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We consider a transmission problem for semilinear parabolic-hyperbolic equations. Exis-
tence, uniqueness, and continuous dependence of the solution upon the data are proved
by using the time-discretization method. Besides, some convergence results of the ap-
proximations are established.
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1. Introduction

In the present paper, we consider a transmission problem for semilinear parabolic-
hyperbolic equations in a multidimensional structure. Precisely, let Ω =Ω1 ∪Ω2 be an
open bounded domain of Rn with sufficiently smooth boundary Γ= Γ1∪ Γ2, Ω1 and Ω2

having a common portion of boundaryΣ. In the cylinderQ =Ω× (0,T), let the unknown
function w = (w1,w2):

w(x, t)=
⎧
⎨

⎩

w1(x, t), (x, t)∈Q1 =Ω1× (0,T),

w2(x, t), (x, t)∈Q2 =Ω2× (0,T),
(1.1)

checking the following couple of partial differential equations:

∂w1

∂t
−Δw1 = f 1(x, t,w1), in Q1,

∂2w2

∂t2
−Δw2 = f 2(x, t,w2), in Q2,

(1.2)

subject to the initial conditions

w(x,0)= (w1(x,0),w2(x,0)
)= (ϕ1(x),ϕ2(x)

)
, x ∈Ω,

∂w2(x,0)
∂t

= ψ(x), x ∈Ω2,
(1.3)
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the boundary conditions

w = (w1,w2)= 0, on Γ× (0,T), (1.4)

and the transmission conditions

w1 =w2, on Σ× (0,T),

∂w1

∂ϑ1
+
∂w2

∂ϑ2
= 0, on Σ× (0,T),

(1.5)

where f pϕp, (p = 1,2), ψ are known functions.
The linear case of problem (1.2)–(1.5) has been studied by several authors. We re-

fer the reader, for instance, to [1, 4, 8, 9] and references cited therein. In [8] the au-
thors proved the existence and uniqueness of the solution for a similar problem, by using
Oleı̆nik’s method [10]. However, the author of [9] has employed the variational method
to investigate a boundary value problem where the geometrical domain consists of one
3-dimensional part Ω1 and one 1-dimensional part Ω2, with a point A common to the
two boundaries. The model which is studied by the author consists in a parabolic (resp.,
hyperbolic) equation in Ω1 (resp., Ω2) with transmission conditions at A. The work in
[4] (resp., [1]) shows the existence and the uniqueness of the weak (resp., strong) solu-
tion, of a transmission problem for parabolic-hyperbolic equations by using the energy-
integral method. Lastly, one quotes [5, 6] in which the author has used the energy-integral
method to investigate more general problems.

Differently to these works, in the present paper we prove the well-posedness of prob-
lem (1.2)–(1.5) via approximation by using the time-discretization method. So, the semi-
linear parabolic-hyperbolic problem is approximated by a recurrent system of elliptic
problems, to be solved at each subsequent time point.

To this end, we introduce two unknown functions:

u1(x, t) :=w1(x, t), u2(x, t) := ∂w2(x, t)
∂t

, (1.6)

then

w2(x, t)=�tu2 +ϕ2(x), (1.7)

where

�tu2 :=
∫ t

0
u2(·,s)ds. (1.8)
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So, problem (1.2)–(1.5) is seen to be equivalent to the following problem: find the func-
tion u= (u1,u2) verifying

∂u1

∂t
−Δu1 = f 1(x, t,u1), in Q1,

∂u2

∂t
−Δ�tu2 = f 2(x, t,�tu2 +ϕ2)+Δϕ2, in Q2,

(1.9)

u(x,0)= u0(x)= (ϕ1(x),ψ(x)
)
, x ∈Ω, (1.10)

u= (u1,u2)= 0, on Γ× (0,T), (1.11)

u1 = u2, on Σ× (0,T),

∂u1

∂ϑ1
+
∂�tu2

∂ϑ2
+
∂ϕ2

∂ϑ2
= 0, on Σ× (0,T).

(1.12)

Hence, instead of looking for the function w = (w1,w2), we search for the function u =
(u1,u2). The solution of problem (1.2)–(1.5) will be given byw1 = u1 andw2 =�tu2 +ϕ2.

In order to solve problem (1.9)–(1.12) by the time-discretization method, we divide
the interval I into n subintervals by points t j = jhn, j = 0, . . . ,n, where hn := T/n is a step
time. Set, for j = 1, . . . ,n,

uj =
(
u1
j ,u

2
j

)
, with u

p
j := up(t j

)
, δu

p
j =

u
p
j −upj−1

hn
(p = 1,2),

f 1
j := f 1(t j ,u1

j−1

)
, f 2

j := f 2

(

t j ,hn

j−1
∑

i=1

u2
j−1 +ϕ2

)

.

(1.13)

Then, we are conducted to solve successively, for j = 1, . . . ,n, the following linearized
problems.

Starting from

u0 =
(
u1

0,u2
0

)= (ϕ1,ψ
)
, (1.14)

find functions uj : Ω→R such that

δu1
j −Δu1

j = f 1
j , in Ω1,

δu2
j −hnΔ

j
∑

i=1

Δu2
j = f 2

j +Δϕ2, in Ω2,

uj =
(
u1
j ,u

2
j

)= 0, on Γ,

u1
j = u2

j , on Σ,

∂u1
j

∂ϑ1
+hn

j
∑

i=1

∂u2
j

∂ϑ2
+
∂ϕ2

∂ϑ2
= 0, on Σ.

(1.15)
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The plan of this paper is as follows. Section 2 is devoted to some preliminaries: no-
tations, appropriate function spaces, and basic assumptions on the data are introduced
in Section 2.1, while in Section 2.2 we give some auxiliary results needed throughout the
paper. The variational formulation of the problem and the concept of the solution we are
considering are given in Section 2.3. In Section 3, we establish some a priori estimates
for the discretized problem. Then, we proceed with some convergence results and prove
the existence of the solution in Section 4. Finally, we demonstrate the uniqueness and
continuous dependence of the solution upon the data in Section 5.

2. Preliminaries

2.1. Notations and assumptions. First, we introduce some functions obtained from the
approximates u

p
j (p = 1,2) by piecewise linear interpolation and piecewise constant with

respect to the time, respectively:

u(n) = (u1(n),u2(n)), u(n) = (u1(n),u2(n)), (2.1)

with

up(n)(t)= upj−1 + δu
p
j

(
t− t j−1

)
(p = 1,2), t ∈ [t j−1, t j

]
, j = 1, . . . ,n, (2.2)

up(n)(t)=
⎧
⎪⎨

⎪⎩

u
p
0 , for t ∈ [−hn,0

]
,

u
p
j , for t ∈ (t j−1, t j

]
, (p = 1,2), j = 1, . . . ,n,

(2.3)

U2(t) :=�tu2, (2.4)

U2(n)(t) :=�tu2(n), (2.5)

U
2(n)

(t)=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

hnu
2
0, for t ∈ [−hn,0

]
,

hn

j
∑

i=1

u2
i , for t ∈ (t j−1, t j

]
, j = 1, . . . ,n.

(2.6)

Moreover, we use the notation

τhnu
1(n)(x, t)= u1(n)(x, t−hn

)
, (2.7a)

τhnU
2(n)

(x, t)=U2(n)(
x, t−hn

)
, (2.7b)

then we write

f
p(n)

(t,w) := f p
(
t j ,w

)
(p = 1,2), (2.8)
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thus, for t ∈ (t j−1, t j], j = 1, . . . ,n, we have

f
1(n)(

t,τhnu
1(n)) := f 1(t j ,u1

j−1

)= f 1
j ,

f
2(n)(

t,τhnU
2(n)

+ϕ2) := f 2

(

t j ,hn

j−1
∑

i=1

u2
j−1 +ϕ2

)

= f 2
j .

(2.9)

Let H1(Ωp) be the usual first-order Sobolev space on Ωp with scalar product (·,·)1,Ωp

and corresponding norm ‖ · ‖1,Ωp , let (·,·)0,Ωp and ‖ · ‖0,Ωp be the scalar product and
corresponding norm, respectively, in L2(Ωp), and let

H
(
Δ,Ωp

)
:= {vp ∈H1(Ωp

)
,Δvp ∈ L2(Ωp

)
, (p = 1,2)

}
(2.10)

endowed with the norm

∥
∥vp

∥
∥
H(Δ,Ωp) :=

(∥
∥vp

∥
∥2
H1(Ωp) +

∥
∥Δvp

∥
∥2

0,Ωp

)1/2
. (2.11)

We will also make frequent use of the seminorm

∣
∣vp

∣
∣

1,Ωp
= ∥∥∇vp∥∥0,Ωp

=
( n∑

i=1

∥
∥
∥
∥
∂vp

∂xi

∥
∥
∥
∥

2

0,Ωp

)1/2

. (2.12)

Since Ωp is bounded, there exists a constant C(Ωp) such that

∀vp ∈V p,
∥
∥vp

∥
∥

0,Ωp
� C

(
Ωp
)∣
∣vp

∣
∣

1,Ωp
(2.13)

(known as the Poincaré-Friedrichs inequality). Therefore, the seminorm | · |1,Ωp is a
norm over the space V p, equivalent to the norm ‖ · ‖1,Ωp .

Let V be the space of functions defined by

V :=
{

v = (v1,v2)/vp ∈V p (p = 1,2), v1
∣
∣
Σ = v2

∣
∣
Σ

}

, (2.14)

where

V p := {vp ∈H1(Ωp
)
/vp = 0 on Γp

}
(p = 1,2). (2.15)

The space V is equipped with the norm ‖ · ‖1,Ωp , defined by

‖v‖2
1,Ω =

2∑

p=1

∥
∥vp

∥
∥2

1,Ωp
. (2.16)

We identify v ∈V with a function v : Ω→R for which v|Ωp = vp, (p = 1,2). Similarly, we
introduce the product space L2(Ω)= L2(Ω1)×L2(Ω2) equipped with the scalar product
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and the associated norm

(u,v)0,Ω =
2∑

p=1

(
up,vp

)

0,Ωp
, ‖u‖2

0,Ω =
2∑

p=1

∥
∥up

∥
∥2

0,Ωp
, (2.17)

respectively.
Moreover, we will use the standard functional spaces L2(I ,H), C(I ,H), L∞(I ,H), and

C0,1(I ,H), where H is a Hilbert space. For their properties, we refer the reader, for in-
stance, to [7].

Next we formulate the assumptions which are supposed to hold throughout the paper.

Assumption 2.1. f p(t,up) : I × L2(Ωp) → L2(Ωp) is bounded in L2(Ωp) and fulfills the
Lipschitz condition

∥
∥ f p

(
t,up

)− f p
(
t′,up

′)∥∥
0,Ωp

� L
(

|t− t′|+
∥
∥up−up′∥∥0,Ωp

)

(2.18)

for all t, t′ ∈ I , and up,up
′ ∈ L2(Ωp) (p = 1,2).

Assumption 2.2. ϕp ∈H(Δ,Ωp) (p = 1,2); ψ ∈H(Δ,Ω2).

Assumption 2.3. Compatibility conditions: ϕ1 = ψ, and ∂ϕ1/∂ϑ1 + hn(∂ψ/∂ϑ2) + ∂ϕ2/∂ϑ2

= 0, on Σ.

2.2. Auxiliary results. The following results are used in this paper. We list them for con-
venience.

Lemma 2.4 (an analogue of Gronwall’s lemma in continuous form [2]). Let fi(t) (i= 1,
2) be real continuous functions on the interval (0,T), f3(t) � 0 nondecreasing function on t,
and C > 0. If the inequality

∫ t

0
f1(s)ds+ f2(t) � f3(t) +C

∫ t

0
f2(s)ds (2.19)

fulfills, then the inequality

∫ t

0
f1(s)ds+ f2(t) � f3(t)eCt (2.20)

holds for all t ∈ (0,T).

Lemma 2.5 (Gronwall’s lemma in discrete form [11]). Let {ai} be a sequence of real, non-
negative numbers, and A, C, and hn are positive constants.

(1) If the inequality

aj �A+Chn

j−1
∑

i=1

ai (2.21)
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takes place for all j = 1, . . . ,n, then the estimate

ai � AeC( j−1)hn (2.22)

holds for all j = 1,2, . . . ,n.
(2) If the inequality

aj �A+Chn

j
∑

i=1

ai (2.23)

fulfills and h < 1/C, then

ai �
A

1−Chn e
C( j−1)hn/(1−Chn) (2.24)

takes place for all j = 1,2, . . . ,n.

Lemma 2.6 [3]. Let V , Y be reflexive Banach spaces and let the imbedding V↩Y be com-
pact. If the estimates

∫

I

∥
∥
∥
∥
du(n)(t)
dt

∥
∥
∥
∥

2

Y
dt � C,

∥
∥u(n)(t)

∥
∥
V � C, ∀t ∈ I (2.25)

hold for all n� n0 > 0, then there exist u∈ C(I ,Y)∩ L∞(I ,V) with du/dt ∈ L2(I ,Y) (u is
differentiable a.e. t ∈ I) and a subsequence {u(nk)} of {u(n)} such that u(nk) → u in C(I ,Y),
u(nk)(t)⇀ u(t), u(nk)(t)⇀ u(t) in V for all t ∈ I and du(nk)(t)/dt⇀ du(t)/dt in L2(I ,Y).
Moreover, if ‖du(n)(t)/dt‖Y � C for all n � n0 > 0 and a.e. t ∈ I , then du/dt ∈ L∞(I ,Y)
and u : I → Y is Lipschitz continuous, that is,

∥
∥u(t)−u(t′)

∥
∥
Y � C|t− t′|, ∀t, t′ ∈ I. (2.26)

Moreover, the following identity will be frequently employed:

(
u(t)−w(t),u(t)

)

0,Ω =
1
2

(∥
∥u(t)

∥
∥2

0,Ω +
∥
∥u(t)−w(t)

∥
∥2

0,Ω−
∥
∥w(t)

∥
∥2

0,Ω

)

, (2.27)

for all t ∈ I .

2.3. Variational formulation. Taking the scalar product in L2(Ω) of (1.9) and v = (v1,
v2), we have

(
∂u(·, t)
∂t

,v
)

0,Ω
− (Δu1(·, t),v1)

0,Ω1
− (Δ�tu2,v2)

0,Ω2

= ( f 1(·, t,u1),v1)

0,Ω1
+
(
f 2(·, t,�tu2 +ϕ2)+Δϕ2,v2)

0,Ω2
.

(2.28)
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Carrying out some integration by parts and using (1.12), (2.14), and (2.15), we get

(
∂u(·, t)
∂t

,v
)

0,Ω
+
(∇u1(·, t),∇v1)

0,Ω1
+
(∇�tu2,∇v2)

0,Ω2

= ( f 1(·, t,u1),v1)

0,Ω1
+
(
f 2(·, t,�tu2 +ϕ2),v2)

0,Ω2
− (∇ϕ2,∇v2)

0,Ω2
.

(2.29)

Then, we look for a weak solution in the following sense.

Definition 2.7. The weak solution of problem (1.9)–(1.12), intended to be a function
u : I → L2(Ω) verifying the following.

(i) u∈ C0,1(I ,L2(Ω))∩L∞(I ,V) and u2 ∈ L2(I ,V 2).
(ii) �tu2 ∈ C0,1(I ,L2(Ω2))∩L∞(I ,V 2).
(iii) u has a strong derivative (a.e. in I) du/dt ∈ L∞(I ,L2(Ω)).
(iv) u(0)= u0 = (u1

0,u2
0)= (ϕ1,ψ) in L2(Ω).

(v) Identity (2.29) holds for all v ∈V and t ∈ I .
We remark that since u∈C0,1(I ,L2(Ω))⊂ C1(I ,L2(Ω)), the condition (iv) makes sense,

and according to (i), (ii), (iii) together with Assumption 2.1 each term in the integral
identity (2.29) is well defined.

Then, for each n � 1, problem (1.9)–(1.12) may be approximated by the following
time-discretized problems.

Starting from the initial conditions

u0 =
(
u1

0,u2
0

)= (ϕ1,ψ
)
, in Ω, (2.30)

find successively for j = 1, . . . ,n, functions uj : Ω→R, verifying the integral identity

(
δuj ,v

)

0,Ω +
(∇u1

j ,∇v1)

0,Ω1
+hn

(

∇
j
∑

i=1

u2
i ,∇v2

)

0,Ω2

= ( f 1
j ,v1)

0,Ω1
+
(
f 2
j ,v2)

0,Ω2
− (∇ϕ2,∇v2)

0,Ω2
, ∀v ∈V ,

(2.31)

which may be rewritten as follows:

1
hn

(
uj ,v

)

0,Ω +
(∇u1

j ,∇v1)

0,Ω1
+hn

(∇u2
j ,∇v2)

0,Ω2

= 1
hn

(
uj−1,v

)

0,Ω +
(
f 1
j ,v1)

0,Ω1
+
(
f 2
j ,v2)

0,Ω2

− (∇ϕ2,∇v2)

0,Ω2
−hn

(

∇
j−1
∑

i=1

u2
i ,∇v2

)

, ∀v ∈V ,

(2.32)

together with the boundary conditions

uj =
(
u1
j ,u

2
j

)= 0, on Γ, (2.33)
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and the transmission conditions

u1
j = u2

j , on Σ,

∂u1
j

∂ϑ1
+hn

j
∑

i=1

∂u2
i

∂ϑ2
+
∂ϕ2

∂ϑ2
= 0, on Σ.

(2.34)

Our assumptions permit a successive application of the Lax-Milgram theorem to con-
clude that the set of linear elliptic transmission problems admits a unique solution uj =
(u1

j ,u
2
j ), for j = 1, . . . ,n.

By using notation from Section 2.1, identity (2.31) may be written in the form

(
du(n)

dt
(t),v

)

0,Ω
+
(∇u1(n)(t),∇v1)

0,Ω1
+
(

∇U2(n)
(t),∇v2

)

0,Ω2

=
(

f
1(n)(

t,τhnu
1(n)),v1

)

0,Ω1
+
(

f
2(n)(

t,τhnU
2(n)

+ϕ2
)

,v2
)

0,Ω2

− (∇ϕ2,∇v2)

0,Ω2
, ∀v ∈V.

(2.35)

3. A priori estimates for the discretized problem

Now, we derive some a priori estimates.

Lemma 3.1. Let Assumptions 2.1–2.3 be fulfilled. Then the following estimates:

∥
∥δuj

∥
∥

0,Ω � C1, (3.1)

∥
∥uj

∥
∥

0,Ω � C2, (3.2)

∣
∣u2

j

∣
∣

1,Ω2
� C1, (3.3)

hold for j = 1, . . . ,n, where C1 and C2 are positive constants independent of hn and j.

Proof. Taking the difference of identity (2.31) and the same identity written for j− 1, and
setting v = δuj = (δu1

j ,δu
2
j ), we have

(
δuj − δuj−1,δuj

)

0,Ω +
(∇u1

j −∇u1
j−1,∇δu1

j

)

0,Ω1
+hn

(∇u2
j ,∇δu2

j

)

0,Ω2

= ( f 1
j − f 1

j−1,δu1
j

)

0,Ω1
+
(
f 2
j − f 2

j−1,δu2
j

)

0,Ω2
,

(3.4)

whence, in view of identity (2.27) and some rearrangement, we obtain

∥
∥δuj

∥
∥2

0,Ω +h2
n

∥
∥δ2uj

∥
∥2

0,Ω + 2hn
∣
∣δu1

j

∣
∣2

1,Ω1
+ 2
∣
∣u2

j

∣
∣2

1,Ω2

= 2
(
f 1
j − f 1

j−1,δu1
j

)

0,Ω1
+ 2
(
f 2
j − f 2

j−1,δu2
j

)

0,Ω2

+
∥
∥δuj−1

∥
∥2

0,Ω + 2
(∇u2

j ,∇u2
j−1

)

0,Ω2
.

(3.5)
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Owing to the Cauchy inequality, it comes

∥
∥δuj

∥
∥2

0,Ω +h2
n

∥
∥δ2uj

∥
∥2

0,Ω + 2hn
∣
∣δu1

j

∣
∣2

1,Ω1
+
∣
∣u2

j

∣
∣2

1,Ω2

� 1
hn

(∥
∥ f 1

j − f 1
j−1

∥
∥2

0,Ω1
+
∥
∥ f 2

j − f 2
j−1

∥
∥2

0,Ω2

)

+hn
∥
∥δuj

∥
∥2

0,Ω2
+
∥
∥δuj−1

∥
∥2

0,Ω +
∣
∣u2

j−1

∣
∣2

1,Ω2
.

(3.6)

Neglecting the second and third terms in the left-hand side of the last inequality and
summing up over i= 2, . . . , j, this yields

∥
∥δuj

∥
∥2

0,Ω +
∣
∣u2

j

∣
∣2

1,Ω2

�
∥
∥δu1

∥
∥2

0,Ω +
∣
∣u2

1

∣
∣2

1,Ω2
+

1
hn

j
∑

i=2

(∥
∥ f 1

i − f 1
i−1

∥
∥2

0,Ω1
+
∥
∥ f 2

i − f 2
i−1

∥
∥2

0,Ω2

)

+hn

j
∑

i=2

∥
∥δuj

∥
∥2

0,Ω.

(3.7)

According to Assumption 2.1, we get

∥
∥ f 1

i − f 1
i−1

∥
∥

0,Ω1
= ∥∥ f 1(ti,u1

i−1

)− f 1(ti−1,u1
i−2

)∥
∥

0,Ω1

� L
(

hn +
∥
∥u1

i−1−u1
i−2

∥
∥

0,Ω1

)

= Lhn
(

1 +
∥
∥δu1

i−1

∥
∥

0,Ω1

)

,

∥
∥ f 2

i − f 2
i−1

∥
∥

0,Ω2
=
∥
∥
∥
∥
∥
f 2

(

ti,hn
i−1∑

j=1

u2
j +ϕ2

)

− f 2

(

ti−1,hn
i−2∑

j=1

u2
j +ϕ2

)∥
∥
∥
∥
∥

0,Ω2

� Lhn
(

1 +
∥
∥u2

i−1

∥
∥

0,Ω2

)

.

(3.8)

Consequently, it follows that

j
∑

i=2

(∥
∥ f 1

i − f 1
i−1

∥
∥2

0,Ω1
+
∥
∥ f 2

i − f 2
i−1

∥
∥2

0,Ω2

)

� 4L2h2
n( j− 1) + 2L2h2

n

j
∑

i=2

∥
∥δu1

i−1

∥
∥2

0,Ω1
+ 2L2h2

n

j
∑

i=2

∥
∥u2

i−1

∥
∥2

0,Ω2
,

(3.9)

in light of which (3.7) becomes

∥
∥δuj

∥
∥2

0,Ω +
∣
∣u2

j

∣
∣2

1,Ω2
�
∥
∥δu1

∥
∥2

0,Ω +
∣
∣u2

1

∣
∣2

1,Ω2
+ 4L2T

+hn

j
∑

i=2

∥
∥δuj

∥
∥2

0,Ω + 2L2hn

j−1
∑

i=1

∥
∥δu1

i

∥
∥2

0,Ω1
+ 2L2hn

j−1
∑

i=1

∥
∥u2

i

∥
∥2

0,Ω2
.

(3.10)
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This inequality can be rewritten in the following way:

∥
∥δuj

∥
∥2

0,Ω +
∣
∣u2

j

∣
∣2

1,Ω2
�
∥
∥δu1

∥
∥2

0,Ω +
∣
∣u2

1

∣
∣2

1,Ω2
+ 4L2T

+
(
2L2 + 1

)
hn

j
∑

i=1

∥
∥δui

∥
∥2

0,Ω + 2L2hn

j−1
∑

i=1

∥
∥u2

i

∥
∥2

0,Ω2
.

(3.11)

Thus, owing to inequality (2.13), we get

∥
∥δuj

∥
∥2

0,Ω +
∣
∣u2

j

∣
∣2

1,Ω2
�
∥
∥δu1

∥
∥2

0,Ω +
∣
∣u2

1

∣
∣2

1,Ω2
+ 4L2T

+ max
(
2L2 + 1,2L2C3

)
hn

j
∑

i=1

(∥
∥δui

∥
∥2

0,Ω +
∣
∣u2

i

∣
∣2

1,Ω2

)

,
(3.12)

where C3 = C(Ω). To estimate the first two terms in the right-hand side of (3.12), we
consider identity (2.31) for j = 1:

(
δu1,v

)

0,Ω +
(∇u1

1,∇v1)

0,Ω1
+hn

(∇u2
1,∇v2)

0,Ω2

= ( f 1
1 ,v1)

0,Ω1
+
(
f 2
1 ,v2)

0,Ω2
− (∇ϕ2,∇v2)

0,Ω2
, ∀v ∈V ,

(3.13)

hence
(
δu1,v

)

0,Ω +hn
(∇δu1

1,∇v1)

0,Ω1
+h2

n

(∇δu2
1,∇v2)

0,Ω2

= ( f 1
1 ,v1)

0,Ω1
+
(
f 2
1 ,v2)

0,Ω2
− (∇u1

0,∇v1)

0,Ω1

−hn
(∇u2

0,∇v2)

0,Ω2
− (∇ϕ2,∇v2)

0,Ω2
, ∀v ∈V ,

(3.14)

so
(
δu1,v

)

0,Ω +hn
(∇δu1

1,∇v1)

0,Ω1
+h2

n

(∇δu2
1,∇v2)

0,Ω2

= ( f 1
1 ,v1)

0,Ω1
+
(
f 2
1 ,v2)

0,Ω2
− (∇ϕ1,∇v1)

0,Ω1

−hn
(∇ψ,∇v2)

0,Ω2
− (∇ϕ2,∇v2)

0,Ω2
, ∀v ∈V.

(3.15)

However, observe that

− (∇ϕ1,∇v1)

0,Ω1
=−

∫

Γ1∪Σ
∂ϕ1

∂ϑ1
v1dσ +

(
Δϕ1,v1)

0,Ω1
,

−hn
(∇ψ,∇v2)

0,Ω2
− (∇ϕ2,∇v2)

0,Ω2

=−
∫

Γ2∪Σ

(

hn
∂ψ

∂ϑ2
+
∂ϕ2

∂ϑ2

)

v2dσ +hn
(
Δψ,v2)

0,Ω2
+
(
Δϕ2,v2)

0,Ω2
.

(3.16)

Therefore, in view of (2.14), (2.15), and Assumption 2.3, we have

− (∇ϕ1,∇v1)

0,Ω1
−hn

(∇ψ,∇v2)

0,Ω2
− (∇ϕ2,∇v2)

0,Ω2

= (Δϕ1,v1)

0,Ω1
+hn

(
Δψ,v2)

0,Ω2
+
(
Δϕ2,v2)

0,Ω2
.

(3.17)
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Substituting (3.17) into (3.15) yields
(
δu1,v

)

0,Ω +hn
(∇δu1

1,∇v1)

0,Ω1
+h2

n

(∇δu2
1,∇v2)

0,Ω2

= ( f 1
1 +Δϕ1,v1)

0,Ω1
+
(
f 2
1 +hnΔψ +Δϕ2,v2)

0,Ω2
, ∀v ∈V.

(3.18)

Testing the resulting identity with v = δu1 = (δu1
1,δu2

1), we obtain

∥
∥δu1

∥
∥2

0,Ω +hn
∣
∣δu1

1

∣
∣2

1,Ω1
+h2

n

∣
∣δu2

1

∣
∣2

1,Ω2

�
(∥
∥ f 1

1

∥
∥

0,Ω1
+
∥
∥Δϕ1

∥
∥

0,Ω1

)∥
∥δu1

1

∥
∥

0,Ω1

+
(∥
∥ f 2

1

∥
∥

0,Ω2
+hn‖Δψ‖0,Ω2 +

∥
∥Δϕ2

∥
∥

0,Ω2

)∥
∥δu2

1

∥
∥

0,Ω2
.

(3.19)

It is easy to see that
∥
∥ f 1

1

∥
∥

0,Ω1
�
∥
∥ f 1(t1,ϕ1)− f 1(t1,0

)∥
∥

0,Ω1
+
∥
∥ f 1(t1,0

)∥
∥

0,Ω1
� L

∥
∥ϕ1

∥
∥

0,Ω1
+M,

∥
∥ f 2

1

∥
∥

0,Ω2
�
∥
∥ f 2(t1,hnψ +ϕ2)− f 2(t1,0

)∥
∥

0,Ω2
+
∥
∥ f 2(t1,0

)∥
∥

0,Ω2

� Lhn‖ψ‖0,Ω2 +L
∥
∥ϕ2

∥
∥

0,Ω2
+M,

(3.20)

where M =maxt∈I ‖ f p(t,0)‖0,Ωp. Then, inserting (3.20) into (3.19), it follows that

∥
∥δu1

∥
∥2

0,Ω +hn
∣
∣δu1

1

∣
∣2

1,Ω1
+h2

n

∣
∣δu2

1

∣
∣2

1,Ω2

�
(

L
∥
∥ϕ1

∥
∥

0,Ω1
+
∥
∥Δϕ1

∥
∥

0,Ω1
+M

)∥
∥δu1

1

∥
∥

0,Ω1

+
(

hn
(
L‖ψ‖0,Ω2 +‖Δψ‖0,Ω2

)
+L
∥
∥ϕ2

∥
∥

0,Ω2
+
∥
∥Δϕ2

∥
∥

0,Ω2
+M

)∥
∥δu2

1

∥
∥

0,Ω2
,

(3.21)

which implies

1
2

∥
∥δu1

∥
∥2

0,Ω +hn
∣
∣δu1

1

∣
∣2

1,Ω1
+h2

n

∣
∣δu2

1

∣
∣2

1,Ω2

�
(

max5
(
1,L2,T2,L2T2)/2

)(∥
∥ϕ1

∥
∥2
H(Δ,Ω1) +

∥
∥ϕ2

∥
∥2
H(Δ,Ω2) +‖ψ‖2

H(Δ,Ω2)

)

+ 4M2.

(3.22)

Hence, omitting the last two terms in the left-hand side of (3.22) yields

∥
∥δu1

∥
∥

0,Ω � C5, (3.23)

where

C5 =
√

max5
(
1,L2,T2,L2T2

)(∥
∥ϕ1

∥
∥2
H(Δ,Ω1) +

∥
∥ϕ2

∥
∥2
H(Δ,Ω2) +‖ψ‖2

H(Δ,Ω2)

)

+ 8M2. (3.24)

However, since

u1 = hnδu1 +u0, (3.25)
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then

∥
∥u1

∥
∥

0,Ω � hn
∥
∥δu1

∥
∥

0,Ω +
∥
∥u0

∥
∥

0,Ω, (3.26)

from which

∥
∥u1

∥
∥

0,Ω � C6, (3.27)

owing to (3.23), where C6 = TC5 + ‖u0‖0,Ω. On the other hand, consider identity (3.18),
tested with v = (v1,v2)= (u1

1,δu2
1), which is an element of V ,

(
δu1

1,u1
1

)

0,Ω1
+
∥
∥δu2

1

∥
∥2

0,Ω2
+hn

(∇δu1
1,∇u1

1

)

0,Ω1
+h2

n

∣
∣δu2

1

∣
∣2

1,Ω2

= ( f 1
1 +Δϕ1,u1

1

)

0,Ω1
+
(
f 2
1 +hnΔψ +Δϕ2,δu2

1

)

0,Ω2
.

(3.28)

Applying identity (2.27) to the third term in the left-hand side, hence (3.28) becomes
after some rearrangement

∥
∥δu2

1

∥
∥2

0,Ω2
+

1
2

∣
∣u1

1

∣
∣2

1,Ω1
+
∣
∣u2

1

∣
∣2

1,Ω2

� 1
2

∣
∣ϕ1

∣
∣2

1,Ω1
+ |ψ|21,Ω2

+
(− δu1

1 + f 1
1 +Δϕ1,u1

1

)

0,Ω1
+
(
f 2
1 +hnΔψ +Δϕ2,δu2

1

)

0,Ω2
,

(3.29)

from which it comes

∥
∥δu2

1

∥
∥2

0,Ω2
+
∣
∣u1

∣
∣2

1,Ω � C7, (3.30)

where

C7 =max
(
3,3L2,3L2T ,T

)(∥
∥ϕ1

∥
∥2
H(Δ,Ω1) +

∥
∥ϕ2

∥
∥2
H(Δ,Ω2) +‖ψ‖2

H(Δ,Ω2)

)

+ 5M2 + 3C2
6 +C2

5 .

(3.31)

Consequently,

∣
∣u2

1

∣
∣2

1,Ω2
� C7. (3.32)

Inserting (3.23) and (3.32) into (3.12) yields

∥
∥δuj

∥
∥2

0,Ω +
∣
∣u2

j

∣
∣2

1,Ω2
� C8 + max

(
2L2 + 1,2L2C3

)
hn

j−1
∑

i=1

(∥
∥δui

∥
∥2

0,Ω +
∣
∣u2

i

∣
∣2

1,Ω2

)

, (3.33)

with C8 := C2
5 +C7.

Thanks to Lemma 2.5, we obtain

∥
∥δuj

∥
∥2

0,Ω +
∣
∣u2

j

∣
∣2

1,Ω2
� C8 exp

(
max

(
2L2 + 1,2L2C3

)
( j− 1)hn

)
� C9, ∀ j = 1,2, . . . ,n,

(3.34)
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where

C9 = C8 exp
(

max
(
2L2 + 1,2L2C3

)
T
)
, (3.35)

from which we get estimates (3.1) and (3.3), with C1 = C1/2
9 . However, since

uj = hn
j
∑

i=1

δuj +u0, (3.36)

then

∥
∥uj

∥
∥

0,Ω � hn

j
∑

i=1

∥
∥δuj

∥
∥

0,Ω +
∥
∥u0

∥
∥

0,Ω, (3.37)

whence

∥
∥uj

∥
∥

0,Ω � jhnC1 +
∥
∥u0

∥
∥

0,Ω, (3.38)

from which we obtain estimate (3.2) with C2 = C1T +‖u0‖0,Ω. This achieves the proof of
Lemma 3.1. �

As a consequence of Lemma 3.1, we have the following results.

Corollary 3.2. The functions u(n) and u(n) obey the estimates

∥
∥u(n)(t)

∥
∥

1,Ω � C2, ∀t ∈ I , (3.39a)

∥
∥u(n)(t)

∥
∥

1,Ω � C2, ∀t ∈ I , (3.39b)
∫

I

∥
∥u2(n)(t)

∥
∥2

0,Ω2
dt � C2

2T , ∀t ∈ I , (3.40a)

∣
∣U

2(n)
(t)
∣
∣

1,Ω2
� C1T , ∀t ∈ I , (3.40b)

∥
∥
∥
∥
du(n)(t)
dt

∥
∥
∥
∥

0,Ω
� C1, a.e. in I , (3.41)

∥
∥up(n)(t)−up(n)(t)

∥
∥

0,Ωp
� C1hn, ∀t ∈ I (p = 1,2),

∥
∥up(n)(t)− τhnup(n)(t)

∥
∥

0,Ωp
� C1hn, ∀t ∈ I (p = 1,2),

(3.42)

∥
∥U

2(n)
(t)−U2(n)(t)

∥
∥

0,Ω2
� C2hn, ∀t ∈ I ,

∥
∥U

2(n)
(t)− τhnU2(n)

(t)
∥
∥

0,Ω2
� C2hn, ∀t ∈ I ,

(3.43)

where C10 = C1T , C1 and C2 are the same constants given in Lemma 3.1.

Proof. Estimates (3.39) are an immediate consequence of (3.1), with the same constant,
while estimate (3.40a) follows directly from (3.39b). As for estimate (3.40b), we have, in
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light of (2.6)

U
2(n) = hn

j
∑

i=1

u2
i , ∀t ∈ (t j−1, t j

]
, j = 1, . . . ,n, (3.44)

so, according to (3.3), we have

∣
∣U

2(n)∣∣
1,Ω2

� hn

j
∑

i=1

∣
∣u2

i

∣
∣

1,Ω2
�C1hn j � C10. (3.45)

However, it follows from (2.2) that

du(n)(t)
dt

=
(
du1(n)(t)

dt
,
du2(n)(t)

dt

)

= (δu1
j ,δu

2
j

)= δuj , (3.46)

for all, t ∈ (t j−1, t j] j = 1, . . . ,n. Hence, thanks to (3.1), it is easy to get

∥
∥
∥
∥
du(n)(t)
dt

∥
∥
∥
∥

0,Ω
� C1, for a.e. t ∈ I , (3.47)

from which we have

∫

I

∥
∥
∥
∥
du(n)(t)
dt

∥
∥
∥
∥

2

0,Ω
dt � C11, (3.48)

with C11 = C2
1T .

Next, observe that

up(n)(t)−up(n)(t)= (t j − t
)
δu

p
j , ∀t ∈ (t j−1, t j

]
( j = 1, . . . ,n),

up(n)(t)− τhnup(n)(t)= upj −upj−1, ∀t ∈ (t j−1, t j
]

( j = 1, . . . ,n),
(3.49)

in view of (2.2)-(2.3), and (2.3), (2.7a), respectively. Consequently, we have

∥
∥up(n)(t)−up(n)(t)

∥
∥

0,Ωp
� C1hn, ∀t ∈ I ,

∥
∥up(n)(t)− τhnup(n)(t)

∥
∥

0,Ωp
� C1hn, ∀t ∈ I ,

(3.50)

in view of (3.1). On the other hand, it comes from (2.5), (2.6), and (2.3) for p = 2:

U
2(n)

(t)−U2(n)(t)= hn
j
∑

i=1

u2
i −

∫ t

0
u2n(s)ds

= hn
j
∑

i=1

u2
i −

j−1
∑

i=1

∫ ihn

(i−1)hn
u2(n)(s)ds−

∫ t

(i−1)hn
u2(n)(s)ds= (t j − t

)
u2
j , ∀t ∈ (t j−1, t j

]
,

(3.51)
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therefore

∥
∥U

2(n)
(t)−U2(n)(t)

∥
∥

0,Ω2
� C2hn, ∀t ∈ I , (3.52)

according to (3.2). Similarly, it follows from (2.6) and (2.7b), for t ∈ (t j−1, t j],

U
2(n)

(t)− τhnU2(n)
(t)= hn

j
∑

i=1

u2
i −hn

j−1
∑

i=1

u2
i = hnu2

j , (3.53)

so

∥
∥U

2(n)
(t)− τhnU2(n)

(t)
∥
∥

0,Ω2
� hn

∥
∥u2

j

∥
∥

0,Ω2
� C2hn, (3.54)

which completes the proof of Corollary 3.2. �

Moreover, we need two other estimates.

Lemma 3.3. Under Assumptions 2.1, the following estimates take place:
∣
∣
∣
∣

(

f
1(nk)(

t,τhnk u
1(nk)),v1

)

0,Ω1
+
(

f
2(nk)(

t,τhnk U
2(nk)

+ϕ2
)

,v2
)

0,Ω2

∣
∣
∣
∣

� C12‖v‖0,Ω, ∀v ∈V , ∀t ∈ I ,
(3.55)

∣
∣
∣
∣

(∇u1(nk)(t),∇v1)

0,Ω1
+
(

∇U2(nk)
(t),∇v2

)

0,Ω2

∣
∣
∣
∣

� C13‖v‖1,Ω, ∀v ∈V , a.e. t ∈ I.
(3.56)

Proof. Observe that
∣
∣
∣
∣

(

f
1(nk)(

t,τhnk u
1(nk)),v1

)

0,Ω1
+
(

f
2(nk)(

t,τhnk U
2(nk)

+ϕ2
)

,v2
)

0,Ω2

∣
∣
∣
∣

�
∥
∥
∥ f

1(nk)(
t,τhnk u

1(nk))
∥
∥
∥

0,Ω1

∥
∥v1

∥
∥

0,Ω1
+
∥
∥
∥ f

2(nk)(

t,τhnk U
2(nk)

+ϕ2
)∥
∥
∥

0,Ω2

∥
∥v2

∥
∥

0,Ω2

�
∥
∥ f 1

j

∥
∥

0,Ω1

∥
∥v1

∥
∥

0,Ω1
+
∥
∥ f 2

j

∥
∥

0,Ω2

∥
∥v2

∥
∥

0,Ω2
,

(3.57)

thanks to the Schwarz inequality and (2.9). By virtue of Assumption 2.1, we have
∥
∥ f 1

j

∥
∥

0,Ω1
�
∥
∥ f 1(t j ,u1

j−1

)− f 1(t j ,0
)∥
∥

0,Ω1
+
∥
∥ f 1(t j ,0

)∥
∥

0,Ω1

� L
∥
∥u1

j−1

∥
∥

0,Ω1
+M,

∥
∥ f 2

j

∥
∥

0,Ω2
�
∥
∥
∥
∥
∥
f 2

(

t j ,hnk

j−1
∑

i=1

u2
i +ϕ2

)

− f 2(t j ,0
)
∥
∥
∥
∥
∥

0,Ω2

+
∥
∥ f 2(t j ,0

)∥
∥

0,Ω2

� Lhnk

j−1
∑

i=1

∥
∥u2

i

∥
∥

0,Ω2
+L
∥
∥ϕ2

∥
∥

0,Ω2
+M,

(3.58)
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from where, according to estimate (3.2), we obtain

∥
∥ f 1

j

∥
∥

0,Ω1
� LC2 +M,

∥
∥ f 2

j

∥
∥

0,Ω2
� L

(

TC2 +
∥
∥ϕ2

∥
∥

0,Ω2

)

+M.
(3.59)

Hence, substituting (3.59) into (3.57), we obtain (3.55), where C12 =
√

2max(LC2 +M,
L(TC2 +‖ϕ2‖0,Ω2 ) +M).

On the other hand, it follows from the integral identity (2.35) that

∣
∣
∣
∣

(∇u1(nk)(t),∇v1)

0,Ω1
+
(

∇U2(nk)
(t),∇v2

)

0,Ω2

∣
∣
∣
∣

=
(

f
1(nk)(

t,τhnk u
1(nk)),v

)

0,Ω1
+
(

f
2(nk)(

t,τhnk U
2(nk)

+ϕ2
)

,v2
)

0,Ω2

−
(
du(nk)

dt
(t),v

)

0,Ω
− (∇ϕ2,∇v2)

0,Ω2
, ∀v ∈V , a.e. t ∈ I ,

(3.60)

whence, owing to the Schwarz inequality and estimates (3.41) and (3.55), it comes that

∣
∣
∣
∣

(∇u1(nk)(t),∇v1)

0,Ω1
+
(

∇U2(nk)
(t),∇v2

)

0,Ω2

∣
∣
∣
∣

�
(
C12 +C1

)‖v‖0,Ω +
∣
∣ϕ2

∣
∣

1,Ω2

∣
∣v2

∣
∣

1,Ω2
, ∀v ∈V , a.e. t ∈ I ,

(3.61)

from which we obtain (3.56), where C13 = C12 +C1 + |ϕ2|1,Ω2 . �

4. Convergence and existence results

First, owing to (3.39b), (3.41), and the continuous imbedding V↩L2(Ω), we obtain, on
the basis of Lemma 2.6, that there exist

u∈ L∞(I ,V)∩C0,1(I ,L2(Ω)
)
, (4.1)

with

du

dt
∈ L∞(I ,L2(Ω)

)
(u is differentiable a.e. in I), (4.2)

and subsequences {u(nk)} and {u(nk)} of {u(n)} and {u(n)}, respectively, such that

u(nk) −→ u, in C
(
I ,L2(Ω)

)
, (4.3)

u(nk)(t), u(nk)(t) u(t), in V ∀t ∈ I , (4.4)

du(nk)

dt

du

dt
, in L2(I ,L2(Ω)

)
. (4.5)
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Similarly, by virtue of (3.40), and the continuous imbedding V 2↩ L2(Ω2), we deduce
that there exist

�tu2 ∈ L∞(I ,V 2)∩C0,1(I ,L2(Ω2
))

, (4.6)

with

u2 ∈ L∞(I ,L2(Ω2
))

, (4.7)

and subsequences {U2(nk)} and {U2(nk)} of {U2(n)} and {U2(n)}, respectively, verifying

U2(nk) −→U2, in C
(
I ,L2(Ω2

))
, (4.8)

U2(nk)(t), U
2(nk)

(t) U2(t), in V 2 ∀t ∈ I , (4.9)

u2(nk) u2, in L2(I ,V 2). (4.10)

Therefore, the first three points of Definition 2.7 are already verified. Besides, since by
definition u(nk)(0) = (u1(nk)(0),u2(nk)(0)) = (u1

0,u2
0) = u0, it then follows from (4.3) that

u(0) = u0 holds in L2(Ω), thus point (iv) of Definition 2.7 is fulfilled. As for point (v),
we integrate identity (2.35) written for nk, over (0, t) ⊂ I by taking into account that if
u(nk)(0)= u0, we get

(
u(nk)(t)−u0,v

)

0,Ω +
∫ t

0

(
(∇u1(nk)(s),∇v1)

0,Ω1
+
(

∇U2(nk)
(s),∇v2

)

0,Ω2

)

ds

=
∫ t

0

((

f
1(nk)(

s,τhnk u
1(nk)),v1

)

0,Ω1
+
(

f
2(nk)(

s,τhnk U
2(nk)

+ϕ2
)

,v2
)

0,Ω2

)

ds

− t(∇ϕ2,∇v2)

0,Ω2
, ∀t ∈ I , ∀v ∈V.

(4.11)

In order to investigate the behavior of (4.11) as nk tends to infinity, we prove some con-
vergence statements. First, due to (4.3), we have

(
u(nk)(t),v

)

0,Ω −−−→nk→∞
(
u(t),v

)

0,Ω, ∀t ∈ I. (4.12)

Furthermore, in view of (4.4) and (4.9), we deduce that

(∇u1(nk)(t),∇v1)

0,Ω1
+
(

∇U2(nk)
(t),∇v2

)

0,Ω2

−−−→
nk→∞

(∇u1(t),∇v1)

0,Ω1
+
(∇U2(t),∇v2)

0,Ω2
,

(4.13)

from which together with estimate (3.56), we may apply the Lebesgue theorem of domi-
nated convergence to obtain

∫ t

0

(
(∇u1(nk)(s),∇v1)

0,Ω1
+
(

∇U2(nk)
(s),∇v2

)

0,Ω2

)

ds

−−−→
nk→∞

∫ t

0

((∇u1(s),∇v1)

0,Ω1
+
(∇U2(s),∇v2)

0,Ω2

)

ds.

(4.14)
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On the other hand, by virtue of (2.9), Assumption 2.1, and estimates (3.42) at p = 1, it
follows, for all t ∈ (t j−1, t j] ( j = 1, . . . ,n), that

∥
∥
∥ f

1(nk)(
t,τhnk u

1(nk))− f 1(t,u1(t)
)∥∥
∥

0,Ω1

= ∥∥ f 1(t j ,τhnk u
1(nk))− f 1(t,u1(t)

)∥
∥

0,Ω1

� L
(∣
∣t j − t

∣
∣+

∥
∥τhnk u

1(nk)−u1(t)
∥
∥

0,Ω1

)

� L
(

hnk +
∥
∥τhnk u

1(nk)−u1(nk)(t)
∥
∥

0,Ω1
+
∥
∥u1(nk)(t)−u1(nk)(t)

∥
∥

0,Ω1

+
∥
∥u1(nk)(t)−u1(t)

∥
∥

0,Ω1

)

� L
((

1 + 2C1
)
hnk +

∥
∥u1(nk)−u1

∥
∥
C(I ,L2(Ω1))

)

.

(4.15)

Hence, passing to the limit when nk tends to infinity by taking into account (4.3), we get

∥
∥
∥ f

1(nk)(
t,τhnk u

1(nk))− f 1(t,u1(t)
)∥∥
∥

0,Ω1
−−−→
nk→∞

0, ∀t ∈ I. (4.16)

Similarly, we have

∥
∥
∥ f

2(nk)(

s,τhnk U
2(nk)

+ϕ2
)

− f 2(s,U2(t) +ϕ2)
∥
∥
∥

0,Ω2

� L
(

hnk +
∥
∥
∥τhnk U

2(nk)−U2(nk)
(t)
∥
∥
∥

0,Ω2
+
∥
∥
∥U

2(nk)
(t)−U2(nk)(t)

∥
∥
∥

0,Ω2

+
∥
∥U2(nk)(t)−U2(t)

∥
∥

0,Ω2

)

� L
((

1 + 2C2
)
hnk +

∥
∥U2(nk)(t)−U2(t)

∥
∥
C(I ,L2(Ω2))

)

,

(4.17)

in view of Assumption 2.1 and estimates (3.43). Then, owing to the continuous imbed-
ding V 2↩L2(Ω2) and limit relation (4.8), we obtain

∥
∥
∥ f

2(nk)(

t,τhnk U
2(nk)

+ϕ2
)

− f 2(t,U2(t) +ϕ2)
∥
∥
∥

0,Ω2
−−−→
nk→∞

0, ∀t ∈ I. (4.18)
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Therefore, by virtue of estimates (3.55), and limit relations (4.16) and (4.18), the Lebesgue
theorem of dominated convergence implies that

∫ t

0

((

f
1(nk)(

s,τhnk u
1(nk)),v1

)

0,Ω1
+
(

f
2(nk)(

s,τhnk U
2(nk)

+ϕ2
)

,v2
)

0,Ω2

)

ds

−−−→
nk→∞

∫ t

0

((
f 1(s,u1(s)

)
,v1)

0,Ω1
+
(
f 2(s,�su2 +ϕ2),v2)

0,Ω2

)

ds,

(4.19)

for all v ∈V and all t ∈ I .
Now we are ready to pass to the limit as nk →∞ in (4.11). Observing (4.12), (4.14),

and (4.19), then (4.11) passes into the following integral identity:

(
u(t),v

)

0,Ω +
∫ t

0

(∇u1(s),∇v1)

0,Ω1
ds+

∫ t

0

(∇U2(s),∇v2)

0,Ω2
ds

=
∫ t

0

((
f 1(s,u1(s)

)
,v1)

0,Ω1
+
(
f 2(s,�su2 +ϕ2),v2)

0,Ω2

)

ds

+
(
u0,v

)

0,Ω− t
(∇ϕ2,∇v2)

0,Ω2
,

(4.20)

for all t ∈ I , for all v ∈ V . Since u : I → V is strongly differentiable for a.e. t ∈ I , then the
differentiation of the above identity with respect to t leads to the desired identity (2.35)
thanks to the equality

d

dt

(
u(t),v

)

0,Ω =
(
d

dt
u(t),v

)

0,Ω
, a.e. t ∈ I , ∀v ∈V. (4.21)

Thus, we have proved the following theorem.

Theorem 4.1. Let Assumptions 2.1–2.3 be fulfilled. Then, problem (1.9)–(1.12) admits at
most a solution in the sense of Definition 2.7, verifying u ∈ L∞(I ,V)∩C0,1(I ,L2(Ω)) with
u2 ∈ L2(I ,V 2), du/dt ∈ L∞(I ,L2(Ω)), and �tu2 ∈ L∞(I ,V 2)∩C0,1(I ,L2(Ω2)).

A subsequence {u(nk)} [{u(nk)}, resp.) of {u(n)} and ({u(n)}, resp.) converges to the solu-
tion u in the following sense:

(i) u(nk) → u in C(I ,L2(Ω));
(ii) u(nk)(t)⇀ u(t) in V for all t ∈ I ;

(iii) u(nk)(t)⇀ u(t) in V for all t ∈ I ;
(iv) U2(nk) →�tu2 in C(I ,L2(Ω2));

(v) U2(nk)(t), U
2(nk)

(t)⇀ �tu2 in V 2 for all t ∈ I ;
(vi) u2(nk) ⇀ u2 in L2(I ,L2(Ω2));

(vii) du(nk)/dt⇀ du/dt in L2(I ,L2(Ω)),
as nk tends to infinity.

5. Continuous dependence and uniqueness

We, first, prove the continuous dependence of the solution upon the data. Then, the
uniqueness is an immediate corollary of it. To this end, we subtract the integral iden-
tity (2.29) written for u∗∗ from (2.29) written for u∗, and setting v = u∗(t)− u∗∗(t) in
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the obtained identity, we find for a.e. t ∈ I ,
(
d

dt

(
u∗(t)−u∗∗(t)

)
,u∗(t)−u∗∗(t)

)

0,Ω

+
(∇u1∗(t)−∇u1∗∗(t),∇u1∗(t)−∇u1∗∗(t)

)

0,Ω1

+
(∇(�tu2∗ +ϕ2∗)−∇(�tu2∗∗ +ϕ2∗∗),∇u2∗(t)−∇u2∗∗(t)

)

0,Ω2

= ( f 1∗(t,u1∗(t)
)− f 1∗∗(t,u1∗∗(t)

)
,u1∗(t)−u1∗∗(t)

)

0,Ω1

+
(
f 2∗(t,�tu2∗ +ϕ2∗)− f 2∗∗(t,�tu2∗∗ +ϕ2∗∗),u2∗(t)−u2∗∗(t)

)

0,Ω2
,

(5.1)

whence

2
∣
∣u1∗(t)−u1∗∗(t)

∣
∣2

1,Ω1
+
d

dt

∥
∥u∗(t)−u∗∗(t)

∥
∥2

0,Ω+
d

dt

∣
∣
(�tu2∗+ϕ2∗)−(�tu2∗∗+ϕ2∗∗)∣∣2

1,Ω2

� 2
∥
∥ f 1∗(t,u1∗(t)

)− f 1∗∗(t,u1∗∗(t)
)∥
∥

0,Ω1

∥
∥u1∗(t)−u1∗∗(t)

∥
∥

0,Ω1

+ 2
∥
∥ f 2∗(t,�tu∗2 +ϕ∗2)− f 2∗∗(t,�su∗∗2 +ϕ∗∗2)

∥
∥

0,Ω2
×∥∥u2∗(t)−u2∗∗(t)

∥
∥

0,Ω2
.

(5.2)

Then integrating (5.2) over (0, t) and applying the Cauchy inequality, it follows that

2
∫ t

0

∣
∣u1∗(s)−u1∗∗(s)

∣
∣2

1,Ω1
ds+

∥
∥u∗(t)−u∗∗(t)

∥
∥2

0,Ω+
∣
∣
(�tu2∗+ϕ2∗)−(�tu2∗∗+ϕ2∗∗)∣∣2

1,Ω2

�
∫ t

0

∥
∥ f 1∗(s,u1∗(s)

)− f 1∗∗(s,u1∗∗(s)
)∥
∥2

0,Ω1
ds

+
∫ t

0

∥
∥ f 2∗(s,�su∗2 +ϕ∗2)− f 2∗∗(s,�su∗∗2 +ϕ∗∗2)

∥
∥2

0,Ω2
ds

+
∫ t

0

∥
∥u∗(s)−u∗∗(s)

∥
∥2

0,Ωds.

(5.3)

According to Lemma 2.4, (5.3) becomes

∥
∥u∗(t)−u∗∗(t)

∥
∥2

0,Ω+2
∫ t

0

∣
∣u1∗(s)−u1∗∗(s)

∣
∣2

1,Ω1
ds+

∣
∣
(�tu2∗+ϕ2∗)−(�tu2∗∗+ϕ2∗∗)∣∣2

1,Ω2

� eT
∫ t

0

(∥
∥ f 1∗(s,u1∗(s)

)− f 1∗∗(s,u1∗∗(s)
)∥
∥2

0,Ω1

+
∥
∥ f 2∗(s,�su∗2 +ϕ∗2)− f 2∗∗(s,�su∗∗2 +ϕ∗∗2)

∥
∥2

0,Ω2

)

ds.

(5.4)

Consequently, we can state the following theorem.

Theorem 5.1. Assume that ( f ∗,u0∗) and ( f ∗∗,u0∗∗) satisfy Assumptions 2.1–2.3. Let
u∗(x, t) and u∗∗(x, t) be two solutions of problem (1.9)–(1.12) corresponding, respectively,
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to the above data. Then the estimate
∥
∥u∗(t)−u∗∗(t)

∥
∥2

0,Ω

� C
(∫ t

0

(∥
∥ f 1∗(s,u1∗(s)

)− f 1∗∗(s,u1(s)
)∥
∥

0,Ω1
+
∥
∥ f 2∗(s,�su2∗ +ϕ2∗)

− f 2∗∗(s,�su2∗∗ +ϕ2∗∗)∥∥
0,Ω2

)

ds+
∥
∥u0∗ −u0∗∗∥∥2

0,Ω

)

(5.5)

takes place for all t ∈ I , where C is a positive constant depending only on the known data.

This theorem leads to the following result.

Corollary 5.2. Under assumptions of Theorem 5.1, the weak solution of problem (1.9)–
(1.12) is unique.

Proof. Assume that û and ũ are two weak solutions of (1.9)–(1.12). Taking the differ-
ence of the integral identities (2.29) corresponding to û and ũ tested with v = û− ũ and
performing a similar calculation to that for Theorem 5.1, we obtain

2
∫ t

0

∣
∣û1(s)− ũ1(s)

∣
∣2

1,Ω1
ds+

∥
∥û(t)− ũ(t)

∥
∥2

0,Ω +
∣
∣�tû2−�tũ2

∣
∣2

1,Ω2

�
∫ t

0

∥
∥ f 1(s, û1(s)

)− f 1(s, ũ1(s)
)∥
∥2

0,Ω1
ds

+
∫ t

0

∥
∥ f 2(s,�sû2 +ϕ2)− f 2(s,�sũ2 +ϕ2)

∥
∥2

0,Ω2
ds

+
∫ t

0

∥
∥û(s)− ũ(s)

∥
∥2

0,Ωds.

(5.6)

Employing Assumption 2.1 and omitting the first term in the left-hand side of (5.6), we
find
∥
∥û(t)− ũ(t)

∥
∥2

0,Ω +
∣
∣�tû2−�tũ2

∣
∣2

1,Ω2

� L2
∫ t

0

∥
∥û1(s)− ũ1(s)

∥
∥2

0,Ω1
ds+

∫ t

0

∥
∥�sû2−�sũ2

∥
∥2

0,Ω2
ds+

∫ t

0

∥
∥û(s)− ũ(s)

∥
∥2

0,Ωds,

(5.7)

from which, by using inequality (2.13), we get

∥
∥û(t)− ũ(t)

∥
∥2

0,Ω +
∣
∣�tû2−�tũ2

∣
∣2

1,Ω2

� max
(
L2 + 1,C(Ω)

)
(∫ t

0

∥
∥û(s)− ũ(s)

∥
∥2

0,Ωds+
∫ t

0

∣
∣�sû2−�sũ2

∣
∣2

1,Ω2
ds
)

.
(5.8)

Thanks to Lemma 2.4, we deduce that û= ũ, which completes the proof. �

Remark 5.3. By standard arguments we see that the uniqueness of the solution implies
that all our convergence results for subsequences (4.3)–(4.10) take place for the whole
sequences corresponding to a subdivision with arbitrary hn→ 0, too.
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Remark 5.4. Our results can be extended to the following differential equations:

∂w1

∂t
+A(1)w1 + S(1)w1 = f 1(x, t,w1), in Q1,

∂2w2

∂t2
+A(2)w2 + S(2)w2 = f 2(x, t,w2), in Q2,

(5.9)

with corresponding boundary and transmission conditions [5, 6], where A(p)

=∑|α|�2ma
(p)
α (x)Dα is a positive elliptic operator in Ωp for each t ∈ I , S(p) = ∂p/∂tp +

ρ(x)∂p−1/∂tp−1 +
∑
|μ|�mσ

(p)
μ (x)Dμ (p = 1,2). Here D = (D1, . . . ,Dn), Dk = −i∂/∂xk, α =

(α1, . . . ,αn), μ= (μ1, . . . ,μn), |α| = |α1|+ ···+ |αn|, and |μ| = |μ1|+ ···+ |μn|.
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