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The attractivity of nonlinear differential equations with time delays and impulsive effects
is discussed. We obtain some criteria to determine the attracting set and attracting basin
of the impulsive delay system by developing an impulsive delay differential inequality and
introducing the concept of nonlinear measure. Examples and their simulations illustrate
the effectiveness of the results and different asymptotical behaviors between the impulsive
system and the corresponding continuous system.
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1. Introduction

The stability and attractivity of impulsive differential equations have been deeply inves-
tigated in the monographs of Bainov and Simeonov [1], Lakshmikantham et al. [6],
Samoilenko and Perestyuk [16], Borisenko et al. [3]. The recent work has provided a
full discussion of this subject for impulsive delay differential equations (see, e.g., Yan and
Shen [19], Liu and Ballinger [10], Liu et al. [12], Yu [20], Zhang and Sun [21], etc.).
Most of these results on asymptotic behavior are valid locally in the neighborhood of the
equilibrium state, but do not estimate the range of the stable region and domain of at-
traction (referring to the definition given by Lakshmikantham and Leela [7], éiljak [17],
Kolmanovskii and Nosov [5]). That is, we do not know how far initial conditions can
be allowed to vary without disrupting the asymptotic properties of the equilibrium state.
Furthermore, it may be difficult to know whether the equilibrium state exists in nonlinear
impulsive delay systems. In this case, it should be important and interesting to estimate
the region attracting solutions of the impulsive systems. Therefore, a general problem of
the attractivity is to discuss the attracting set and attracting basin for the impulsive sys-
tems. Some significant progress has been made in the techniques and methods of deter-
mining the attracting set and attracting basin (domain of attraction) for the continuous
systems described by ordinary differential equations [7, 17] and functional differential
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2 Attractivity of impulsive differential equations

equations [5, 9, 13, 15, 18]. However, so far the corresponding problems for impulsive
delay differential equations have not been considered.

In this paper, by developing an impulsive delay differential inequality and introducing
the concept of nonlinear measure, we study the attractivity for a class of nonlinear im-
pulsive delay differential equations. The criteria present a feasible and effective approach
to estimate the attracting set, attracting basin, and asymptotically stable region of the
impulsive systems by solving an algebraic equation. Examples and their simulations are
given to demonstrate the effectiveness of our results.

2. Preliminaries

Let N be the set of all positive integers, let R” be the real n-dimensional vector space with
anorm || - ||, and let R™*" be the set of m X n real matrices. Rt = [0,+o0) and I denotes
the n X n unit matrix.

Let 7 > 0 be the upper bound of time delays and let f; < -+ - <ty < g1 < -+ (k€ N)
be the fixed points with limy_« tx = oo (called impulsive moments).

For a function x = (x1,...,%,)T : R = R”, we define

D*x(t) =limsupw, x(t7) = lim x(t +s), x(t") = lim x(t +s),

s—0* s 5—0- s—0*

(<01, = (O] [501) s [6®], = sup {x(t+9).

—-7<s<0

(2.1)

C[X, Y] denotes the space of continuous mappings from the topological space X to
the topological space Y. Especially, let C £ C[[-1,0],R"].

PC[J,R"] £ {y :] — R" | y(t) is continuous at t # tx, w(t}) and y(t; ) exist, y(t) =
y(t;), for t, € J}, where ] C R is an interval.

PC £ {¢:[-1,0] = R" | ¢(t*) = ¢(¢t) fort € [-7,0), ¢(t7) exists for t € (—7,0],
¢(t7) = ¢(¢) for all but at most a finite number of points t € (—7,0]}. PC is a space of
piecewise right-hand continuous functions with the norm [|¢|l; = sup_,_._,{I1¢(s)Il},
for ¢ € PC.

In this paper, we will consider the following nonlinear impulsive delay differential
equations:

x(t) = f(x(t) +g(t,x), t#t,
Ax(ty) == x(te) —x(t;) = Ie(x(t7)), keN,

(2.2)

where f € C[R",R"], g € C[[tx-1,t) X PC,R"] and the limit lim(g)(; o) g(t,¢) =
g(t, @) exists, I, € C[R",R"], x; € PC is defined by x,(s) = x(t +5s), s € [—7,0], %(¢) de-
notes the right-hand derivative of x(t).

Definition 2.1. A function x : [ty — 7,00) — R" is called a solution of (2.2) through (#),¢)
if x € PC[[tg, o), R"] as t > t;, and satisfies (2.2) with the initial condition

x(to+s) =¢(s), ¢ €PC,se[-1,0] (2.3)
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Throughout the paper, we always assume that for any ¢ € PC, system (2.2) has at least
one solution through (fy,¢), denoted by x(t,y,¢) or x.(to,$), where x:(to,¢)(s) = x(¢ +
s, to,¢), s € [—7,0]. Clearly, x,(ty,¢) € PC for t > t;. For more details on the existence of
solutions of impulsive delay differential equations, one refers to Liu and Ballinger [11],
Bainov and Stamova [2].

Definition 2.2. A set S C PC is called an attracting set of (2.2) and D C PC is called an
attracting basin of § if for any initial value ¢ € D, the solution x;(y,$) converges to S as
t — +co. That is,

dist (x; (f0,¢),S) — 0, ast— +oo, (2.4)

where dist(¢,S) = infyes dist(p,y), dist(@,y) = sup,c(_, o) ll@(s) =y (s) ||, for ¢ € PC.

Especially, the set S is called a global attracting set of (2.2) if D = PC. The set D is called
a domain of attraction if x = 0 is a solution of (2.2) and the zero solution (i.e., S = {0})
attracts solutions x(t, ty,¢) for all ¢ € D. Moreover, if the zero solution is stable, we call
D an asymptotically stable region of (2.2).

In order to introduce the concept of the nonlinear measure, we recall the matrix norms

[[A]l and the matrix measure y(A) introduced by the vector norm || - || as follows:
1Al = MAX ) = fim WA= o, (2.5)
x#0,xeR? llxI] s=07 S

Now, based on (2.5), we define the nonlinear measure as follows.

Definition 2.3. For a function F : R” — R", call

WE)= sup limoup XSO I

(2.6)
x#0,x€R?  s—0* slixll

the nonlinear measure of F.

Obviously, —oo < u(F) < +oo. Especially, if F(x) = Ax, A € R™", then u(F) = u(A),
where p(A) is the matrix measure. Therefore, the concept of the nonlinear measure actu-
ally is an extension of the matrix measure (see also, Kolmanovskii and Myshkis [4], Qiao
etal. [14]). According to the definition, we easily verify the following.

LEmMA 2.4. Let u(F),u(G) < +co. Then,
(1) w(AF) = Au(F), where A = 0;
(i) u(F + G) < u(F) +u(G);
(iii) —L(F) < u(F) < L(F), where the constant L(F) = sup, ,, .« (IF(x)[I/llx]).

The following result on the impulsive delay differential inequality is an extension of
the continuous case of Lakshmikantham and Leela [8, Theorem 6.9.1], and will play
an important role in the qualitative analysis of impulsive delay differential equations in
Section 3.
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LEMMA 2.5. Let F: [ty — 7,00) X R X R — R be such that F(t,x, -) is nondecreasing for each
(t,x) and let I : R — R be nondecreasing. Suppose u,v € PC[ [ty — T, ), R] satisfy

“u(t) < F(tu(t),[ut)],), t=t,

u(te) <Ik(u(ty)), keN,
(2.7)
D*v(t) > E(t,v(t),[v(1)],), t=to,
v(te) = L(v(t)), keN.
Then u(t) < v(t), for ty — T < t < ty implies that u(t) < v(t), for t = t,.
Proof. We will first prove that
u(t) <v(t), te[tyt). (2.8)

If the assertion (2.8) is false, by using the continuity of u(t), v(t) for t € [ty, ;) and u(¢) <
v(t) for t € [ty — 1,10], then there must exist a number t* € [y, ;) such that

u(t*) =v(t*), u(t) <v(t), t<t*, (2.9)
D u(t*) = D v(t*). (2.10)

In view of (2.9) and the monotonic character of F, we have
(5 u(t), [u(t*)],)

(5 u(t®), [v(t*)],) (2.11)
(5 v(t*), [v(t*)],) < D*v(t*).

Dt u(t*)

A A
™ 0

This contradicts the inequality (2.10), and so (2.8) holds. Suppose that for k = 1,2,...,m
u(t) <v(t), te [ti1rtx). (2.12)
Then
u(t) <v(t), tm—T<t<ty, u(t,)<v(t,). (2.13)
It is clear from the monotonicity of I,,, that
u(tm) < ILn(u(t,)) <Ln(v(t,)) < v(tm). (2.14)
Thus, u(t) < v(t) for t,, — 7 < t < t,,. Employing the similar process of the proof of (2.8),

we have u(t) < v(t), for t € [t,tm+1). By the induction, the conclusion holds and the
proof is complete. O
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3. Main results

In this paper, we always suppose the following.
(A1) u(f) <+ooand lIg(t,@)ll < p(llgll;) for any ¢ € PC, t = ty, where p: Ry — R, is
continuous and monotonically nondecreasing.
(A2) llx+ Ik (x)]l < allx|| for any k € N and x € R”, where the constant « > 0.

TuEOREM 3.1. Let ty — ty—1 < g for k € N. Assume that (A;) and (A;) with 0 < a < 1 hold.
If there exist two nonnegative constants z, < z, such that for any z € [z1,2;]

W, (2) = [ (f)+ ]z<0 (3.1)

then Sy = {¢ € PC| |§ll; < z1} is an attracting set of (2.2) and Dy = {¢ € PC| [¢ll+ <
az,} is an attracting basin of Sy.

Proof. Forany ¢ € D; C PC, let x(t) = (,t9,¢) be the solution of (2.2) through (), $). By
(A1), we calculate the right upper derivative along the solution (2.2):

[lx(t+ )| - [[x (@]
N

D*||x(t)|| = limsup
s—0*

<ty IO+ 5F GO = 0

s—0* S

. (e +9)|] = [|x(8) +sf (x(8)) ]

+limsup e (32)
B e e )l
<u(Ollx@l +lg (x|
<uOllx@I[+p(llx®],), = to.

On the other hand, by (A;),
x| =[x () + I (x(t) || < el[x ()|, keEN. (3.3)

From (3.1), the continuity of p(z) and u(f) +Ina/p < 0, there must exist an € > 0 such
that

p(z)+e
o

h(z):=

-1
ln_oc] >0 Vz€|[z,2] (3.4)

[H(f)+

Let v(t) be a solution of
v(t) =u(f)ivi)+p([vD)],) +e, t+t, t=1t,
v(tk) =av(ty), keN, (3.5)

H=|l¢(t—1t)|, t-T=<t<t.
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Taking F(t,x,y) = u(f)x+ p(y) and Ix(x) = ax, from the monotonicity of p(-) and a >0,
then F(t,x,y) is nondecreasing in y for each (t,x) and Ix(x) is nondecreasing in x. By
(3.2), (3.3), (3.5), and Lemma 2.5 with u(¢) = ||x(¢)||, we have

0<|lx(O]] =v(t), t=t. (3.6)

By the formula for the variation of parameters, we have

t

v(t) = W(tto)v(to) + | W(ts)[p([v(s)],) +€lds, t=t, (3.7)

to

where W (t,s), t,s = ty is the Cauchy matrix of linear impulsive system (refer to [6]):

o) =p(flw(t), t#t,

(3.8)
w(ty) =aw(ty), keN.
It is easily seen that
W (t,s) = etN)t=s) 1_[ oA, t=s=t. (3.9)
s<tp<t
Since 0 < < 1 and p = fx — tx_1, we have the following estimate:
Wi(t,s) < H(N(t=9) 5 [(1=5)/0-1]
) (3.10)
= —eltlDHinadelt=5) ¢ > 5> 4.
o
Combining with (3.7), we get
t
W(t) < ||¢(0)||e[ﬂ(fmna/g}(t—ro)+J PV +€ uirmaolii-s g, (3.11)
04 to 04
Since ¢ € Dy, we have
v(t)=|l¢p(t—to)||<aza <z, to—T<t<ty. (3.12)
In the following, we will prove that
V(t) <z, t=1. (313)

If this is not true, then by the estimate (3.12) and the piecewise continuity of v(t), there
exists a t* > t; satisfying

v(t*) =z, v(t)<z, fort<t*. (3.14)
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By (3.11), (3.12), and (3.14), we have

v(t) < ||¢(0)||e[y(f)+1na/g](t*—tn)+ ! p([v(s)]’[)+€e[#(f)+lna/g](t**s)d5
o

[0 to

t*
< W)/l ~t) 7 P(z%.z*‘f J plH(N)H el (" =) g
to

. z) +€ | - *
_ elu() e/l ~t0) % [#(f) T %] [1— eletN) /el ~to)]

:e[y(f)+lna/g](t*—t0){z2+P( ) + [ )+ ln(x] 1}_&[ (f) +1n_(x] 1.
(3.15)

In term of (3.4), u(f) +1Ina/p < 0 and t* > to, then

-1 1
v(t*)<zZ+p(Z%z+€[y(f)+h’?“] —&[(f) ln“] =2z (3.16)

This contradicts the first inequality in (3.14), and so the estimate (3.13) holds. Thus,

1 :=limsupv(t) < z,. (3.17)

t—+oo

Since u(f) +1Ina/p <0, for any given § > 0, there must be T > 0 such that

+o00
J el Hinedels g o 5 (3.18)
T

Furthermore, for the above positive number &, thereisa T" > f; such that
v(t)<n+d, fort>T. (3.19)

Employing (3.11), (3.13), (3.18), (3.19), and the monotonicity of p(-), when ¢t > T+ T’ +
7, we have

t
||‘/> ||e[}4(f)+lmx/g](t7to)+ p([v()],) +€e[,4(f)+lna/g](t—s)ds
to «

v(t) <

t=T

< el Inaelt=t) o) +J PUVL) +€ pymaeii—s) g
to (04

t

p([v()],) +e elu( D Hna/g)(t=9) g

=T 24

+

+o00
< e[y(f)+lnoc/g](t—to)zz + P(Zz) +€ J e[ﬂ(f)+lna/g]sd5
24 T

t
+ P(’7 +0)+e J ele())+nalol(t=5) 7o
o =T

-1
(3.20)
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Then, by u(f) +1Ina/p <0,

S -1
n = limsupy(r) < L2V T€ 5 pl1Td) ve [y(f) + ln—“] (3.21)
f—too o o 0
Letting § — 0%, we have
+€ | !

hn) =+ % |6+ %] <0, (3.22)

Combining with # < z; and h(z) >0 for any z € [z;,2:], then # < z;. From (3.6),
limsup||x(#)|| < limsupv(t) < z. (3.23)

t—+o0 f—+o00

The conclusion holds and the proof is complete. O

Remark 3.2. The above conclusion remains valid even when the inequality (3.1) holds
for z € (z1,22). In fact, for an enough small € > 0, the inequality (3.1) holds when z €
[z1 +€,2, — €]. According to Theorem 3.1, S} = {¢ € PC| ||¢|l; < z; + €} is an attracting
set of (2.2) and D] = {¢ € PC| ||§ll; < a(zo — €)} is an attracting basin of S}. Letting
€ — 0", we can obtain the conclusion.

According to Theorem 3.1 and Remark 3.2, we have the following corollaries.

CoRroOLLARY 3.3. Let ty — ty—1 < o for k € N. Suppose that (A,) and (A;) with0 < a < 1 and
p(z) = Bz+y hold, where B,y = 0. If B/a+1Ina/p + u(f) <0, then Sy = {¢p € PC | [|$]l; <
z1 = —(y/a)[B/a+1Ina/o+u(f)] '} is a globally attracting set of (2.2).

Proof. It is obvious that

Vi(2) = [§+ln?“+/,¢(f)]z+£<0, z€ (z1,400). (3.24)
According to the above results, S; = {¢ € PC| [|¢ll; < z1} is a globally attracting set of
(2.2). O

CoROLLARY 3.4. Let x = 0 be a solution of (2.2). If all the conditions in Theorem 3.1 are
satisfied except that the inequality (3.1) holds for z € (0,z,), then the zero solution is asymp-
totically stable and D, = {¢p € PC| ||§ll; < azy} is an asymptotically stable region of (2.2).

Proof. According to Theorem 3.1 and Remark 3.2, the zero solution attracts solutions
x(t,ty,¢) for all ¢ € D; and D, is a domain of attraction. Furthermore, for any given
ze €(0,z;] and ¢ € D = {¢p € PC| ||¢ll: < aze}, we can refer to the proof of (3.13) and
obtain that

[|x(t,t0,¢)|| <ze, t=to. (3.25)

This implies that the zero solution is stable. Thus, the zero solution is asymptotically
stable and D, = {¢ € PC | [|$ll; < az,} is an asymptotically stable region of (2.2). The
proof is complete. O



Z.Yangand D.Xu 9

Similarly, we can obtain the following results for the case with o > 1.

THEOREM 3.5. Let 0< 0 <ty — ty_; for k € N. Assume that (A1) and (A;) with « = 1 hold.
If there exist two nonnegative constants z) < z, such that for any z € (z1,22)

Wy(2) 1= ap(2) + [;;( o+ %"‘]z <0, (3.26)
then S, = {¢p € PC| |§ll; < z1} is an attracting set of (2.2) and D, = {¢ € PC| [1¢ll. <
zp/a} is an attracting basin of S,.

Proof. Since 0 < 0 <t — t—; and « > 1, we replace the estimate (3.10) in the proof of
Theorem 3.1 with
W (t,s) < aeltDHna/0lt=s) ¢ 5 ¢ > ¢ (3.27)

The rest of the proof is similar to one of the proof in Theorem 3.1 and we omit it here. [
According to Theorem 3.5, we have the following.

COROLLARY 3.6. Letty —tp—1 = 0 >0 for k € N. Suppose that (A,) and (A,) with « = 1 and
p(z) = Pz+y hold, where 3,y = 0. If af +1na/0+u(f) <0, then S; = {¢ € PC| l|¢ll; <
—aylaB+Ina/0+u(f)] 1} is a globally attracting set of (2.2).

CoROLLARY 3.7. Let x = 0 be a solution of (2.2). If all the conditions in Theorem 3.5 are sat-
isfied except that the inequality (3.26) holds for z € (0,z,), then the zero solution is asymp-
totically stable and D, = {¢p € PC| |pll; < za/a} is an asymptotically stable region.

4. Ilustrative examples
Example 4.1. Consider a scalar nonlinear impulsive delay system:

x(t) =ax(t) +bx*(t—1)+¢c, t#t, t=1t =0,

Ax(t) := x(te) —x(t7) = L (x(t7)), keEN, (1)

whereb # 0,0 <0 < fx — tr—1 < < +00, [x+I(x)| < atlx|. From (A;) and (A,), u(f) = a,
p(z) = |blz* + |c|. We discuss the attractiveness of (4.1) for the following cases.

Case 1 (0 <a<1). Clearly, ¥i(2) = (|bl/a)z? + (a + Ina/p)z + |c|/a. If a+Ina/p <
—24/1bcl/a, then the algebraic equation ¥, (z) = 0 has two different nonnegative roots:

—(a+lna/p) ¥ \/(a+lnac/g)2 —4|bc|/a?
= 2bl/a , (4.2)

21,2

and so W, (z) < 0 for z € (z1,22). According to Theorem 3.1 and Remark 3.2, §; = {¢ €
PC | [I§ll; <z} is an attracting set of (4.1) and Dy = {¢ € PC| [|¢]|; < az,} is an attract-
ing basin of S;. Especially, when ¢ = 0 and a +Ina/p <0, it follows from Corollary 3.4
that the zero solution of (4.1) is asymptotically stable and an asymptotically stable region
Dy = {¢ € PC| lI$]l; < —(a?/|b])(a+Ina/o)}.
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X
8 T T T T T
6 L
= 4 I
T 2t ]
O 4
2 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3
time (t)

(a)

x(t)
O =N W

0 2 4 6 8 10 12
time (t)

(b)

Figure 4.1. The trajectory of (4.1): (a) no impulses; (b) impulsive effects.

Case 2 (a > 1). Clearly, ¥5(z) = alblz> + (a+Ina/0)z + alc|. If a+1na/0 < —2a+/]bcl,
then the algebraic equation ¥,(z) = 0 has two different nonnegative roots:

—(a+Ina/0) ¥ J(a+Ina/0)? — 4a2|bc]

2alb] (4.3)

212 =

and so W1(z) < 0 for z € (z1,22). According to Theorem 3.5, S, = {¢ € PC | ||$ll; < z1}
is an attracting set of (4.1) and D, = {¢ € PC| [|¢ll; < z»/a} is an attracting basin of
S,. Especially, when ¢ = 0 and a +Ina/6 < 0, it follows from Corollary 3.7 that the zero
solution of (4.1) is asymptotically stable and an asymptotically stable region D, = {¢ €
PC | l1¢ll: < —=(1/a2|b])(a+1na/6)}.

Takea=b=1,c=10,7 =1, Ix(x) = —0.2x, and t; = t;_; + 0.025. From Case 1 with
a = 0.8 and p = 0.025, we have z; = 2.9449, z; = 3.3956, and so S; = {¢ € PC| [|¢]|; <
2.9449} is an attracting set of the impulsive system (4.1), D; = {¢ € PC| [|¢ll; < az; =
2.7165} is an attracting basin of S;. However, any solution of the corresponding contin-
uous delay system (i.e., Ax(#¢) = 0 in (4.1)) is unbounded. Figure 4.1 shows the different
asymptotical behaviors between the impulsive system and the corresponding continuous
system under the initial condition x(¢) = 2.7, t € [-1,0].

Example 4.2. Consider a two dimensional impulsive delay system
x1(t) = xysinx; (£) + x(t — 1) cos (x1(t — 1)) + 0.5 sine’, t =1ty =0,
%2(t) = x3co8x2(t) — x1(t — 1)sin (x2(t — 1)) + 0.5 cose’, t+# t,
Axy = x1 () — %1 () = —0.4x, (),  t = t_1 +0.15, (44

Axy = xz(t;) —xz(tk’) = —0.4X2(t];), k e N.
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27 — —
/ Global attracting set S;
1.5+ /J//
1r ”
0.5 /

X 0F
—05F

-1+

71'5.
1
_ . SRV o
-2 =15 -1 -0.5 0 0.5 1 1.5 2 2.5
X1

Figure 4.2. The global attracting set of the impulsive delay system (4.4).

Letting f (x) = (x; sinxy,x; cosxz)T,g(t,x) = (xy cosx; +0.5sinef, —x; sinx; +0.5cosef)T,
then || f(x)Il < lIxIl, llg(t, %)l < lIx|l + 0.5, where || - || is the 2-norm of the vector. From
Lemma 2.4, we can calculate the condition parameters in Theorem 3.1:

u(f) <1, p(z) =z+0.5, a = 0.6, 0=0.15,

4,
¥, (z) < —0.73882+0.8333 <0, z € (1.1279,+0). (4:5)
It follows from Theorem 3.1 (or Corollary 3.3) that S; = {¢ | [l < 1.1279} is a global
attracting set of (4.4). Figure 4.2 shows the attractivity of the impulsive delay system (4.4)
under the different initial conditions.
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