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We consider a class of abstract semilinear stochastic Volterra integrodifferential equations
in a real separable Hilbert space. The global existence and uniqueness of a mild solution,
as well as a perturbation result, are established under the so-called Caratheodory growth
conditions on the nonlinearities. An approximation result is then established, followed by
an analogous result concerning a so-called McKean-Vlasov integrodifferential equation,
and then a brief commentary on the extension of the main results to the time-dependent
case. The paper ends with a discussion of some concrete examples to illustrate the abstract
theory.
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1. Introduction

Let (Q,5,P) be a complete probability space equipped with a filtration {F;: ¢t > 0}. We
investigate a class of abstract stochastic integrodifferential equations of the form

dx(t;w) = L(x(t;w))dt + f (t,x(t;w); w)dt
+g(tLx(bw);w)dW(t), 0<t<T (1.1)

x(0;w) = xo(w),

in a separable Hilbert space H, where the operator L is one of the following forms:

t

L(x(tw)) = J a(t — s;w)Ax(s;w)ds, (1.2)
0

t

L(x(t;w)) = A[x(t;w) + J

a(t— s;w)x(s;w)ds]. (1.3)
0
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2 Stochastic It6-Volterra integrodifferential equations

Here, A : D(A) C H—H isalinear, closed, densely-defined (possibly unbounded) operator;
x:[0,T]xQ—H, f:[0,TIxHXxQ—H,and g:[0,T] x Hx Q — £*(K;H) (where K
is another real separable Hilbert space and £2(K;H) denotes the space of all Hilbert-
Schmidt operators from K into H) are given mappings; and a: [0,T] X Q — R is a sto-
chastic kernel. Also, W is a K-valued cylindrical Wiener process and xy is an §o-measura-
ble H-valued random variable independent of W. Hereafter, for brevity, we suppress the
dependence on w € Q) in our notation unless needed.
Deterministic integrodifferential equations of the form

X' (1) +L(x(t)) = f(t,x(t)), 0=<t=<T,

x(0) = xq (14)

have been extensively considered by Priiss [28, 29] and others (see [2-6, 8, 13, 14]) for

t

L(x(D)) :J alt — $)Ax(s)ds. (1.5)

0

Also, (1.4) with

L(x(t) = A[x(t) ; Jta(t - s)x(s)ds] (1.6)
0

has been studied in [21-23], for both the case when A is autonomous and when A is time-
dependent. For L of either form above, under appropriate conditions such as [29, Theo-
rem 1.4, page 46], (1.4) admits a resolvent family {R(¢) : t = 0} in the following sense.

Definition 1.1. A family {R(¢) : t = 0} of bounded linear operators on H is a resolvent for
(1.4) whenever
(1) R(#) is strongly continuous in t,
(ii) R(0) =1,
(iii) R(¢)D(A) € D(A) and AR(t)z = R(t)Az, forallz € D(A), t = 0,
(iv) (dR(t)/dt)z=z+ (a* AR)z =z+ (R % Aa)z,
where * denotes the usual convolution over [0,¢]. (See [29, page 32].)

Assuming the classical Lipschitz condition on f, it has been shown (see [21, 29]) that
there exists a unique mild solution on [0, T'], for any T > 0, that can be represented by the
variation of parameters formula involving the resolvent family, namely,

x(t) = R(t)xo + J(:R(t =) f(sx(s))ds, 0<t=<T. (1.7)

Certain applications, such as those mentioned in [21-26], indicate that a stochastic ver-
sion of (1.4) warrants study. Indeed, Mishura [24-26] studied the stochastic Volterra in-
tegral equation

x(bw) =L(x(w)) + f(kw), 0<t=<T, (1.8)

(with L given by (1.2)) and established conditions under which such an equation could
be reduced to one involving Skorokhod integrals (to allow, in particular, for a natural
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treatment of the equations used to describe the motion of an incompressible viscoelastic
fluid). As pointed out in that paper, the results mentioned above in the deterministic case
can be applied for each given fixed w € Q to ensure the existence of a resolvent family
{R(t;w) : t = 0}. However, the stochastic version must be §;-adapted, and so, to guarantee
this, certain natural conditions (such as those in [25, Theorem 2]) are imposed; these
conditions hold for a broad class of operators.

The purpose of the present investigation is to continue the above work by consider-
ing the more general It6-Volterra integrodifferential equation (1.1) which contains an
additional stochastic term involving a Wiener process. The main results in the present
paper constitute an extension of the results in [13, 21-23] to the stochastic setting, and
can be viewed as a counterpart to the results in [24, 26] under more general growth
conditions. Moreover, we consider a so-called McKean-Vlasov variant of (1.1) in which
the mappings f and g depend on the probability law u(t) of the state process x(t) (i.e.,
u(t)B =P({w € Q:x(t;w) € B}) for each Borel set B on H). Precisely, we study

dx(t;w) = L(x(t;w))dt + f (t,x(t; ), u(t;w); w) dt
+g(tx(tw),u(bw);w)dW(t), 0<t<T, (1.9)

x(0;w) = xo(w).

A prototypical example of such a problem in the finite-dimensional setting would be
an interacting N-particle system in which (1.9) describes the dynamics of the particles
X1,...,Xy moving in the space H in which the probability measure y is taken to be the
empirical measure py (t) = (1/N) 33, 85,.(1)» where 8y, (1) denotes the Dirac measure. Re-
searchers have investigated related models concerning diffusion processes in the finite-
dimensional case (e.g., see [10, 11, 27]) and have more recently devoted attention to the
study of the infinite-dimensional version (see [1, 19]). Our discussion of (1.9) serves as a
counterpart to these results for a class of stochastic Volterra equations.
We will be concerned with mild solutions to (1.1) in the following sense.

Definition 1.2. (i) An H-valued stochastic process {x(¢):0 <t < T} is a mild solution of
(1.1) (with L given by (1.2)) if
(a) x(t) is §;-adapted,
(b) x € 6([0, T];H),
(c) bxx € 6([0,T];(D(A), |l - ll4)), where b(t) = [ja(s)ds,
(d) x(t) = xo +A(b *x x)(t) + fotf(s,x(s))ds + [y g(s,x(s)dW (s).
(ii) An H-valued stochastic process {x(t) :0 <t < T} is a mild solution of (1.1) (with
L given by (1.3)) if it satisfies (i) with (c¢) and (d) replaced by
(¢') xand a* x € €([0, T];(D(A), Il - 114)),
(d') x(t) =x0+ [y (Ax)(s)ds+ Jy (@ Ax)(s)ds+ [y f(5,x(5))ds+ fo g(5,x(s))d W (s).
In the case when (1.1) admits a resolvent family, a mild solution in both cases of
Definition 1.2 can be represented by a stochastic version of (1.7), namely,

x(t) = R(£)x + J;R(t ) f(5,x(s))ds+ LtR(t —9)g(s,x()dW(s), 0<t=<T.
(1.10)
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The structure of this paper is as follows. In Section 2 we state some preliminary infor-
mation regarding function spaces and inequalities. Then, we state the main results con-
cerning existence and uniqueness of mild solutions of (1.1), along with an approxima-
tion result, a discussion of a so-called McKean-Vlasov variant of (1.1), and commentary
on analogous results for the time-dependent case in Section 3. We provide the proofs in
Section 4, and finally present a discussion of some examples in Section 5.

2. Preliminaries

For details of this section and additional background, we refer the reader to [9, 14, 17,
18, 29] and the references therein. Throughout this paper, H and K are real separable
Hilbert spaces with respective norms || - ||y and || - [|x. Several function spaces are used
throughout the paper. As mentioned earlier, £2(K;H) denotes the space of all Hilbert-
Schmidt operators from K into H with norm denoted as || - || ¢2(x;m). The space of all
bounded linear operators on H will be denoted by B(H) with norm || - ||y, while the
collection of all strongly measurable square integrable H-valued random variables x is
denoted by L?(Q; H) equipped with norm

S\ 12
[ g2y = (EllxCs@)ll7) (2.1)

For any Banach space Z, €([0, T]; Z) stands for the function space
{veG([0,TI;L*(2)) : v(t) is F;-adapted, 0 < t < T} (2.2)

which is itself a Banach space when equipped with the norm

1/2
Ivllez) = sup (Ellv(tll7) (2.3)
0<t<T

and L?(0,T;Z) represents the space
{ve LP([0,T]; L*(Q2Z)) : v(t) is Fi-adapted, 0 < t < T} (2.4)

with the usual norm. We abbreviate these two spaces as €(Z) and £?(Z), respectively.

When considering (1.9), we will make use of the following additional function spaces
used in [1]. First, B(H) stands for the Borel class on H and 3(H) represents the space of
all probability measures defined on B (H) equipped with the weak convergence topology.
Let A(x) = 1+ lIx|lg, x € H, and define the space

¢,(H) = {¢:H — R | ¢ is continuous and [|¢|l¢, < co}, (2.5)
where
el lp(x) -9 (@) |
lolle, = SUP ) + sup < oo, (2.6)

x#xin H ||x_%||H
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Let m = m* — m~ be the Jordan decomposition of m, [m| = m* +m~, and for p = 1, let

Bl (H) = {m :B(H) — R | mis a signed measure on H such that
2.7)
Imllr = | A0Golml(d) < oo .

Then, we can define the space P2(H) = Pj.(H) N P(H) equipped with the metric p
given by

pOnm) =sup [ (g =) = | g1 -m)@v:llle, <1} @29)

it has been shown that (P2(H),p) is a complete metric space. Finally, the space of all
continuous P2 (H)-valued measures defined on [0, T], denoted by 6,2(T), is complete
when equipped with the metric

Dr(v1,72) = sup p(ni(),%(t)), 1,72 € €p(T). (2.9)
te[0,T]

The following estimate on the It6 integral established in [16, Proposition 1.9] is an im-
portant tool in obtaining certain estimates.

Lemma 2.1. If Y :[0,T] X Q — £2(K;H) is a strongly measurable random variable with
JOTEIIY(t)IIfy(K;H)dt < oo, for a given p > 2, then there exists a positive constant Ly such
that
p t

< Lyt(f"z)/zj EINY (5) || s (2.10)
H 0 ’

E‘ Lt Y (s)dW(s)

Finally, in addition to the familiar Young, Holder, and Minkowski inequalities, the
following inequality (which follows from the convexity of x™, m > 1) plays an important
role in establishing various estimates,

(Z?zlai)m < nm_lzi:la:’n, (2.11)
where g; is a nonnegative constant (i = 1,...,m).

3. Statement of main results

We begin by establishing the existence and uniqueness of a mild solution to (1.1) (in the
sense of Definition 1.2) under the so-called Caratheodory growth conditions (see [12]).
Precisely, we consider (1.1) in a real separable Hilbert space H under the following con-
ditions:
(H1) A:D(A) C H — H is a closed, linear densely-defined (possibly unbounded) op-
erator;
(H2) a(t) is §;-adapted with sample paths a(-;w) such that fOT la(s;w)|ds < o a.s.;
(H3) (1.1) admits an §-adapted resolvent R(t;w) with maXOSéggT [IR(t; w) 1By < MR,
where My is a positive constant; !
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(H4) f:[0,TIxH—H,g: [0,T] xH—£?(K;H) are §;-measurable mappings satisfying
(i) there exists K : [0,00) X [0,00) — [0, 00) such that
(a) K(-,-) is continuous in both variables, and nondecreasing and con-
cave in the second variable,
(b) Ell f(t, %)% +E\|g(t,x)||2£2(K;H) < K(t,E|lx||%), forall 0 < t < T and
x € L*(;H);
(ii) there exists N : [0,00) X [0,00) — [0, o) such that
(a) N(-,-) is continuous in both variables, and nondecreasing and con-
cave in the second variable with N (¢,0) = 0,
(0) Ellf(t,%) — £ 9) % +Ellg(t,) — (6, )1 ey < N(&Ellx = ylIZ),
forall0 <t <Tandx,y € L*((;H);
(H5) the function N of (H4)(ii) is such that if a nonnegative continuous function
z:]0,T] — [0,00) satisfies z(0) = 0 and

2(t) sDJtN(s,z(s))ds, VO<t<T, (3.1)
0

for an appropriate positive constant D, then z(t) = 0, forall 0 < t < T;
(H6) for any fixed T >0, B > 0, the initial-value problem

u'(t) = BK (t,u(t)), u(0) =uy =0 (3.2)

has a global solution on [0, T'];

(H7) xo is an Fo-measurable random variable in L?(Q; H) independent of W.
Examples of functions Nsatisfying (H4)(ii) and (H5) can be found in [12, 15]. Aside
from the mapping that would generate a Lipschitz condition (namely N(¢,u) = Mu, for
some positive constant M), some other typical examples (see [15]) for the mapping N in
(H4)-(H5) include

N(t,-)=t1n(%), te (0,t],

N(t,-)=tln<%>ln<ln(%>), te (0,6].

Conditions that ensure (H3) holds are discussed, for instance, in [25].
We have the following theorem.

Tuaeorewm 3.1. If (H1)—(H7) hold, then (1.1) has a unique mild solution x € €([0, T]; H).

(3.3)

Furthermore, we assert that uniqueness is guaranteed to be preserved under suffi-
ciently small perturbations. Indeed, consider a perturbation of (1.1) given by

dx(t) = L(x(8))dt+ [ f (£,x()) + f (,x(0)) ] dt
+[g(tx(t) +g(t,x(1)) |dW(t), 0<t<T, (3.4)
x(0) = xo.

An argument in the spirit of [7] can be used to establish the following result.
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ProprosITION 3.2. Assume that (H1)—(H7) hold, and that f and g satisfy (H4) and (H5)

with appropriate mappings K and N. Then, (3.4) has a unique mild solution, provided that

(H8) there exist 6 € (0,T) and w € C((0,00);(0,00)) which is nondecreasing and
I (du/w(u)) = oo such that N(r,-) < N(r, -)w(f,l(du/N(u))), forallr € (0,0).

In the case of a Lipschitz growth condition, routine calculations can be used to estab-
lish the following estimates.

PropositioN 3.3. Assume that (H1)—-(H7) hold (with N(t,u) = K(t,u) = Mu, for some
M >0) and that xy, %, satisfy (H7). Denote the corresponding unique mild solutions of (1.1)
(as guaranteed to exist by Theorem 3.1) respectively by x,X. Then,

(i) there exist 1,32 > 0 such that

Ellx(t) = X1} < Br (1+]x0 — Fol[[ozp) ) exp (Bat), VO<t<T, (3.5)
(ii) for each p = 2, there exists a positive constant Cp 1 (depending only on p and T) such
that
sup Ellx(t)|[f < Cpr(1+Ellxollf). (3.6)
te[0,T]

We now formulate a result in which a related deterministic Volterra integrodifferential
equation (as considered in [21, 29]) is approximated by a sequence of stochastic equations
of the form (1.1). Precisely, consider the deterministic initial-value problem

Z(t)+L(z(t)) = f(t,z(t)), 0<t<T,

3.7
z(0) = xo. (3.7)
For every ¢ > 0, consider the stochastic initial-value problem
dx(t) = L, (xs(t))dt+fs(t>xs(t))dt+ge(taxs(t))dw(t)’ 0<t=<T, (3.8)

x:(0) = xo.

Here, L and L, are given by either (1.2) or (1.3). Also, assume that L, f, and g satisfy
(H1)-(H4) (appropriately modified) with N(t,u) = K(t,u) = Mu, for some M >0 (i.e., f
and g satisfy a Lipschitz condition) so that the results in [21, 29] guarantee the existence
of a unique global mild solution z of (3.7). Regarding (3.8), we impose the following
conditions, for every € > 0:

(H9) A.: D(A;) = D(A) C H — H and q, satisty (H1)-(H2). Also, (3.8) admits an F;-
adapted resolvent {R.(t):t = 0} such that R.(¢) — R(¢) strongly as ¢ — 0", uni-
formly in t € [0,T] and {R.(t) : 0 <t < T} is uniformly bounded by My (the
same constant as defined in (H3), independent of ¢);

(H10) f;:[0,T] x H — H is Lipschitz in the second variable (with the same Lipschitz
constant M as for f and g) and f(t,z) — f(t,z) ase — 07, forall z € H, uniformly
inte[0,T];

(H11) g : [0, T] x H — £2(K;H) is Lipschitz in the second variable (with the same Lip-
schitz constant M as for f and g) and g(t,z) — 0 as ¢ — 0%, for all z € H, uni-
formlyin t € [0, T].
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Under these assumptions, Theorem 3.1 ensures the existence of a unique mild solution
of (3.8), for every ¢ > 0. We have the following convergence result.

THEOREM 3.4. Let z and x, be the mild solutions to (3.7) and (3.8), respectively. Then, there
exist &£ >0 and a positive function V(&) which decreases to 0 as € — 07 such that for any
p=2,

E|lx.(t) — z(O)|[f, < w(e)exp(£t), VO<t<T. (3.9)

Next, we turn our attention to a so-called McKean-Vlasov variant of (1.1) given by
(1.9) in which f:[0,T] x H X B2(H) — Hand g: [0,T] X H X P2 (H) — £*(K;H) now
depend on the probability law u(-) of the state process x(-). In addition to (H1)—(H3)
and (H7), we replace (H4)—(H6) by the following modified hypothesis:

(H12) there exist K : [0,00) X [0,00) X [0,00) — [0,00) and N : [0,00) X [0,00) — [0, 0)
satisfying (H4)—(H6) with (H4)(i)(b) and (H4)(ii)(b) replaced by
(i) EIlLf (6,2, I3 + Ellg (6,2, i) 12 i,y < K(&Ellxllzy, lll32), for all 0 < ¢ < T,
p € Pr(H), and x € L2 (O H),
(i) EILF 6%, £ & 39 I +Ellg(t, x,0) (6, ys9) s ey < N(BEllx— y 1) +
p*(u,v), forall0 <t < T, u,v € Pr(H), and x, y € L2(Q; H),
(iii) there exists My >0 such that N(t,u) < Myu, forall0<t<T and 0 <u< .

Remark 3.5. We point out that while the existence portion of the argument for (1.9) can
be established using essentially the same argument used to prove Theorem 3.1 without
strengthening the assumption on N, the dependence of f and g on the probability mea-
sure y creates an additional difficulty when trying to show that u(t) is the probability
law of x(). Indeed, it seems that the concavity of N in the second variable (which guar-
antees the existence of positive constants «; and «, such that N(t,u) < a; + a,u, for all
0 <t=<Tand0 < u< ) is not quite strong enough. However, taking «; = 0 (i.e., condi-
tion (H12)(ii) becomes a Lipschitz-type condition) is sufficient. Since the nonlinearities
involved in McKean-Vlasov equations are often Lipschitz continuous (cf. Example 5.5 in
Section 5), the following theorem concerning (1.9) constitutes a reasonable result from
the viewpoint of applications; the case of a more general nonlinearity remains an inter-
esting open question.

We have the following analog of Theorem 3.1.

TaeoreM 3.6. If (H1)—-(H3), (H7), and (H12) are satisfied, then (1.9) has a unique mild
solution x € €([0, T']; H) for which u(t) is the probability distribution of x(t), for all t€[0, T].

Results analogous to Propositions 3.2 and 3.3 can also be established for (1.9) by mak-
ing the natural modifications to the hypotheses and proofs.

Finally, in all the previous theorems the operator A in the two definitions of L was
independent of t. We now briefly comment on the nonautonomous versions of (1.1) and
(1.9), where the operator L(x(t)) is defined by either (1.2) or (1.3) with A replaced by
{A(#):0 <t < T}.In order to proceed in a manner similar to the one currently employed,
conditions need to be prescribed under which (i) a resolvent family {R(¢,s):0<t<s<co}
is guaranteed to exist, and (ii) it is §;-adapted. Conditions guaranteeing (i) can be found



D. N. Keck and M. A. McKibben 9

in [13, 20], while the approach used in [25] can be modified to establish sufficient con-
ditions that ensure (ii) holds. Once (i) and (ii) hold, each of the results formulated above
can be extended to the time-dependent case by making suitable modifications involving
the use of the properties of the time-dependent resolvent family (rather than the au-
tonomous one) in the arguments.

4. Proofs

Proof of Theorem 3.1. Consider the recursively-defined sequence of successive approxi-
mations defined as follows:

xo(t) =R(t)xg, 0=<t=<T,
30(8) = R0+ | R(E=5) (5.5,1(5)ds )

+ JtR(t—s)g(s,xn_l(s))dW(s), 0<t<T,n=1.
0

Also, consider the initial-value problem

Z(t) = CK(t,z(t)), 0<t<T,

20) = 2, (4.2)

where zp > &/ +MR||x0||%2(H) and C = &F. (Here, & = 3M}22Hx0||%2(H) and & = 3MA(T +
Lg).) Using (H6), we deduce that there exists 0 < T < T such that (4.2) has a unique
solution z: [0, T] — R given by

zZ(t) =zo+ CJ:K(s,z(s))ds, Vo<t<T. (4.3)

We will divide the proof of Theorem 3.1 into stages, beginning with the following asser-
tion.
Claim 1. (i) For eachn > 1, Ellxn(t)llfq <z(t),forall0 <t <T.

(i) For each 8 > 0, there exists 0 < T* < T (independent of n) such that

El|x,(t) = R(D)xo|[5; < 6, (4.4)

foreach0 <t < T* < T and for each n > 1.

Proof. We prove (i) by induction. To begin, for n = 1, observe that standard computations
involving the use of (H4)(i) yield

Bl <3| BIR @l 7 [ BIRG -9 (o) e

t 2
+E‘ J R(t = $)g (5,%0(5)) AW (s) }
0 H
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t
2 2
< 3Mg||xo|[ L2y + 3MRT L E||f (s,x0(s))||5; ds

t
+3M3L || Ellg(s0(9) s

t
< M+ 3MELT+ L) | [N (500060 s Ellg 5,309 s s

t
<&+ | KsElxol)ds
t
<&F+EF JO K (s, M3] |x0(s)||iz(H))ds (using monotonicity of K)

<&+ J:K(s,z(s))ds (by choice of zj)
=z(t)+ (&F —z9) (by (4.3) and choice of &)

<z(t) (since &} < z),
(4.5)

for all 0 < ¢ < T. Now, assume that E||x,(t)[|} < z(t), for all 0 < t < T. Similar computa-
tions yield

El|xnn (O[5

t
oS 3M12Q||x0||il(H) +3MR[T + L] L [E”f(Saxn(s))”if +E||g(5’xﬂ(5))||,222(K;H)]ds

<&+ E J;K(S,Enxn(s)n;)ds

t
<&+ E JO K(s,z(s))ds (using the inductive hypothesis and monotonicity of K)

< z(1),
(4.6)

forall0 <t < T. Thus, (i) holds by induction.
Next, in order to prove (ii), let § >0 be fixed and proceed by induction. For n =1,
observe that for all 0 < ¢ < T, we obtain (using (4.3) and the choice of z;)

t t
El|x1 (1) = R(t)xo|[5, < &F L K (s, 0] [72gp) ) ds < & L K(s,2(s))ds. (4.7)
Also, the continuity of z and K guarantees the existence of 0 < T* < T such that

t
& J K(s,z(s))ds <8, VO<t<T*<T, (4.8)
0
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so that, in conjunction with (4.7), we conclude that

Ellxi () —R(Dxo|l;; <6, VO<t<T*<T. (4.9)

Now, assume that E||x,,(t) — R(t)xo||; < 8, forall 0 < t < T* < T. Observe that

t ¢ 2
E||x,.(t) - R(t)x0||§{ < EH JO R(t=3s)f (s,xn(s))ds+ JO R(t—5)g(s,x,(s))dW (s)

H
<& f;K(s,Elles)llé)ds
<& J;K(s,z(s))ds (by Claim 1(i))
=¢& (by(4.8)),
(4.10)
forall 0 <t < T* < T, as desired. This completes the proof of Claim 1. O

Next, we assert the following.

Claim 2. For all n,m = 1, Ellxysm(t) — x,(£) 17y < & [y N(5,48)ds, forall 0 <t < T* < T,
where

& = 2MR[T + Lg]. (4.11)

Proof. Let n,m = 1. Routine calculations used in conjunction with the monotonicity of
N yield

2

JO R(t = $)[f (s:%nem-1(5)) = f (8,%4-1(s)) ]ds .

E||xn+m(t) _xn(t)H?{ = 2|:E'

+E‘

L R(t — )[g(5,%mm-1(5)) — g (5,50-1(5)) |AW(s)

2
i
<& | NS Elusna(s) =5 0l )ds - by (HAGDD)

t
<& L N(s, 2E[{|xn+m,1 (s) - R(s)x0||§{ +[|R(s)x0 — Xu_1 (s)||§1])ds

<& rN (s,48)ds (by Claim 1(ii)),
0
(4.12)

forall 0 <t < T* < T. This completes the proof of Claim 2. O
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Next, define the two sequences {y,(t)} and {9,,,(¢)} on [0, T*] as follows:

yi(t) = & LtN(sAS)ds, Yoot () = & J:N(s,y,,(s))ds, n=1, (413)
Oun(t) = E||%em(t) = xa (O[5 mym = 1. (4.14)

The continuity of N ensures the existence of 0 < T** < T* such that
yi(t) <48, VO <t<T**, (4.15)

Claim 3. (i) Foralln =1, y,(t) < yp_1(t) < -+ - < p1(¢), forall 0 < t < T**.
(ii) For all m,n = 1, 9, (t) < yu(t), forall 0 < t < T**,

Proof. We establish (i) using induction on n. To begin, we show the string of inequalities
holds for n = 2. To this end, observe that using (4.15) and the monotonicity of N yields

y(t) = & LN(S, yi(s))ds < & jON(s,45)ds —p(), VO<t<T*.  (416)

Now, assume that y,(t) < y,-1(t), for all 0 < t < T**, and observe that

t t
Vi1 (£) = & JON(s,yn(s))ds <& JON(s,yn_l(s))ds =yu(t), VO<t=<T**

(4.17)

This completes the proof of (i). The argumen t for (ii) is equally as straightforward and
will be omitted. U

Using Claim 3, we deduce that {y,(-)} is a decreasing sequence in n. Moreover, for
each given n > 1, it is easy to see that y,(¢) is an increasing function of t. Finally, with all
of the preliminary work now complete, we can now prove that (1.1) has a mild solution
x on [0, T**]. To this end, define the function y: [0,T**] — R by

y(t) = imiyn(t), V0 <t<T** (4.18)

Observe that y is nonnegative and continuous, y(0) = 0, and

t
y(8) < EF LN(s,y(s))ds, VO <t < T, (4.19)

Thus, (H5) implies that y(t) = 0 on [0, T**]. Further, observe that Claim 3(ii), together
with the monotonicity of y,(-), implies that

sup On(t) < sup  ya(t) < pu(T**), (4.20)

te[0,T+* ] te[0,T+%]

where the right-hand side of (4.20) tends to 0 as n — oo. Hence, we deduce from (4.14)
that {x,} is a Cauchy sequence in € ([0, T**]; H). From completeness, it follows that there
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exists x € 6([0, T**]; H) such that

|| —x||2c([0)T**];H) = [sup ]E||xn(t) —x()||;; — 0 asn— co. (4.21)
te[0,T++

Observe that

2

_5) [g(sr-xn(s))_g(sax(s))]dW(S) -

E J:R(t—s)[f(s,xn(s))—f(s,x(s))]ds )

= gﬁ;k Jo (S>||xn -x||C ([0,T**]; )ds,
(4.22)

where & = Mi(T +Ly). From the continuity of N, (4.21) implies that

(s,||xn x||<€ (0.T*]; ) -0 asn— oo, (4.23)

Since N(t,0) = 0, for all 0 < t < T, we conclude that the left-hand side of (4.22) tends to
0 as n — oo, Thus, x is indeed a mild solution of (1.1) on [0, T**], as desired. A standard
argument can now be employed to prove that the above solution can be extended in
finitely many steps to the entire interval [0, T].

Finally, the uniqueness of the mild solution is now easily shown since if x, y € €([0, T'];
H) are two mild solutions of (1.1), then

t
sup E||x(t) — y(0)|[}; < 2M122(T+Lg)J N(s, sup E||x(s) — y(s ||H> ds (4.24)
te[0,T] 0 s€[0,T]

so that (H5) (with D = 2M§(T+Lg)) implies that sup, (o ) Ellx(t) — y()lI3 = 0. Conse-
quently, x = y in 6€([0, T]; H), thereby showing uniqueness. This completes the proof of
Theorem 3.1. O

Proof of Theorem 3.4. We proceed by estimating each term of the representation formula
(cf. (1.7) and (1.10)) for E|lx.(t) — z(£)||%; separately. Throughout the proof, C; are pos-
itive constants and f3;(¢) are positive functions which decrease to 0 as ¢ — 0*. To begin,
note that (H9) guarantees the existence of C; and f;(¢) such that for sufficiently small
>0,

E||[Re(t)x0 — R(t)x0||E; < C1Ba(e). (4.25)
Next, regarding the term El|| fo c(t=3) fe(s,x¢(s)) —R(t—s) f (5,2 dsII > the continu-

ity of f;, together with (H9), ensures the existence of C, and [32 ) such that for small
enough ¢ >0,

J Ell[R(t - ) — R(t = )] f (5,2()) |I%, ds < Caa(e) (4.26)
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for all 0 < t < T. Also, observe that Young’s inequality and (H10) together yield

J;EIIRg(t—S)[fe(S,xs(S) F(5,2(9) 1[5 ds
<My L E|| fi(5,%(5)) = fe(5,2()) + fe(s,2(5)) = f (5,2(9)) ||y ds (4.27)

t
< 2P~ ' MK L [MPEHxE(s) —2(s)||5 + E| fi (s,2(5)) — f(s,z(s))||fi,]ds
Note that (H10) guarantees the existence of C; and f5(¢) such that for small enough ¢ > 0,

E||f8(5’z(5)) - f(S,Z(S))Hﬁ = C3ﬁ3(8), (4-28)

for all 0 < t < T, thereby enabling us to conclude from (4.27) that

J(:EHRS(L‘—S)[ F(5209) = f (5.2 15 ds
(4.29)

t
<20 MEMP J El|xe(s) — 2(s)| | ds+ 22~ METC3s ()
0
forall0 <t < T. Using (4.26) and (4.29) together with the Holder, Minkowski, and Young
inequalities yields

p

EHJ [Re(t = $) fe(s,x:(5)) = R(t —s) f (5,2(s)) |ds

t p
< 217‘1E[<J0 [|Re(£ = 5) fe (5, %:(5)) —Rs(t—s)f(s,z(s))HHds)

t p
4 (L IRt —5) f (5,2(5)) —R(t—s)f(S,z(s))||Hd5) }

t
< 2P [ZP’IM}IZTCg/)E(s) Lo MEMP j Ellx.(s) — 2(s)|[f s + czﬁz(e)].
0
(4.30)
Similarly, in order to estimate E|| fot Re(t — 5)ge(8,x:(5))dW (s) IIﬁ, we note that computa-
tions similar to those leading to (4.30), together with Lemma 2.1, yield

HJ Re(t = 9)ge (53 (5)dw s

H

t P t
<20 1M [EH J, (elsx9) ~gelssz))dW )| +E| | gelsz)aws

i

(4.31)

t t
< 2P’1M£Lg [ Jo MPE||xe(s) — z(s)||?, ds + JO E||g:(s,2(s)) ||I)732(K;H) ds].
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(The argument of [16, Proposition 1.9] guarantees the existence of a bound L, (indepen-

dent of € > 0) that applies for all mappings g, under consideration.) Also, (H11) guaran-
tees the existence of C4 and f84(¢) such that for small enough ¢ > 0,

[ Ellg (52 1 s < Cofis(o) (4.32)

forall 0 <t < T. Substituting (4.32) in (4.31) yields

P t
<2/ MRL, [ L MPE||x(s) — z(s)||} ds + C4ﬁ4(8)]'

EHJ Re(t—5)ge(s,%:(5))dW (s) .
(4.33)

Using (4.33), in conjunction with (4.25)—(4.30), enables us to conclude that for all € >0
small enough to ensure that (4.25)—(4.33) hold simultaneously, there exists a constant
1 >0 (namely, 7 = 2P~' MEMP[2P~' TP/ + Ly]) such that

4 t
Ellx:(t) — z(0)|[f, < > CiBi(e)+1 JO E||xe(s) — z(s)||%, ds. (4.34)
i=1

An application of Gronwall’s lemma in (4.34) subsequently yields
Ellxe(t) = 2|5 < ¥(e) exp(nt), (4.35)

for all 0 < t < T, where ¥(e) = 31, Cifi(¢). This completes the proof of Theorem 3.4.
]

Proof of Theorem 3.6. Let y € 6)2(T) = C([0,T];(P2(H),p)) be fixed. The existence and
uniqueness of a mild solution x, on [0,T] of (1.9) can be established as in the proof of
Theorem 3.1. We must further show that u is, in fact, the probability law of x,. Toward
this end, following the approach used in [1, 19], let £(x,) = {£(x,(t)) : t € [0, T]} denote
the probability law of x, and define the operator ¥ on 6)-(T) by ¥(u) = £(x,). We first
prove that £(x,) € €,:(T); that is, ¥ maps €):(T) into itself. Indeed, note that since
x, € ([0, T];H), it follows that £(x,(t)) € P> (H), for any t € [0, T]. As such, we only
need to show that ¢ — £(x,(t)) is continuous. To this end, observe that for sufficiently
small |h| >0, the continuity of x,, K, and N implies that

lim ||, (t-+h) = xu(Dl[iy =0, VO<t=<T. (4.36)
Further, for all ¢ € [0,T] and ¢ € €,(H), the definition of the metric p (cf. (2.8)) yields

| {0, £(xu(t+h)) = L(xu(1))) | = | E[@(xu(t+h)) — 9 (xu(1))] |
(4.37)
< llglle, El|xu(t+h) = x,(0)| |-
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Thus, we may conclude that

%in(}p(ﬁ(xy(t+h)),ﬂ(xﬂ(t))) =lim sup () (L(xu(t+h)) — L(xu(1)))dx = 0,
- h—0 lglle,<17H
(4.38)

thereby showing that £(x,) € 6€,>(T).

Finally, note that if x is a mild solution of (1.9), then clearly its probability law £(x) = u
is a fixed point of V. Conversely, if i is a fixed point of ¥, then the variation of parameters
representation formula (parametrized by u) defines a solution x, which, in turn, has a
probability law i belonging to the space 6)2(T). Thus, in order to complete the proof it
suffices to show that the operator ¥ has a unique fixed point in 6)2(T'). To this end, let y,
v be any two elements of €)2(T) and let x, and x, be the corresponding mild solutions of
(1.9). Standard computations employing the use of (H12) yield

t

Ellx(t) - x(0)|[}, < Mr JO

[N(s,EHxﬂ(s) - xv(s)||i1) +p? (y(s),v(s))]ds, (4.39)

where My = 2M3(T + Lg). Using (H12)(iii), we continue the inequality in (4.39) to ob-
tain

t
E||x.(t) — x,(8)|[3, < My L [Py Ellx,() — x93 + 2 (uls), 9(s) | s

. . (4.40)
<My Jo p*(u(s),v(s))ds + My My Jo E||xu(s) — x,(5)] |12L1 ds,
from which it follows by an application of Gronwall’s inequality that
t
El|x,(t) — x,,(t)||12q <Mry ( I p? (y(s),v(s))ds) exp (MNMrt)
0 (4.41)

< Mrexp (MyMrt)tD} (u,v) (cf. (2.9)),
forall 0 <t < T. Observe that for 0 < T < T chosen sufficiently small, there exists a con-
stant 0 < C < 1 (independent of y,v) for which
Mrexp (MyMrt)t<C, V0<t<T<T, (4.42)
so that
Mrexp (MyMrt)tDF (u,v) < CD3:(4,), VO<t<T<T. (4.43)
Consequently, from (4.41) and (4.43), we have

E||xu(t) — x,(t)|[3; < CD2(w,v), VO<t<T, (4.44)
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and therefore

¥ G) =¥ O)ley ) = DEE @ ¥O) = Nl = 5lley, o) < CDF@2) = Cllu =1, .
(4.45)

Thus, ¥ is a contraction on %6,:(T) and therefore, has a unique fixed point. As such,
(1.9) has a unique mild solution on [0, T] with probability distribution y € 6,:(T). This
procedure can be repeated in order to extend the solution, by continuity, to the entire
interval [0, T'] in finitely many steps, thereby completing the proof. O

5. Examples

Example 5.1. Let D be a bounded domain in RY with smooth boundary dD. Consider
the following initial boundary value problem:

ox(t,z) = (—Jota(t—s)Azx(s,z)dHF(t,x(t,z))>8t+G(t,x(t,z))d/3(t), a.e.on (0, T)xD,

x(t,z) =0, a.e.on (0,T)x oD,

x(0,2) = xo(z), a.e.onD,
(5.1)

where x: [0,T]xD - R, F:[0,T] xR - R, G:[0,T] xR — £2(RN,L*(D)), a:[0,T] —
R, xo: D — R, and B is a standard N-dimensional Brownian motion. We impose the
following conditions:
(H13) a € L'((0,T);R) is an F;-adapted, positive, nonincreasing, convex kernel;
(H14) F satisfies the Caratheodory conditions (i.e., measurable in ¢ and continuous in
x) and is such that
(i) there exists My > 0 such that |F(t,x)| < Mp[1+ |x|], forall 0 <t < T and
x R,
(ii) there exists Mg >0 such that |F(t,x) — F(t,y)| < Mp|lx— y|,forall0 <t <T
and x,y € R;
(H15) G satisfies the Caratheodory conditions and is such that
(i) there exists Mg > 0 such that ||G(t,x) || e2(rv;12(p)) < Mg[1+ |x]|], forall 0 <
t<Tandx€eR,
(ii) there exists Mg > 0 such that ||G(t,x) — G(¢, ¥) | e2wv;12(p)) < Mglx — yl, for
alo0<t<Tandx,y€R;
(H16) xo is an Fo-measurable random variable independent of # with finite second mo-
ment.
The following theorem is a stochastic analog of [3, Theorem 6.2].

Taeorem 5.2. If (H13)-(H16) are satisfied, then (5.1) has a unique mild solution x €
©([0, T};L*(L*(D)))

Proof. Let H=L*(D), K = RN, and define the operator A : D(A) C H — H by

Ax(t,-) = —Ax(t,+), D(A) = H*(D) n HY(D). (5.2)
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It is known that A is a positive definite, self-adjoint operator in H (see [3]). Moreover,
using the properties of A and (H13), it follows from [25] and [29, page 38] that condition
(H3) is satisfied with Mg = 1. Next, F and G, respectively, generate functions f : [0,T] X
H— Handg:[0,T] x H— £*(K,H) by the following identifications:

f(t,w)(z) = F(t,w(z)), a.e.on(0,T)XxD, foreachw € H,

(5.3)
g(t,w)(z) = G(t,w(2)), a.e.on (0,T)x D, for each w € H.

Clearly, f and g satisfy (H4) due to (H14)-(H15), and x, satisfies (H7). Since Lipschitz
conditions are imposed in (H14)-(H15), conditions (H5) and (H6) are automatically
satisfied (with N(t,u) = K(t,u) = Mu, where M = max{Mp,M¢}). We can now rewrite
(5.1) in the form (1.1) (with L given by (1.2)) in H, and apply Theorem 3.1 to conclude
that (5.1) has a unique mild solution x € 6([0, T]; L*(L*(D))). O

Remark 5.3. Conditions (H14)-(H15) can be weakened by imposing a modified version
of (H4) with N and K given by (3.4), for instance. The existence and uniqueness of a mild
solution in such case is still guaranteed by Theorem 3.1.

Next, we consider a variant of (5.1) in which the mapping F now depends, in addition,
on the probability law of the state process. Precisely, we consider

ox(t,z) = ( - J'ta(t - s)Azx(s,z)ds) ot + (F1 (t,z,x(t,2)) +J

0 L*(D)
+G(t,2,x(t,2))dp(t), a.e.on(0,T) %D,
x(t,z) =0, a.e.on (0,T)x oD, x(0,z) = x0(z), a.e.onD,

Fz(t,z,y)y(t,Z)(dy)>at

(5.4)

where F; : [0,T]XDXR = R, F,:[0,T] x D x L*(D) — L*(D), G:[0,T] x D x R —
L2(RN;L3(D)), and u(t,-) € Pr:(L3(D)) is the probability law of x(t, -). We impose the
following modified version of hypotheses (H14)-(H15).

(H17) F, satisfies the Caratheodory conditions (i.e., measurable in (¢,z) and continuous
in the third variable) and is such that
(i) there exists Mp, > 0 such that |F;(t,y,z)| < Mg [1+|z|], forall0 < ¢ < T,
yeD,zeR,
(ii) there exists Mg, > 0 such that |F, (¢, y,21) — F1(t, ¥,22)| < Mg, |z1 — 221, for
alo<t<T,yeD,z,z €R,
(H18) F, satisfies the Caratheodory conditions and is such that
(i) there exists MF, >0 such that ||Fy(t, y,2)ll12(p) < ME,[1+ l|zll2(p)], for all
0<t<T,yeD,zelL*D),
(ii) Fy(t,y,-): L*(D) — L*(D) isin €, foreach0 < t < T, y € D.
(H19) G satisfies the Caratheodory conditions and is such that
(i) there exists Mg > 0 such that [|G(t, ,2)l e2(r¥;12(p)) < Mg[1+ |zl], for all
0<t<T,yeD,zeR,
(ii) there exists Mg > 0 such that [|G(¢, y,z1) — G(t, y,22) | e2r¥;12 (D)) < Mglz1 —
z|,foral0<t<T,yeD,z,z €R.
We have the following theorem.
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THeOREM 5.4. If (H13) and (H16)—(H19) are satisfied, then (5.4) has a unique mild solu-
tion x € €([0, T];L*(L*(D))) with probability law {u(t,-):0 <t < T}.

Proof. Let H, K, and A be defined as in the proof of Theorem 5.2. Define the maps f :
[0, T] xHXxPp2(H) — Hand g: [0,T] X Hx P (H) — £2(K,H) by

f(tx,u(t))(2) = Fi(t,2,x(t,2)) + LZ(D) Fy(t,z,y)u(t,z)(dy), (5.5)
g(tx,u(t))(2) = G(t,2,x(t,2)), (5.6)

forall0 <t < T,z e D, and x € H. We must show that f and g satisfy (H4). To this end,
observe that from (H17)(i), we obtain

1/2
1F (£ -5 x(t)) |12y < M, UD [1+ |x(t,2)] ]2dz] < 285, [m(D) + [|x(t, )| o ]2

< 2Mp, [\/m(D) + ||x||<6(L2(D))] < Mg [1+ llxllew2oy]s

(5.7)
forall0 <t < T, x € €(L*(D)), where
2Mp /m(D), ifm(D)>1,
Mj = (5.8)
2Mp,, if m(D) < 1.
(Here, m denotes the Lebesgue measure in R".) Also, from (H17)(ii), we obtain
, 2
[Fy (- x(8,-)) = By (8, -, y (6 -) ] 2y < M, UD |x(t,2) = y(t,2) | dz]
1/2
(5.9)
M| s s )= s |
<s<t

= Mp, lIx = ylleu2(p))»

forall0 <t <T,x,y € 6(L*(D)). Using (H18)(i), together with the Holder inequality,
yields

j Fy(t, )t )(dy)
L*(D)

L*(D)

= [L) [JLZ(D) FZ(t,Z)y)”(t’z)(dy)]zdz} 12

172
< U J |IFz(t,z,y)I|22(D)u(t,2)(dy)d2]
D J12(D)
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o ) 12
<M [ [ ([ 0+ Iylem) 2@y )de]
p \Jr2(p)

< Mp\JmDW||u®)|]:  (cf. (2.8))

< MpAmD)(1+|u(0)]]2), VO<t<T, u(t) € Pou(H).

(5.10)
Also, invoking (H18)(ii) enables us to see that for all u(t),v(t) € P2(H),
[, Pttt )ay) = [ Battyiote, ) o
=[], e ) =06, o i

< lo(u@®), ) llp2py  (cf. (2.8))

=+m(D)p(u(t),»(t)), VO<t<T.

Combining (5.7) and (5.10) with (H19)(i), we see that f and g satisfy (H12)(i) with
K(t,u) = Mu, where M = max{ZHFZwm(D),ZM}‘I,MG}. (5.12)

Similarly, combining (5.9) and (5.11) with (H19)(ii), we see that f and g satisfy (H12)(ii)
with

N(t,u) = Mu, whereM=max{Mpl,w/m(D),Mg}. (5.13)

Thus, we can invoke Theorem 3.6 to conclude that (5.4) has a unique mild solution x €
6([0,T];L*(L*(D))) with probability law {u(t,-):0 <t < T}. O

Example 5.5. The following is a stochastic version of the classical initial-boundary value
problem governing heat flow through materials with memory, which has been studied
in [21]:

t
q(t,z) = — (xz(t,z) +J a(t— s)xz(s,z)ds), 0<t<T,0<z<I,
0

(.2) +F(t,z)>8t+ GL2)aW(r), 0<t<T,0<z<L, 14

d
ox(t,z) = (— &q

x(0,z) =x0(z), 0=<z<L,
where F:[0,T] x [0,L] = R, G:[0,T] X [0,L] = £*((L*(0,L))?), xo : [0,L] - R, and W

is a standard L?(0,L)-valued Wiener process. Here, we assume that a, F, and G satisfy
(H13)—-(H16), appropriately adapted to the current setting.
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We identify H = K = L?(0,L) and define A: D(A) C H — H by
By
2z
It is known that (A,a) satisfies (H3), and that F and G define functions f and g as in
Example 5.1. As such, (5.14) can be written in the abstract form (1.1) with L given by

(1.3). Arguing as before, one can invoke Theorem 3.1 to prove that (5.14) has a unique
mild solution x € €([0,T];L*(L3(0,L))).

Ax(t,") = —=—x(t,-), D(A) = H*(0,L) n H} (0, L). (5.15)

Remark 5.6. (i) If F in (5.14) is replaced by a mapping as defined in (5.5), then the re-
sulting initial-value problem constitutes a McKean-Vlasov variant of (5.14). Arguing as
in Theorem 5.4, one can invoke Theorem 3.6 to conclude the existence and uniqueness
of a mild solution in such case.

(ii) A concrete example of (1.1) (with L given by (1.3)) that arises in the study of
viscoelasticity is discussed in [22, 23]. A stochastic version of this example in the spirit
of those discussed in this section can be established in a similar manner, assuming that
conditions comparable to those in [25] are imposed to ensure the existence of an ;-
adapted resolvent family.
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