2
Il 5 1
(srdi)” = il
From (2.10), we have
! < k (2.19)
2= 2 :
1 fl&ll”
Therefore,
(81dk)” s
ldel® — Kk’
(2.20)

Z (gkdk)

& lldil?

This is a contradiction to Lemma 2.2, the global convergence is got.



8 Journal of Applied Mathematics

3. Generalization of the New Method and Convergence

The generalization of the new mixed method is as follows:

” A new, if 22 T 41,
5 ={ B gell” > 18ge (3.1)

0, otherwise,

where iV = gl g/ (plgldia| + di_(gk — §k-1)), p>1> 1> 0.
Algorithm 3.1.

Step 1-Step 4 are the same as that of Algorithm 2.1.

Step 5. Compute i by (3.1), di+1 = —=Sk+1 + Pr+1dk, k :== k + 1, go to Step 2.

Theorem 3.2. Suppose that H2.1 and H 2.2 hold. Let {xy } and {dy} be generated by (1.2) and (1.3),
where Py is computed by (3.1), a satisfies Wolfe line search conditions, then gl dy < 0 holds for all
k>1

Proof. The conclusion can be proved by induction. When k = 1, we have g{d; = -1 I* < 0.
Suppose that gl | di_1 < 0 holds. For k, it is obvious that if f;* = 0, then
gl < -l|gP <0, ©2)

When fi = AB°", from (2.5) and (3.1), we have

Mg 8K)

i< = gl w8 di-| + di_; (8 = 8k1) ki
< el s Aoy,
pl g i1 (3.3)
< =gl + 5 sl
A
= sl (5-1) <o
To sum up, the theorem is proved. O

Theorem 3.3. Suppose that H 2.1 and H 2.2 hold. Consider Algorithm 3.1, where Py is determined
by (3.1), if gk #0 holds for any k, then,

lim inf[| g || = 0. (3.4)
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Proof. By contradiction, assume that (3.4) does not hold. Then there exists a constant y > 0

such that

lgill >y, VK1
From (3.1)

2 2
0< ﬂ** < )‘”gk” < ”gk” _ DY,
Tl (gk-ge) Al (gk—ge1)

By (1.3), we have

di + gk = Prdi-1.

Then,
Il = || gkll” - 2gF dic + B2l i |
From (3.6),
T 2
Spdk)
Jel? < ~Ngell - 280 + —ED g e
gk—ldk—l)
2 2 2 2
el 2 dldeal® gl ldeal® 1

2 =" T 2 2 = 2 27
(gede)” & (giydin)”  (gide)”  (giqdien)”  llgl|

2
I 5 1
(gidi)” =1 ||gill

By (3.5), we have

(gFdx)”
EAR

2
>L
Tk

2
i1 Ikl

Z (gk dr) _

This is a contradiction to Lemma 2.2, and the global convergence is proved.

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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Table 1: Numerical results of the NEW1 and NEW2.

. k/nf/ng/t (NEW1 k/nf/ng/t (NEW2
Number Frob- aim M e el )
1 Powell badly scaled 2 6/20/9/0.0010 9/25/11/0.0010
0.2511 0.2709
2 Brown badly scaled 2 9/26/12/0.0010 9/26/11/0.0010
0 9.1712e - 005
3 Trigonometric function 10 11/48/29/0.0010 13/58/37/0.0020
0.0056 0.0061
4 Chebyquad 100 30/42/33/0.3594 61/72/65/0.4375
0.0258 0.0207
5 Penalty function I 100 5/20/12/0.0313 5/20/12/0.0313
5.4750e — 005 6.8047e — 005
500 11/36/23/0.0010 10/34/20/0.0010
1.5626e — 004 3.9363¢ — 004
6 Allgower 500 4/32/8/0.0156 4/32/8/0.0313
0.0147 0.0215
7 Variable dimension 500 12/50/14/0.0625 12/50/14/0.0313
5.9262¢ — 006 5.9262¢ — 006
1000 16/54/16/0.0313 16/54/16/0.0313
1.1473e — 004 1.1473e — 004
5 Penalty function I 1000 19/44/26/0.0313 22/48/30/0.0156
0.0010 3.8348e — 004
8 Integral equation 1000 2/24/2/0.0010 2/24/2/0.0020
0.0032 0.0058
9 Separable cubic 1000 9/12/11/0.3594 9/13/11/0.4219
6.1814e — 004 4.0438¢ - 005
3000 10/14/13/2.5469 9/13/12/2.4063
7.2599¢ — 005 2.0012e - 004

4. Numerical Results

This section is devoted to test the implementation of the new methods. We compare the
performance of the new methods with the CGDESCENT and ZZL methods.
All tests in this paper are implemented on a PC with 1.8 MHz Pentium IV and 256 MB

SDRAM using MATLAB 6.5. If ¢ = 107 then stop. Some classical test functions with standard
starting points are selected to test the methods. These functions are widely used in the
literature to test unconstrained optimization algorithms [20].

In the table, the four reported data (k/nf/ng/t) are iteration numbers/function
evaluations/gradient evaluations/CPU time(s), and || gk||2 stands for the square of the
gradient at the final iterate. When we set p = 1, A = 0.5, 1 = 0.01, 6 = 0.01, o = 0.8, the
numerical results of the NEW1 and NEW?2 are listed in Table 1 and the CGDESCENT and
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Table 2: Numerical results of the CGDESCENT and NEW3.

11

. k/nf/ng/t (CGDESCENT k/nf/ng/t (NEW3
Number Prob. aim e (CCoEscenT) ol (EW3)
1 Powell badly scaled 2 6/16/7/0.0851 13/38/20/0.0313
0.2704 0.4305
2 Brown badly scaled 2 13/33/14/0.0010 20/82/44/0.0313
0 0.9525
3 Trigonometric function 10 12/56,/33/0.0010 11/44/27/0.0313
0.0075 0.0598
4 Chebyquad 100 64/75/67/0.4219 38/58/44/0.2344
0.0178 0.0175
5 Penalty function I 100 5/20/12/0.0313 10/37/10/0.0313
5.4750e — 005 3.4737e - 004
500 10/34/20/0.0313 9/27/15/0.0010
3.8011e - 005 2.5130e - 004
6 Allgower 500 4/32/8/0.1256 4/32/8/0.1250
0.0259 0.0089
7 Variable dimension 500 12/50/14/0.0528 12/50/14/0.0313
5.9262e — 006 5.9269e — 004
1000 16/54/16/0.0313 16/53/16/0.0010
1.1473e — 004 5.6730e - 005
5 Penalty function I 1000 22/49/31/0.0313 21/50/30/0.0625
3.1604e — 004 3.4038e — 004
8 Integral equation 1000 2/24/2/0.0010 2/24/2/0.0010
0.0028 0.0156
9 Separable cubic 1000 13/16/14/0.5469 16/20/20/0.5000
2.5196e - 004 2.1274e - 004
3000 10/14/13/2.5469 10/14/13/2.5469
7.6877e — 005 2.2646e — 004

Z7ZL (NEWS3) are listed in Table 2. When we set ¢ = 1.5, 1 = 0.1, 7 = 10,6 = 0.1, 0 = 0.9,

the numerical results of the NEW 1 (NEW4) and NEW 2 (NEW5) are listed in Table 3 and the

CGDESCENT (NEW6) and ZZL (NEW?) are listed in Table 4. It can be observed from Tables

1-4 that for the most of problems, the implementation of the new methods are superior to

other methods from the iteration numbers, the calls of function, and gradient evaluations.
Compared with the CGDESCENT method, the new methods are effective (see Table 5).
Using the formula Nyl = nf + [ * ng, where [ is fixed constant, let | = 3. By

Niotal (NEW(7))

yi(NEW(j)) = Niowm (CGDESCET) (41)

where j =1,2,...,7;i € S, S is the whole of classical problems” order. If y;(NEW(j)) > 1, then
CGDESCENT method is regarded as better performance; if y;(NEW(j)) = 1, the methods
have the same performances and if y;(NEW(j)) < 1, the new methods are performed better.
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Table 3: Numerical results of the NEW4 and NEW5.

. k/nf/ng/t NEW4 k/nf/ng/t NEW5
Number Prob- am Tl W) Tl EwWS)
1 Powell badly scaled 2 12/25/13/0.0010 9/21/10/0.0010
0.3511 0.3709
2 Brown badly scaled 2 14/36/15/0.0010 9/26/10/0.0313
7.6024¢ — 005 1.1840
3 Trigonometric function 10 11/45/27/0.0010 13/51/33/0.0020
0.0026 0.0017
4 Chebyquad 44/58/47/0.3281 72/82/73/0.3750
0.0430 0.0251
5 Penalty function I 100 5/20/12/0.0313 5/20/12/0.0313
5.4750e — 005 5.4750e — 005
500 9/27/16/0.0156 9/27/16/0.0313
7.0807e — 004 7.4979e — 004
6 Allgower 500 4/32/8/0.0010 4/32/8/0.0020
0.0026 0.0017
7 Variable dimension 500 17/53/19/0.0313 19/53/19/0.0313
3.9292e — 008 2.8061e — 008
1000 16/54/16/0.0313 16/54/16/0.0010
1.1473e — 004 1.1473e — 004
5 Penalty function I 1000 11/31/13/0.0313 11/31/13/0.0313
0.0041 0.0036
8 Integral equation 1000 2/24/2/0.0020 2/24/2/0.0625
0.0041 0.0936
9 Separable cubic 1000 15/17/16/0.4531 10/12/11/0.2969
3.8684e — 004 7.7732e — 004
3000 16/20/20/4.3750 14/16/15/3.3438
1.3230e - 005 7.4737¢ - 006
We use
Yiotal (NEW(j)) = (TTiesyi(NEW(j))) /" (4.2)

as a measure to compare the performance of CGDESCENT method and the new methods,
where |S| is the number of S. If yio(NEW(j)) < 1, then NEW(j) method outperforms
CGDESCENT method. The computational results are listed in Table 5.

It is obvious that yiotal (NEW(j)) < 1, where j = 1,2, 4,5, so we can deduce that the new
methods outperform CGDESCENT method.
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Table 4: Numerical results of the NEW6 and NEW7.

. k/nf/ng/t (NEW6 k/nf/ng/t NEW7
Number Prob. dim o (NEWe) o aEw?)
1 Powell badly scaled 2 14/29/15/0.0313 19/54/30/0.0313
0.4181 0.7893
2 Brown badly scaled 2 3/22/3/0.0156 41/111/69/0.0010
1.0000e + 006 3.8332e + 004
3 Trigonometric function 10 2/26/2/0.0010 15/63/40/0.0010
0.0059 0.7360
4 Chebyquad 4/14/5/0.0625 36/56/41/0.2344
1.5078 0.0188
5 Penalty function I 100 5/20/12/0.0313 10/37/10/0.0313
5.4750e - 005 3.4737e — 004
500 9/27/15/0.0313 9/27/15/0.0010
7.1267e — 004 2.5130e — 004
6 Allgower 500 4/32/8/0.0010 4/32/8/0.0938
0.0059 0.0563
7 Variable dimension 500 17/53/19/0.0313 19/55/20/0.0010
2.8061e — 008 2.4868e — 006
1000 16/54/16/0.0313 16/53/16/0.0010
1.1473e - 004 5.6730e — 005
5 Penalty function I 1000 11/31/13/0.0416 11/31/13/0.0010
0.0010 0.0010
8 Integral equation 1000 2/24/2/0.0020 2/24/2/0.0625
0.0041 0.0936
9 Separable cubic 1000 9/12/11/0.4063 16/18/17/0.3906
6.5318e — 004 7.9504e — 004
3000 12/16/14/3.2969 20/22/22/4.3438
1.7672e — 005 5.7872e — 004
Table 5
Yoot (CGDESCENT) 1
Yiotal (NEW1) 0.9220
Yiotal (NEW2) 0.9270
Yootal (NEW3) 1.1347
Yiotal (NEWA4) 0.9895
Yootal (NEW5) 0.9415
Yiotal (NEW6) 1.1595
Yot (NEW?) 1.2164
Acknowledgments

This work is supported in part by the NNSF (11171003) of China, Key Project of Chinese
Ministry of Education (no. 211039), and Natural Science Foundation of Jilin Province of China
(no. 201215102).



14 Journal of Applied Mathematics

References

[1] R. Fletcher and C. M. Reeves, “Function minimization by conjugate gradients,” The Computer Journal,
vol. 7, pp. 149-154, 1964.

[2] B.T.Poliak, “The conjugate gradient method in extreme problems,” USSR Computational Mathematics
and Mathematical Physics, vol. 9, pp. 94-112, 1969.

[3] Y. H. Dai and Y. Yuan, “A nonlinear conjugate gradient method with a strong global convergence
property,” SIAM Journal on Optimization, vol. 10, no. 1, pp. 177-182, 1999.

[4] M. R. Hestenes and E. Stiefel, “Methods of conjugate gradients for solving linear systems,” Journal of
Research of the National Bureau of Standards, vol. 49, pp. 409-436, 1952.

[5] Z. Wei, S. Yao, and L. Liu, “The convergence properties of some new conjugate gradient methods,”
Applied Mathematics and Computation, vol. 183, no. 2, pp. 1341-1350, 2006.

[6] G.Yuan, “Modified nonlinear conjugate gradient methods with sufficient descent property for large-
scale optimization problems,” Optimization Letters, vol. 3, no. 1, pp. 11-21, 2009.

[7] G. Yuan, X. Lu, and Z. Wei, “A conjugate gradient method with descent direction for unconstrained
optimization,” Journal of Computational and Applied Mathematics, vol. 233, no. 2, pp. 519-530, 2009.

[8] M. Al-Baali, “Descent property and global convergence of the Fletcher-Reeves method with inexact
line search,” IMA Journal of Numerical Analysis, vol. 5, no. 1, pp. 121-124, 1985.

[9] G.H.Liu,J. Y. Han, and H. X. Yin, “Global convergence of the Fletcher-Reeves algorithm with inexact
linesearch,” Applied Mathematics B, vol. 10, no. 1, pp. 75-82, 1995.

[10] Y. H. Dai and Y. Yuan, “Convergence properties of the Fletcher-Reeves method,” IMA Journal of
Numerical Analysis, vol. 16, no. 2, pp. 155-164, 1996.

[11] J. C. Gilbert and J. Nocedal, “Global convergence properties of conjugate gradient methods for
optimization,” SIAM Journal on Optimization, vol. 2, no. 1, pp. 21-42, 1992.

[12] Y. H. Dai and Y. Yuan, “A nonlinear conjugate gradient method with a strong global convergence
property,” SIAM Journal on Optimization, vol. 10, no. 1, pp. 177-182, 2000.

[13] X. Zheng, Z. Tian, and L. W. Song, “The global convergence of a mixed conjugate gradient method
with the Wolfe line search,” OR Transactions, vol. 13, no. 2, pp. 18-24, 2009.

[14] D. Touati-Ahmed and C. Storey, “Efficient hybrid conjugate gradient techniques,” Journal of
Optimization Theory and Applications, vol. 64, no. 2, pp. 379-397, 1990.

[15] Z.F Daiand L.P. Chen, “A mixed conjugate gradient method by HS and DY,” Journal of Computational
Mathematics, vol. 27, no. 4, pp. 429-436, 2005.

[16] Y. H. Daiand Q. Ni, Testing Different Nonlinear Conjugate Gradient Methods, Institude of Computational-
Mathematics and Scientific/Engineering Computing, Chinese Academy of Sciences, Beijin, China,
1998.

[17] W. W. Hager and H. Zhang, “Algorithm 851: CGDESCENT, a conjugate gradient method with
guaranteed descent,” ACM Transactions on Mathematical Software, vol. 32, no. 1, pp. 113-137, 2006.

[18] L. Zhang, W. Zhou, and D.-H. Li, “A descent modified Polak-Ribiere-Polyak conjugate gradient
method and its global convergence,” IMA Journal of Numerical Analysis, vol. 26, no. 4, pp. 629-640,
2006.

[19] G. Zoutendijk, “Nonlinear programming, computational methods,” in Integer and Nonlinear
Programming, pp. 37-86, North-Holland, Amsterdam, The Netherlands, 1970.

[20] N. L. M. Gould, D. Orban, and P. L. Toint, “GALAHAD, a library of thread-safe Fortran 90 packages
for large-scale nonlinear optimization,” ACM Transactions on Mathematical Software, vol. 29, no. 4, pp.
353-372, 2003.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



