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This study is originally motivated by the thermal balance equations for the gas and solid inter-
phase heat-transfer for the fast-igniting catalytic converter of automobiles. Instead of solving
this problem directly, we proved some results concerning the existence and uniqueness for
abstract semilinear initial value problem by means of (Cy, 1)-semigroup theories on locally convex
topological space. The most enjoyable here is that these results not only can be applied to solve the
interphase heat-transfer for the fast-igniting catalytic converter of automobile under the situation
of preheating at the entry edge of converter, but also can be applied to some other practical
problems.

1. Introduction

Monolithic catalytic reactors are used in a variety of environmental and industrial appli-
cations. There has been a great deal of research in catalytic converter technology since in
the mid-1970s. The initial few minutes after starting a car when the converter is still cold
is very impotent, since during this period the converter is not able to perform its role of
converting exhaust carbon monoxide and unburned hydrocarbons to carbon dioxide and
water due to low converter temperatures. From an environment point of view how to cope
with motor vehicle exhaust emission is an increasing concern in automobile engineering. This
concern and many others lead to various mathematical models for the study of interphase
heat transfer problem in catalytic converter. There have been suggestions made on how to
decrease noxious gas, such as introducing a heater at the inlet. In this study we consider
the thermal balance equations for the gas and solid interphase heat-transfer for the fast-
igniting catalytic converter of automobiles. This problem can be simplified to the following
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mathematical model, which was original proposed by Leighton and Chang [1]:

a—u+aa—u+cu=cv, 0<t<T, 0<x<l,

ot ox

ov

§+bv=bu+)te”, 0<t<T, 0<x<], (1.1)

u(t,0)=1n, v(t,0)=0, 0<t<T,
u(0,x) =up(x), v(0,x)=vp(x), 0<x<I,

where uy and vy are continuous functions on [0, [] with 1((0) = 7 and v(0) = 0. The physical
meaning of the functions and parameters in this system was given in Chang et al. [2]. The
additional initial condition v(t, 0) = 0 is understood in the situation of preheating at the entry
edge of converter. Instead of solving system (1.1) directly, we proved some results concerning
the existence and uniqueness for the classical local solution of the semilinear initial value
problem:

du(t)
dt

= Au(t) + f(t,u), t>0,
u(0) = ug € D(A),

(1.2)

where A is a generator of a (Cy, 1)-semigroup on a locally convex topological space. Before
we consider the semilinear initial value problem (1.2), we consider following abstract Cauchy
problem on complete locally convex topological linear space firstly:

dut) _ 13
dt - Au(t)/ t Z 0/ ( )

1(0) = up € D(A).

It is well known that as long as A is a generator of a Co-semigroup {T'(t)};,, on a
Banach space X, there exists a nonnegative real number w such that {e™“'T(t)x;t > 0} being
bounded in X for every given x € X. But this is not true in general, for example, if X is a
complex Hausdorff locally convex topological linear space and {T(t)},, is a Co-semigroup
on X, then {e T (t)x; t > 0} is not bounded for any nonnegative real number w. Sometimes,
complex Hausdorff locally convex topological linear space (hereafter, we will denote it by
lcs) being a more natural domain for some partial differential operators. Partial differential
equations are being currently studied on Ics, for example, the spaces of continuous functions,
test functions and distributions with nonnormable Ics topology. Moreover, in a norm space
endow with locally convex topology, using the locally convex topology sometimes is also
better than using the norm in certain cases. Certain example was given in [3].

2. Preliminarie

Babalola [4] considers the operator A = x(0/0x) for the Cauchy problem (1.3), the author
showed that A generates a (Cy, 1)-semigroup {T'(t)};so, when X is a Ics. Roughly speaking,
the (Cy, 1)-semigroup is a Cp-semigroup on X which can be characterized as having the
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property that for each continuous seminorm p on X there exists a positive number o, (which
depends on the seminorm p) and a continuous seminorm q on X such that

p(T(t)x) < e%'q(x) VxeX, t>0. (2.1)

Precise definition of (Cy, 1)-semigroup will be given in Definition 2.1. A semigroup {T ()}
is called an equicontinuous semigroup if o, = 0 in the above inequality, and it is called
a quasiequicontinuous semigroup if e%' is replaced by e“! for some positive constant w
(independent of seminorm p). Follows from these definitions, (Cy,1)-semigroup is a more
general than the quasi-equicontinuous semigroup. However, (Cy, 1)-semigroup lacks some
property which the equicontinuous semigroup has. For instance, the resolvent operator
R(A : A) exist for some A > 0 as {T(t) } ¢ is an equicontinuous Cp-semigroup but it is not true,
while {T(t)} 5, is a (Co, 1)-semigroup. In fact, let X = S(R) be the Schwartz set of functions
with topology determined by the seminorms {p;, }. The seminorm p,,,, on X is defined by

pmn(f) = ||M™D"f|| for every pair of nonnegative integer m,n, (2.2)

where (Mf)(x) = xf(x), (Df)(x) = (d/dx)f(x), and || f|| = (J; |f(x)|2dx)2 for every f € X.
Let the group G = {S(¢) : —o0 < ¢ < oo} be defined by

(S@f) () = f(ex), VfeX (23)

Then pun(S@)f) = ™™ 12p,..(f), and hence G is a (Cy, 1) group with generator
A = x(0/0x). However, it is impossible to find any positive number w such that the group
{e™@lIS() : |¢| > 0} is equicontinuous. This shows that the resolvent operator R(A : A) does
not exist for any A > 0.

In view of above evidences, we would like to consider the abstract semilinear initial
value problem:

WO _ Auy+ G0, 120,

u(0) =uy € D(A),

(2.4)

where A is a generator of (Cy, 1)-semigroup inalcs X and f : [0,0) xX — X is a continuous
function. For discussing the (Co, 1)-semigroup and its underlying space X, we will use the
following terminologies and lemmas in this paper. We say a family of continuous seminorms
{pa; @ € I'} is saturated if for any pair ay,a, € I', there exists a g € I such that

Pa(X) < Pag(x)  (i=1,2) Vx € X. (2.5)

We always assume that X is a Ics endowed with a saturated family of continuous seminorms
{pa; @ € I'} such that the family {eV,;a € T, € > 0} is a base of neighborhoods at the origin for
the topology of X, where V, is the set {x € X : p,(x) < 1} for every a € I. We denote Lr(X) by
the family of linear operators T : X — X such that for each a € I' there exist positive number
)Lu/T with

TV, C A1V, Va€eT. (2.6)
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It is easy to see that T € Lr(X) is continuous and satisfied:

Pa(Tx) < Agpa(x), Vx€X, acl. (2.7)

Furthermore, with addition of defined pointwise and multiplication by composition, Lr(X)
becomes an algebra, also we can define a topology on Lr(X). For each p, € {p,;a € T}, the
real-valued function P, on Lr(X), defined by

Po(T) = inf{Ay1 : pa(Tx) < Aorpa(x) Vx € X}

= sup pa(Tx) (28)
x€X,pa(x)<1
is a seminorm with the additional properties that
P(ThT) < Pa(Th)Py(T2), VT1,Th € Lr(X), a €T, 29)

P, (Tx) < Py(T)pa(x), VT €Lr(X), a€l.

The topology on Lr(X) is defined by the family {P, : a € I'} of seminorms on Lr(X).
Under this topology, Lr(X) becomes a Hausdroff locally multiplicatively convex topological
algebra, and Lr(X) is complete whenever X does.

An Ics can be regarded as a projective limit of Banach spaces (see, e.g., [5, page 231]).
Firstly, we express the definition of a projective system of spaces and homomorphism. Let
(I, <) be a directed set, and let (X,),c; be a family of normed spaces. Suppose we have a
family of homomorphism for all with following properties:

(1) faq is the identity in X,;

(2) fay = fap © foy foralla < p<y.

Then, the set of pair (Xg, fap) is called a projective system of normed spaces and
homomorphism over I.

Hence, we can define the projective limit (it is also called inverse limit) of the projective
system as a particular subspace of the direct product of the X, ’s:

limX, = {(Xa) € [ [Xa: xa = fap(xp) Va < p}. (2.10)

acl

For a given Ics X, we consider the normed space X, and the set of all linear operators L(X,)
as follows. For each a € T, let be the coset of x in the quotient space X/p;'(0), and let

|Xalls = pa(x) foreach x € X. (2.11)

Then, || - ||, is a norm on the quotient space X/p,'(0). Under the topology induced by || - ||,,,
the normed linear space formed by the elements of X/p;!(0) is denoted by X, and denoting
its completion by X,. For each a € T, the natural homomorphism 7, : X — X,, defined by
. (x) = x4 for each x € X is continuous and onto.

Now we can relate Lr(X) to the uniform norm algebra L(X,). Leta € 'and S € Lr(X),
then the operator S, : X, — X, defined by Spx, = (Sx),. It is easy to see S, that in L(X,)
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(for detail, please see [4, Proposition 1.12]). Moreover, S, is uniquely extensible to a bounded
linear operator S, on X, such that

S«

= Salla = sup [|Saxally = Pa(S). (212)

llxll.<1

To identify Lr(X) with projective families of operators, we order the index set I by a > o
if and only if V, C V. Define for a > &, an operator 7y, : Xo — Xy by Twa(Xa) = X is
a continuous homomorphism also it can be extended to X,. The set (X_a, Teq) consists of a
projective system of spaces and homomorphism over I'. Denote the project limit by lim. X, =
X. We call a projective family of Banach spaces is saturated if every finite product of members
is still a member. Throughout this paper we always assume that our projective family of
Banach spaces {X_a : a € T'} is saturated, X is a complete Ics, and X, is a Banach space for
each a € I'. Let S, be a linear operator from D(S,) C X, into Xa(a €I'). Wecall {S,:a €T} a
(saturated) projective family of operators if and only if S, (7paxp) = 7pa(Spxp) for x5 € D(Sp)
and p > a. For such a family, we can define a linear operator S on the project limit D(S) of
{Sa : @ € T'} by a,(Sx) = Su(ax) for x € D(S) and a € I', and we call the operator S be
the project limit of the family of operators {S, : a« € I'}. If S, € L(X,) for each a € T, then
S € Lr(X). Moreover, the family (S : @ € T} associated with S € Lr(X) is projective, and its
limit is S.
Now, we are ready to define the (Cy, 1)-semigroup on X.

Definition 2.1. The family of continuous linear operators {T(t)};,o C L(X) is called a Co-
semigroup if and only if:

1) T(t+s)x=T(@#)(T(s)x) foralls,t >0and x € X;
(2) T(0)x = x forall x € X;
(3) T(t)x — xast | 0forevery x € X.

It is called an Lr(X)-operator semigroup of class (Co, 1) ((Cop,1)-semigroup for shot) if and
only if, in addition, for each a and each positive 6, there exists a positive number A =
AMa, {T(t) :0<t <6}))suchthatT(t)V, C AV,, forall0 <t <6, where V, = {x € X : py(x) <1}
foreverya €T

Definition 2.2. We call an operator S : D(S) ¢ X — X s a compartmentalized operator
(with respective to {p. : a € T} if for each a € I, the operator S, : 7,(D(S)) — X,
given by Syx, = (Sx), for x, € m,(D(S))), is well defined. Follows from the definitions
of Lr(X) and compartmentalized operator. It is easy to see that every operator S in Lr(X) is
a compartmentalized operator.

The following results linked the (Cop,1)-semigroup in Ics with the well-know Co-
semigroup in Banach space. For details, please see the reference [4].

Lemma 2.3 (see [4, Theorem 2.5]). There is a 1-1 correspondence between (Cy,1)-semigroup
{S(¢) : ¢ > 0} on complete Ics and projective families of Co-semigroup{Sy(¢) = mx(S(&)) : ¢ > 0}
on Banach space X, such that if A is the generator of a (Co, 1) semigroup, and {Ay} is the family
of generators associated with the corresponding Co-semigroup on {X, : a € '}, then {A} is the
projective family, and its limit is A.



6 Journal of Applied Mathematics

Babalola (see [4, Theorem 2.6]) show that the Cy-semigroup {S(¢) : ¢ > 0} is a (Co, 1)-
semigroup on a locally convex space X if and only if there exist sets {My;a € I'} and {04;a €
I'} of real numbers such that

Pa(S(8)x) < Mae™pa(x) V20, x€X. (2.13)

The author also showed that, by choosing a suitable seminorm g, on X, the last inequality is
equivalent to

p(S(@)x) <eq(x) VxeX, §20. (2.14)

For details, please see [4, page 171].
From this property, Definition 2.1 is equivalent to the following definition.

Definition 2.4. Let {S(¢) : & > 0} C L(X) be a family of continuous linear operators on X, it is
a (Co, 1)-semigroup if and only if it satisfies following conditions

(1) {S(¢) : ¢ > 0} is a semigroup of class (Cy) in X;

(2) for each continuous seminorm p on X, there exist a nonnegative number o, and a
continuous seminorm g on X such that

p(S(&)x) <e%tg(x) VE>0, x € X. (2.15)

Now we can start to consider the abstract semilinear initial value problem (2.4).
Suppose X is a complete Ics which is the saturated projective limit of Banach spaces
{Xa;a € T'}. We are searching suitable conditions for the function f such that (2.4) has a
mild solution. At first, we consider the function f in (2.4) only depends on the variable .
Thatis f : [0,¢] — X. For any t; € [0,¢], in as much as X is the projective limit of X,, for each
a €T, there is a function f, : [0,f] — X, such that f,(ty) = 7.(f (to)) € Xa, and it satisfies

f(to) = im fu(t) = limmy (£ (ko)) (2.16)

We assume that for every a € I, f, : [0,t] — X,, is Bochner integrable (integrable for
short), and the integration is denoted by fé fa(s)ds. Since X is the saturated projective limit
space of {X,;a € I'}, if f : [0,t] — X satisfies that for every a € I, f, = m,(f) is integrable
and fé fa(s)ds = z4 € X,, then

t ¢ ¢
Zg = j fu(s)ds = f Twa(fa(8))ds = Tua <f fu(s)ds> = Twa(za), (a>d). (2.17)
0 0 0
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The same reason also implies that {z, € X,;a € I'} has a limit z = lim._z, in X. In this case,
we say f is integrable and denotes the integration of f on [0,t] by fé f(s)ds = z. Since 7, is
the projection from X onto X, and f(s) = (fa(s)) 4er, We have

t t t
f f(s)ds = z =limz, = limf fa(s)ds = limf 7w (f(s))ds
0 - “Jo ~Jo

t (2.18)
= lim o, <I f(s)ds>,
- 0
t t t
I f(s)ds = f limf,(s)ds = f limor, (f(s))ds. (2.19)
0 0o~ 0o~
Combine (2.18) and (2.19), we have
t t t
f limor, (f(s))ds = J f(s)ds = limur, <I f(s)ds>. (2.20)
0o~ 0 - 0

We say f : [0,T] x X — X is uniformly Lipschitz continuous corresponding to
a € I' with positive Lipschitz constant L, (independent of s,u,v) if f, = ,(f) satisfies
Lipschitz continuous condition and 0 < sup,. L. < co. Moreover, if there exists a constant ¢
(independent of a € I') such that the Lipschitz constant L,(t,c) of f, depends on (f,c),
satisfies locally Lipschitz condition and 0 < sup,L«(t,c) < oo. Then, we say f is locally
Lipschitz continuous.

Definition 2.5. For each fixed a € I and positive real number T, we define a norm |||, ., on the
function space {u : [0,T] — X : u is continuous} by||ul|ye, = 7a (1)l 4,00 = SUPse(o 7y l11a(S)ll4-

3. Main Result

Firstly, we consider the initial value problem:

%u(t) =Au(t)+ f(t), t>0,

u(0) = uy € D(A),

(3.1)

where A is a generator of a (Cy, 1)-semigroup on a Ics and f : [0,T] x X — X. We found
that (3.1) has a unique mild solution provide the function f is integrable. Furthermore, if f is
continuous, then this mild solution is also the solution of the differential equation.

Namely, we have following theorem.

Theorem 3.1. If A is the generator of a (Co, 1)-semigroup {T(t)},5, and f is integrable, then (3.1)
has a unique mild solution:

u(t) =T{H)uo + ft T(t-s)f(s)ds. (3.2)
0
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Moreover, if f is continuous then u(t) is a classical solution of (3.1).
Proof. For fixed a € I', we first consider the initial value problem (in X,):
d

ﬁuu(t) = Aqua(t) + fo(t), t20, (3.3)
ua(o) =Uyq € D(Aa)/

where A, is defined as in Lemma 2.3, 1, = 7, (1), and f,(s) = m,(f(s)) is integrable. Since
X, is a Banach space, from Cy-semigroup theorems, it is well known that (3.3) has a unique
mild solution which is given by

t
Un () = Tu(H)tho0 + f Tx(t—s)fa(s)ds forevery a €. (3.4)
0

Since X is the projective limit of {X,; a € I'}, the projective limit of {u,;a € I'} exists for each
fixed t. We denote it by u(t). Furthermore, since

u(t) = limu,(t) = lim <Ta(t)u0,,,, + Jt T,(t - s)fu(s)ds>
— — 0
= limur, (T(t)uo + It T(t- s)f(s)ds> (3.5)
- 0

=T(H)uy + J; T(t-s)f(s)ds.

This shows the projective limit u(t) satisfies (3.2), and hence u(t) is a unique mild solution
of (3.1). To see u(t) is a classical solution of (3.1) for f is a continuous function, we need to
check /' (t) exists for all f > 0 and satisfies (3.1). In fact, we have

W (8) = lim 1 (u(t+ ) ~ u(t)

1 t+h t
= %LHBE <T(t + h)ug + J;) T(t+h-s)f(s)ds—-T(t)up - Io T(t- s)f(s)ds>

= lim (Tt + h)uy ~ T(t)uo)
1 HhT h d tTt d
lim — t+h— - -
+hli%h<f0 (41— 5)f(s)ds fo (t-5)f(s) s> )
t
= AT (t)ug + }llin})%(T(h) -1 ’[ T(t-s)f(s)ds
- 0
t+h
+}lli£r})% t T(t+h-s)f(s)ds

=AT(Hug+ A It T(t-s)f(s)ds+ f(t)
0
= Au(t) + f(t).

Thus, the derivative of u(t) exists and it satisfies (3.1) as we claimed.
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Since global (or local) equicontinuous semigroup is a special case of (Co, 1)-semigroup,
we have the following corollary immediately. O

Corollary 3.2. If A is the generator of a global (locally) equicontinuous semigroup {T (t)} 5o, and f is
integrable, then (3.1) has a unique mild solution u(t). Furthermore, if f is continuous, then the mild
solution u(t) is a classical solution of (3.1). Next we consider the semilinear initial value problem

%u(t) = Au(t) + f(t,u(t), >0,
u(0) = ug € D(A),

(3.7)

where A is a generator of a (Co, 1)-semigroup onalcs and f : [0,T] x X — X. We found that (3.7),
having a unique solution, providing the function f; is uniformly Lipschitz continuous. Namely, we
have the following theorem.

Theorem 3.3. Suppose A is the generator of a (Co, 1) semigroup {T(t)}5, f : [to, T] x X — Xis
continuous in t in the interval [ty, T], and it satisfies uniformly Lipschitz continuous condition, then
(3.7) has a unige mild solution

u(t) =T{#)uy + f; T(t-s)f(s,u(s))ds. (3.8)

Proof. For a given uy € X, we defined a mapping

F:C([ty, T]: X) — C([to, T] : X), (3.9)

Fu(t) =T(t—to)uo + It T(t-s)f(s,u(s))ds, to<t<T. (3.10)
to

The projective family of Banach space {X, : a € I'} is defined in Section 2, then for each &« € T
the mapping

Fy=myoF :C([ty, T]: Xa) — C([to, T] : Xa) (3.11)

is well defined and satisfies

Foua(t) = To(t — to) o, + It Tu(t—s)fu(s,ua(s))ds, to<t<T. (3.12)

to
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From (3.12)

||Fauu(t) - Fuvu(t)“a = ”-7ra(Fu(t) - Fv(t))”u

t
U Talt — 8)(fulS, a(5)) — fa(5,0a(5)))ds

a

t (3.13)

< f 1 Te(t = 8)(fa(s, ua(s)) = fuls, va(s))||, ds
to

< MaeoatLa”uzx - Ua“a,oo (t—to)
< chch”ua - Ua”a,oo (t - tO)/

where K, = M,e%T. Using (3.12) and (3.13), by induction on 7, it follows easily that

n n 1 n
| Faua(t) — Fyoa ()|, < ] (KaLa(t —t0))" |tta — vll”a,oo
) (3.14)

1
S (KaLoT)"||ttg = Vallpo, for every a €T,

for n large enough (1/n!)(K,L,T)" < 1. By a well-known extension of the contraction
principle, for every a € I, F, has a unique fixed point u, in C([to, T] : X,) which satisfies

Uy (t) = To(t — to)ton + jt Ta(t—s) fa(s, ua(s))ds. (3.15)
to

Since X is the projective limit space of { X, : a € '}, lim_ u,(t) exists for each fixed t € [t, T].

Denote the projective limit by u(t), then it satisfies

u(t) = lim u,(t) = lim <T,,,(t —to)uga + ft Tu(t=s)fu(s, u,,,(s))ds>
pu pa W

, (3.16)
= T(t-to)u, + I T(t—-s)f(s,u(s))ds.
to

This shows that u(t) is the mild solution of (3.1). The uniqueness of u(t) followed from u,(t)
is unique in X, for each & € I' and u(t) is the projective limit of u,(t). Appling the same
method as we used in the proof of Theorem 3.1, one may show that u/(t) exists and satisfies
the differential equation in (3.7) for all t > 0, and hence (3.8) is the solution of (3.7). O

Remark 3.4. Let f : [t),T] x X — X be a continuous function for f in [to, T] and satisfies
locally Lipschitz condition uniformly for ¢ on bounded intervals. If A is the generator of
a (Co,1)-semigroup {T(t)}5o on X, then for every uy € X there is a tnax < oo such that
(3.7) has a unique solution u(t) on [0, fmax). Furthermore, if ¢,y is a finite number, then
limy_ - |lu(t)|l, = oo for some a € I'. This implies that the solution of (3.7) blows up in
finite time.
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Corollary 3.5. Suppose A is the generator of a global (locally) equicontinuous semigroup

{T(t)}is0.f = [to, T] x X — X is continuous in t on the interval [to, T], and it satisfies uniformly
Lipschitz continuous condition, then (3.7) has a unique solution u(t).

4. Applications

Example 4.1. We consider the thermal balance equations for the gas and solid interphase heat-
transfer for the fast-igniting catalytic converter of automobiles:

ou ou

—+a—+cu=cu, 0<t<T, 0<x<],

ot ox

00 bo=bu+le’, 0<t<T, 0<x<I

E-’- U =bu+ e, <t<l1, <x<l (41)

u(t,0)=n, vt0)=0, 0<t<T,
u(0,x) =up(x), ©v(0,x)=vp(x), 0<x<]l,

where a,b,c,A,q,T > 0, and | > 0 are arbitrary given constants; uy(x) and vo(x) are known
continuous functions on [0,1]. Let Q = [0,T] x (0,1], and let C'(Q) be the set of functions
that are continuously differentiable in Q. To solve the boundary-initial value problem (4.1),
we are looking for a pair of functions u, v in C'(Q), which satisfy the boundary and initial
conditions. Denote Q, = [0,T] x [1/a,1] for every a € N, then Q = U?,Q,. Let X, be the
space C1(Q,) x C'(Q,) endow with the norm

Uy

0
= max sup(t,x)EQa(|uiu(t,x)|),sup(t/x)eQa auia(t,x)
a

3 (4.2)
SUP (4 )<, <‘aum(t, x)‘) fori= 1,2}.

Then X, is a Banach space for every « € N. We consider a topological space X = C'(Q) x
C!(Q) with the seminorms {p, } xeny Which is defined as

o) = L]

Then X is a complete topological locally convex space. Let a vector value function U (t, x) =

[ng] for all (t,x) € Q, then (4.1) can be rewritten as

V[Zl] € X, (where uj, = uilx,, i=1,2). (4.3)
2
[24

- At F(L0), (veQ
o() (4.4)

3 _ |®o

u(,x) = [vo(x) O<x<l,
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where A = [‘“(ao/bx) 8], B=[%¥ 5] and F(t, u) = [,% ] with domain of A as

o ([ ex-[243] -4}

Let ux = uilg,, Va = vilQ., u, = lj(t,x)lQa = [%] € X,, B, = Blx,, Fa(t,U) = [,2] and
Ay = Alx, with domain

u(t, %)
= ) |Ha . - |1
b= | 4] ex: i i, »
vl t —
a
It is well known that the Cauchy problem
4,4
ars = T (47)

8(0/ X) = gO(x)/

on Banach space C!(Q,) has a unique solution g(t, x) = T(t)go(x) = go(x—at), where {T (t) Y0
is a Cp-semigroups on C'(Q,) generated by —a(d/dx). This implies that A, is a generator of
a Co-semigroups on X, for every a € N. It is obviously that B, is a bounded operator on X,
and hence A, +B, generates a Cyp-semigroup on X, for every a € N. Follows [4, Theorem 2.6],
A+Bis a generator of a (Cp, 1)-semigroup on X. According to Theorem 3.3, (4.1) has a unique
solution on Q as long as F(t,U) satisfies the local Lipschitz condition. To see this, we apply
the identity

0 0 n-1
eVl — e¥2 = Z %((01)” _ (1)2)") = (v1 —v7) Z % (Z (Ul)(nl)k(vz)k> ) (4.8)
n=0 """ n=0 """ \k=0

Suppose ||v1all 4 |V24]l, < € for some constant ¢ and for all « € N, where || - ||, is the norm on
C'(Q,) defined as

%v(t,x)

3 a—xv(t, x)

0
SUP (1 x)eQ,

)}

loll, = max{sup(t,x)egaﬂv(tr x)|)/SUP(t,x)eQa<
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for every v in C!(Q,), then

le® e, <

n-1
(V10 — wa>Z$<Z ><"-1>-’<<vza>">

k=0 a
e} 1 n-1 1)
< ||(v1a —vwnazm (Zm)( K k(Uza)k> (4.10)
n=0 k=0 o
1
< (D12 = v24) | Z; " <e|(v1a - 020) |-

This shows that F,(t, ljl) satisfies local Lipschitz condition on C}(Q,) x C'(Q,) for every a €
N. It is easy to check that F (t,Cl) satisfies local Lipschitz condition on X, and hence, by
Theorem 3.3, (4.1) has a unique local solution in X.

Example 4.2. The Lasota equation

0 0
au+xa—xu Au, (4.11)

describes the process of reproduction and differentiation of a population of red blood cells.
Lasota’s equation can be solved by ergodic method (please see Rudnicki [6]). However, we
like to apply our Theorem 3.3 to solve this problem. For this purpose, let A = —x(0/0x)
and f(t,u) = Au, then the Lasota equation is a special case of (2.4). Let S(R) be the set
of all rapidly decreasing test functions whose topology is determined by the seminorms
{pmn} which is defined as in Section 2. Consider the Lasota equation with the initial value
u(0,x) = up(x) € X = S(R). It is an example of Theorem 3.3. Since the function f(t, u(t)) =
Au(t) obviously satisfies uniformly Lipschitz condition corresponding to p,,, with Lipschitz
constant A (independent of all nonnegative integers m and n), the Lasota equation has a
unique solution:

u(t,x) =T(t)ug(x) + It T(t-s)f(s,u(s, x))ds. (4.12)
0

In fact, the corresponding (Cy, 1)-group {T(t)} generated by —x(0/0x) is given by for any
(T(t)yup)x = up(e'x) for f € X. Moreover, we may consider more general initial value
problem

d

d
Eu = xau +o(x)u+ f(t,u(t,x)), t>0, x€ER,

(4.13)
u(0,x) =up(x), x€R, upeX,

where ¢ is any given C* function on R possessing bounded derivatives of all orders, and
f(t,u(t,.)) = e'u?(t,.) for all u € X. Let Bu = ¢(x)u for every u € X. Babalola [4] showed
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that (x(d/dx) + B) generates a (Cy, 1)-semigroup. For any given constant ¢ and nonnegative
integers m and n, if p, (1) < ¢ and pyn(v) < ¢, then

P (f(£12(4,2)) = f(£27(t,)))

Prmn (e*tuz(t, x) — e 3 (t, x))

et (u(t, ) = 0(t,0) (Wt ) +0(E2) (414
< Pmn(ut, x) + 0(t, X)) prn (u(t, x) — v(t, x))

< chmn(u(t/ x) —v(t, x)).

This shows that f is a locally Lipschitz continuous function with Lipschitz constant
Ly (t,c) = 2c. Notice that the Lipschitz constant 2¢ is independent of t, m, and n. According
to Theorem 3.3, (4.13) has a unique local solution.

Acknowledgment

The authors would like to express their gratitude to the reviewer for the very useful sugges-
tions.

References
[1] D.T. Leighton and H. C. Chang, “Theory for fast-igniting catalytic converters,” AICKE Journal, vol. 41,
no. 8, pp. 1898-1914, 1995.

[2] Y-H. Chang, G.-C. Jau, and C. V. Pao, “Blowup and global existence of solutions for a catalytic
converter in interphase heat-transfer,” Nonlinear Analysis. Real World Applications, vol. 9, no. 3, pp. 822—
829, 2008.

[3] E. V. Teixeira, “Strong solutions for differential equations in abstract spaces,” Journal of Differential
Equations, vol. 214, no. 1, pp. 65-91, 2005.

[4] V. A. Babalola, “Semigroups of operators on locally convex spaces,” Transactions of the American
Mathematical Society, vol. 199, pp. 163-179, 1974.

[5] G. Kothe, Topological Vector Spaces 1, Springer-Verlag, New York, NY, USA, 1979.

[6] R. Rudnicki, “Chaos for some infinite-dimensional dynamical systems,” Mathematical Methods in the
Applied Sciences, vol. 27, no. 6, pp. 723-738, 2004.



-

Advances in

Operations Research

/
—
)

Advances in

DeC|S|on SC|ences

Mathematical Problems
in Engineering

Algebra

2

Journal of
Probability and Statistics

The Scientific
\(\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at
http://www.hindawi.com

Journal of

Mathematics

Journal of

DISBJBLL alhematics

International Journal of

Stochastic Analysis

Journal of

Function Spaces

Abstract and
Applied Analysis

Journal of

Applied Mathematics

ol

w2 v (P
/

e

\jtl (1)@" W, E

International Journal of
Differential Equations

ces In

I\/lathémamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization



