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We study the solution of one-dimensional generalized backward stochastic differential
equation driven by Teugels martingales and an independent Brownian motion. We prove
existence and uniqueness of the solution when the coefficient verifies some conditions
of Lipschitz. If the coefficient is left continuous, increasing, and bounded, we prove the
existence of a solution.
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1. Introduction

A linear version of backward stochastic differential equations (BSDEs) was first studied by
Bismut [4] as the adjoint processes in the maximum principal of stochastic control. Par-
doux and Peng in [20] introduced the notion of nonlinear BSDE. Since then, the interest
in BSDEs has increased.

Indeed, BSDEs provide connection with mathematical finance [10], stochastic control
[11], and stochastic game [9]. On the other hand, this class of BSDEs is a powerful tool
to give probabilistic formulas for solution of partial differential equations (see [18, 19]).

Given a Brownian motion (Wt)0≤t≤T , we denote by (�t)0≤t≤T its natural filtration.
Consider the nonlinear BSDE:

Yt = ξ +
∫ T
t
f
(
s,Ys,Zs

)
ds−

∫ T
t
ZsdWs, (1.1)

where ξ is an �T-measurable random variable that will become certain only at the termi-
nal time T , and f is a progressively measurable process.

In [20], the authors showed that there exists a unique �t-adapted process (Y ,Z) so-
lution of the BSDE (1.1), when the coefficient f is Lipschitz in y and z, ξ is square inte-
grable.
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2 Generalized BSDE driven by a Lévy process

Many existence and uniqueness results have been proved in relaxing the Lipschitz con-
dition of the coefficient. For instance, Peng introduced for the first time monotone coef-
ficient in [22], see also [2, 6, 8]. In the one-dimensional case, Lepeltier and San Martin
[13] described the BSDEs with a continuous coefficient, and Kobylanski [12] studied
those with a coefficient which is quadratic in z.

Further, other settings of BSDEs have been introduced. Pardoux and Zhang [21] in-
troduced a new class of BSDEs, which involves the integral with respect to a continuous
increasing process. This kind of equations is called generalized BSDEs.

In [20, 21], the main ingredient is the classical martingale representation theorem. In
[16], Nualart and Schoutens proved a martingale representation theorem for Lévy pro-
cesses, then in [17] they established the existence and uniqueness of solution for BSDEs
associated with Lévy process. Bahlali et al. [1] showed the same result for the BSDEs
driven by a Brownian motion and the martingales of Teugels associated with an indepen-
dent Lévy process, having a Lipschitz or a locally Lipschitz coefficient.

The aim of this paper is to study the one-dimensional generalized BSDE driven by a
Brownian motion and the martingales of Teugels associated to a pure jump-independent
Lévy process. We prove existence and uniqueness of the solution when the coefficient ver-
ifies some conditions of Lipschitz. In this setting, we deal with both constant and random
terminal times. If the coefficient is left continuous, increasing, and bounded, we prove
the existence of a solution. As an application, we give a probabilistic interpretation for
large class of partial differential integral equations (PDIEs) with Neumann (nonlinear)
boundary condition.

The rest of the paper is organized as follows. In Section 2, we introduce some nota-
tions. In Section 3, we prove the existence and uniqueness of the solution of the gener-
alized BSDE when the coefficient is monotone in y and uniformly Lipschitz in z and u.
Section 4 is devoted to study the case where the coefficient is left continuous in y, increas-
ing, and bounded. Finally, we give in Section 5 a probabilistic interpretation of PDIE with
Neumann boundary condition, and we introduce some examples of PDIE.

2. Preliminaries

Let (Ω,�, (�t)t∈[0,T],P) be a complete probability space. (�t)t∈[0,T] is a right-continuous
filtration (�t =

⋂
ε>0 �t+ε =�t+ ) generated by (Wt)t∈[0,T], a standard Brownian motion

in R, and a Lévy process Lt = bt+ lt, where lt is a pure jumps process, corresponding to a
standard Lévy measure ν defined in R \ {0} satisfying

(i)
∫
R(1∧ x2)ν(dx) < +∞,

(ii) for some λ > 0 and every ε > 0,
∫

(−ε,ε)c e
λ|x|ν(dx) < +∞.

(�t)t∈[0,T] is completed by �, the totality of P-null sets.
For every λ ∈ R, μ ≥ 0, every increasing process (At)t and every Hilbert space H , we

denote
(i) �2 = {x = (xn)n≥0 ∈RN/‖x‖2 =∑+∞

n=0 |xn|2 < +∞},
(ii) �2

λ,μ(A,H) is the set formed by H-valued progressively measurable processes
(Xt)t≥0 such that

E
(∫ T

0
eλs+μAs

∥∥Xs∥∥2
Hds+

∫ T
0
eλs+μAs

∥∥Xs∥∥2
HdAs

)
<∞ (2.1)
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and �2
λ,μ(H) is the same space satisfying

E
∫ T

0
eλs+μAs

∥∥Xs∥∥2
Hds <∞, (2.2)

(iii) �2
λ,μ(R) is the subspace of �2

λ,μ(R) of the processes (Yt)t≥0 satisfying

E sup
0≤t≤T

eλt+μAt
∣∣Yt∣∣2

<∞, (2.3)

(iv) �2
λ,μ =�2

λ,μ(A,R)×�2
λ,μ(R)×�2

λ,μ(�2) and �2 =�2
0,0,

(v) �2
λ =�2

λ,0(R)×�2
λ,0(R)×�2

λ,0(�2),
(vi) �2

λ(R,�2)=�2
λ,0(R)×�2

λ,0(�2).
We put Lt− = lims↗t Ls and ΔLt = Lt −Lt− . We define the so-called power-jump processes

L(1)
t = Lt and L(i)

t =
∑

0<s≤t(ΔLs)i, i≥ 2.
Let m1 = EL1 and mi =

∫ +∞
−∞ xiν(dx), i≥ 2.

For all i≥ 1, we put Y (i)
t = L(i)

t −mit, called Teugels martingales.
We associated with the Lévy process (Lt)t the family of processes (H(i))i≥1 defined

by H(i)
t =∑i

j=1 ai jY
( j)
t . The coefficients ai j correspond to the orthonormalization of the

polynomials 1,X ,X2, . . . with respect to the measure π defined by π(dx) = x2ν(dx). We
set for i≥ 1,

pi(x)= ai,ixi + ai,i−1x
i−1 + ···+ ai,1x. (2.4)

The martingales H(i) are strongly orthogonal (i.e., H(i)H( j) is a martingale ⇔ [H(i),H( j)]
is a martingale) and 〈H(i),H( j)〉t = δi jqit, where qi =

∑i
j,k=1 ai jaikmj+k (for more details,

see [16]).
Let us give the data (ξ, f ,g,A) defined by

(i) a terminal value ξ ∈ L2(Ω,FT ,P),
(ii) a map f : Ω×R×R×R× �2 →R, and g : Ω×R×R→R,

(iii) a continuous one-dimensional increasing �t-progressively measurable process
(At)t∈[0,T] satisfying A0 = 0.

In the following, C denotes a generic constant, that may take different values from line to
line.

3. Generalized BSDEs driven by a Lévy process on a finite interval

In this section, we propose to show the existence and uniqueness of the solution of gen-
eralized BSDE driven by a Brownian motion and independent Lévy process (GBSDEL).

Given the data (ξ, f ,g,A), we introduce for all t ∈ [0,T] the GBSDEL:

Yt = ξ +
∫ T
t
f
(
s,Ys− ,Zs,Us

)
ds+

∫ T
t
g
(
s,Ys−

)
dAs−

∫ T
t
ZsdWs−

+∞∑
i=1

∫ T
t
U (i)
s dH

(i)
s .

(3.1)
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We assume that for some constant α∈R, β < 0, μ≥ 0, and K > 0, some adapted processes
{ϕt ,ψt; 0 ≤ t ≤ T} with values in [1,+∞) for all t ∈ [0,T] and (y,z,u),(y′,z′,u′) ∈ R×
R× �2 are

(3.i) E(eμAT |ξ|2) < +∞,
(3.ii) f (·, y,z,u) and g(·, y) are progressively measurable,

(3.iii) (y− y′)( f (t, y,z,u)− f (t, y′,z,u))≤ α|y− y′|2,
(3.iv) f is uniformly K-Lipschitz with respect to (z,v), that is,

P—a.s
∣∣ f (t, y,z,v)− f (t, y,z′,v′)

∣∣≤ K(|z− z′|+‖v− v′‖), (3.2)

(3.v) (y− y′)(g(t, y)− g(t, y′))≤ β|y− y′|2,
(3.vi) | f (t, y,z,u)| ≤ ϕt +K(|y|+ |z|+‖u‖) and |g(t, y)| ≤ ψt +K|y|,

(3.vii) E(
∫ T

0 e
μAt |ϕt|2dt+

∫ T
0 e

μAt |ψt|2dAt) < +∞,
(3.viii) y �→ ( f (t, y,z,u),g(t, y)) is continuous for all (t,z,u) a.s.

Definition 3.1. A solution of GBSDEL is a triplet (Y ,Z,U) of progressively measurable
processes satisfying (3.1) such that

E

(
sup

0≤t≤T

∣∣Yt∣∣2
+
∫ T

0

(∣∣Zt∣∣2
+
∥∥Ut

∥∥2)
dt+

∫ T
0

∣∣Yt∣∣2
dAt

)
< +∞. (3.3)

The objective of this section is to prove the next results.

Theorem 3.2. Under the assumptions (3.i)–(3.viii), the GBSDEL (3.1) has a unique solu-
tion.

We want next to state an analogous result in the case where the terminal time is re-
placed by a stopping time τ. More precisely, we consider the BSDE:

Yt = YT +
∫ T∧τ
t∧τ

f
(
s,Ys− ,Zs,Us

)
ds+

∫ T∧τ
t∧τ

g
(
s,Ys−

)
dAs−

∫ T∧τ
t∧τ

Zs dWs

−
+∞∑
i=1

∫ T∧τ
t∧τ

U (i)
s dH(i)

s , ∀0≤ t ≤ T <∞,

Yt = ξ on the set {t ≥ τ}.

(3.4)

We assume that ξ is an �τ-measurable, and that for some λ > 2α+ 4K2, μ > 2β.
(3.ii)′

E
(∫∞

0
eλt+μAt

(∣∣ϕt∣∣2
+
∣∣ f (t,ξt,ζt,ρt)∣∣2

)
dt+

∫∞
0
eλt+μAt

(∣∣ψt∣∣2
+
∣∣g(t,ξt)∣∣2

)
dAt

)
<∞,

(3.5)

where ξt = E(ξ/�t), ζ and ρ = (ρ(i))∞i=1 are progressively measurable processes such that
E
∫ τ

0 (|ζt|2 +‖ρt‖2)dt <∞, and

ξ = E(ξ) +
∫ τ

0
ζtdWt +

+∞∑
i=1

∫ τ
0
ρ(i)
t dH

(i)
t . (3.6)
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The existence of (ζt)t and (ρt)t is insured by combining the results of Løkka [14] and
Nualart and Schoutens [16].
(3.viii)′ E((1 + eλτ+μAτ )|ξ|2) <∞.
The result which we want to prove is the following.

Theorem 3.3. Under the conditions (3.i), (3.ii)′, (3.iii)–(3.vii), (3.viii)′, there exists
a unique progressively measurable process (Yt,Zt,Ut)0≤t≤τ solution of (3.4), such that for
some λ > 2α+ 4K2 and μ > 2β,

E

(
sup

0≤t≤τ

∣∣Yt∣∣2
+
∫ τ

0
eλt+μAt

∣∣Yt∣∣2
dAt +

∫ τ
0
eλt+μAt

(∣∣Zt∣∣2
+
∥∥Ut

∥∥2)
dt

)
< +∞. (3.7)

Remark 3.4. By Itô’s formula, we can write

eμAtYt = eμAT ξ +
∫ T
t
eμAs f

(
s,Ys− ,Zs,Us

)
ds+

∫ T
t
eμAs

(
g
(
s,Ys−

)−μYs−)dAs

−
∫ T
t
eμAsZsdWs−

+∞∑
i=1

∫ T
t
eμAsU (i)

s dH
(i)
s +μ

+∞∑
i=1

[∫ ·
0
eμAsdAs,

∫ ·
0
U (i)
s dH

(i)
s

]T
t

,

(3.8)

for all i≥ 1, the process (
∫ t

0 U
(i)
s dH(i)

s )t≥0 is a pure jumps process, then by [23, Theorem
26, page 75], the last term is equal to 0. So, if (Yt,Zt,Ut) satisfies (3.1), then

(
Yt,Zt,Ut

)= (eμAtYt,eμAtZt,eμAtUt
)

(3.9)

satisfies an analogous GBSDEL with f and g replaced by

f (t, y,z,u)= eμAt f (t,e−μAt y,e−μAt z,e−μAtu
)
,

g(t, y)= eμAt g(t,e−μAt y)−μy.
(3.10)

Hence, if g satisfies (3.v) with a possibly nonnegative β, we can always choose μ such that
g satisfies (3.v) with a strictly negative β.

3.1. Preliminary estimates and uniqueness. We first establish a priori estimate on the
solution.

Proposition 3.5. Under the conditions (3.i)–(3.viii), if (Y ,Z,U) is solution of (3.1), then
there exists a constant C > 0 only depending on α, β, K , and T , such that

E

(
sup

0≤t≤T

∣∣Yt∣∣2
+
∫ T

0

∣∣Yt∣∣2
dAt +

∫ T
0

(∣∣Zt∣∣2
+
∥∥Ut

∥∥2)
dt

)

≤ C
(
E|ξ|2 +E

∫ T
0

∣∣ f (t,0,0,0)
∣∣2
dt+E

∫ T
0

∣∣g(t,0)
∣∣2
dAt

)
.

(3.11)
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Proof. From Itô’s formula,

|ξ|2 = ∣∣Yt∣∣2− 2
∫ T
t
Ys− f

(
s,Ys− ,Zs,Us

)
ds− 2

∫ T
t
Ys−g

(
s,Ys−

)
dAs +

∫ T
t

∣∣Zs∣∣2
ds

+ 2
∫ T
t
YsZsdWs + 2

∞∑
i=1

∫ T
t
YsU

(i)
s dH

(i)
s +

∞∑
i, j=1

∫ T
t
U (i)
s U

( j)
s d

[
H(i),H( j)]

s.

(3.12)

Let us note that (
∫ t

0 YsZs dWs)0≤t≤T , (
∫ t

0 YsU
(i)
s dH

(i)
s )0≤t≤T for all i≥1 and (

∫ t
0 U

(i)
s U

( j)
s d[H(i),

H( j)]s)0≤t≤T for i �= j are uniformly integrable martingales.
Taking the expectation, we get

E
∣∣Yt∣∣2

+E
∫ T
t

(∣∣Zs∣∣2
+
∥∥Us

∥∥2)
ds

= E|ξ|2 + 2E
∫ T
t
Ys f

(
s,Ys,Zs,Us

)
ds+ 2E

∫ T
t
Ysg

(
s,Ys

)
dAs.

(3.13)

On the other hand, by (3.iii)–(3.v), we can write

Ys f
(
s,Ys,Zs,Us

)≤ α∣∣Ys∣∣2
+
∣∣Ys∣∣(∣∣ f (s,0,0,0)

∣∣+K
(∣∣Zs∣∣+

∥∥Us

∥∥))

≤ (2α+ 1)
∣∣Ys∣∣2

+
∣∣ f (s,0,0,0)

∣∣2
+

2K2

α

(∣∣Zs∣∣2
+
∥∥Us

∥∥2)
,

Ysg
(
s,Ys

)≤ β∣∣Ys∣∣2
+
∣∣Ys∣∣∣∣g(s,0)

∣∣

≤−|β|
2

∣∣Ys∣∣2
+

2
|β|

∣∣g(s,0)
∣∣2
.

(3.14)

Consequently, for α≥ 2K2, we can write

E
∣∣Yt∣∣2

+E
∫ T
t

∣∣Ys∣∣2
dAs +E

∫ T
t

(∣∣Zs∣∣2
+
∥∥Us

∥∥2)
ds

≤ CE
(
|ξ|2 +

∫ T
0

∣∣ f (s,0,0,0)
∣∣2
ds+

∫ T
0

∣∣g(s,0)
∣∣2
dAs +

∫ T
t

∣∣Ys∣∣2
ds
)
.

(3.15)

By the Gronwall lemma, we conclude that

sup
0≤t≤T

E
∣∣Yt∣∣2

+E
∫ T

0

(∣∣Zs∣∣2
+
∥∥Us

∥∥2)
ds+E

∫ T
0

∣∣Ys∣∣2
dAs

≤ C
(
E|ξ|2 +E

∫ T
0

∣∣ f (s,0,0,0)
∣∣2
ds+E

∫ T
0

∣∣g(s,0)
∣∣2
dAs

)
.

(3.16)

The result follows from this and from Burkhölder-Davis-Gundy inequality. �

Proposition 3.6. Under the assumption (3.i)–(3.viii), there exists at most one progressively
measurable process (Yt,Zt,Ut)0≤t≤T solution of (3.1).
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Proof. Let (Y 1,Z1,U1) and (Y 2,Z2,U2) be two solutions of (3.1).
We denote by

δYs = Y 1
s −Y 2

s , δZs = Z1
s −Z2

s , δUs =U1
s −U2

s ,

δ fs = f
(
s,Y 1

s ,Z1
s ,U1

s

)− f
(
s,Y 2

s ,Z2
s ,U2

s

)
, δgs = g

(
s,Y 1

s

)− g(s,Y 2
s

)
.

(3.17)

From Itô’s formula,

E
∣∣δYt∣∣2

+E
∫ T
t

(∣∣δZs∣∣2
+
∥∥δUs

∥∥2)
ds= 2E

∫ T
t
δYsδ fsds+ 2E

∫ T
t
δYsδgsdAs. (3.18)

However, by (3.iii)–(3.v), we have

δYsδ fs ≤ 2α
∣∣δYs∣∣2

+
2K2

α

(∣∣δZs∣∣2
+
∥∥δUs

∥∥2)
,

δYsδgs ≤ β
∣∣δYs∣∣2

.
(3.19)

Substituting these inequalities, we obtain

E
∣∣δYs∣∣2

+ 2|β|E
∫ T
t

∣∣δYs∣∣2
dAs +

(
1− 4K2

α

)
E
∫ T
t

(∣∣δZs∣∣2
+
∥∥δUs

∥∥2)
ds

≤ 4αE
∫ T
t

∣∣δYs∣∣2
ds.

(3.20)

For α≥ 4K2, we conclude by the Gronwall lemma that (δY ,δZ,δU)= (0,0,0). �

3.2. Existence result of GBSDEL on fixed finite time interval. We first prove existence
and uniqueness result under an additional assumption.

We suppose that for all y, y′,z ∈R and u∈ �2, dt×dP a.e.
(3.ix)

∣∣ f (t, y,z,u)− f (t, y′,z,u)
∣∣+

∣∣g(t, y)− g(t, y′)
∣∣≤ K|y− y′|. (3.21)

Theorem 3.7. Under the assumptions (3.i), (3.ii), (3.iv)–(3.ix), there exists a unique pro-
gressively measurable process (Yt,Zt,Ut)0≤t≤T solution of (3.1).

Proof. First let us assume that the map f does not depend on (y,z,v). Using the martin-
gale representation theorem, we can prove that the following GBSDE:

Yt = ξ +
∫ T
t
f (s)ds+

∫ T
t
g(s)dAs−

∫ T
t
ZsdWs−

+∞∑
i=1

∫ T
t
U (i)
s dH

(i)
s (3.22)

has a unique solution that verifies (3.3).
Now, define the sequence (Yn,Zn,Un) as follows.
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(Y 0,Z0,U0)= (0,0,0), and (Yn+1,Zn+1,Un+1) is the unique solution of the BSDE:

Yn+1
t = ξ +

∫ T
t
f
(
s,Yn

s− ,Zns ,Un
s

)
ds+

∫ T
t
g
(
s,Yn

s−
)
dAs−

∫ T
t
Zn+1
s dWs

−
∞∑
i=1

∫ T
t
Un+1(i)
s dH(i)

s .

(3.23)

We will prove that (Yn,Zn,Un) is a Cauchy sequence in the Banach space �2
λ,μ.

Note that for some (λ,μ), we can show that

sup
n≥0

(
E sup

0≤t≤T
eλt+μAt

∣∣Yn
t

∣∣2
+E

∫ T
0
eλt+μAt

∣∣Yn
t

∣∣2
dt+E

∫ T
0
eλt+μAt

∣∣Yn
t

∣∣2
dAt

+E
∫ T

0
eλt+μAt

(∣∣Znt
∣∣2

+
∥∥Un

t

∥∥2)
dt

)
≤ C.

(3.24)

To simplify, we put for n≥m≥ 1 and 0≤ s≤ T

Y
n,m
s = Yn

s −Ym
s , Z

n,m
s = Zns −Zms , U

n,m
s =Un

s −Um
s ,

f
n,m

s = f
(
s,Yn

s ,Zns ,Un
s

)− f
(
s,Ym

s ,Zms ,Um
s

)
, gn,m

s = g(s,Yn
s

)− g(s,Ym
s

)
.

(3.25)

If we apply Itô’s formula and if we take the expectation, we have

Eeλt+μAt
∣∣Yn+1,m+1

t

∣∣2
+ λE

∫ T
t
eλs+μAs

∣∣Yn+1,m+1
s

∣∣2
ds+μE

∫ T
t
eλs+μAs

∣∣Yn+1,m+1
s

∣∣2
dAs

+E
∫ T
t
eλs+μAs

(∣∣Zn+1,m+1
s

∣∣2
+
∥∥Un+1,m+1

s

∥∥2)
ds

= 2E
∫ T
t
eλs+μAsY

n+1,m+1
s f

n,m

s ds+ 2E
∫ T
t
eλs+μAsY

n+1,m+1
s gn,m

s dAs

≤ 6K2E
∫ T
t
eλs+μAs

∣∣Yn+1,m+1
s

∣∣2
ds+ 2K2E

∫ T
t
eλs+μAs

∣∣Yn+1,m+1
s

∣∣2
dAs

+
1
2
E
∫ T
t
eλs+μAs

(∣∣Yn,m
s

∣∣2
+
∣∣Zn,m

s

∣∣2
+
∥∥Un,m

s

∥∥2)
ds+

1
2
E
∫ T
t
eλs+μAs

∣∣Yn,m
s

∣∣2
dAs.

(3.26)

Choosing λ= 1 + 6K2 and μ= 1 + 2K2, we deduce that

∥∥(Yn+1,m+1
,Z

n+1,m+1
,U

n+1,m+1)∥∥2
�2
λ,μ
≤ 1

2

∥∥(Yn,m
,Z

n,m
,U

n,m)∥∥2
�2
λ,μ

≤
(

1
2

)m+1∥∥(Yn−m,Zn−m,Un−m)∥∥2
�2
λ,μ

≤ C

2m+1

m→∞−−−−→ 0.

(3.27)
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Consequently, the sequence (Yn,Zn,Un) converges in the Banach space �2
λ,μ to a process

(Y ,Z,U), that is not difficult to show that verifies (3.1). �

We now establish existence and uniqueness for (3.1) under the conditions (3.i)–(3.viii).
First, we need the following proposition.

Proposition 3.8. Given (Z̃,Ũ)∈�2
0(R,�2), there exists a unique progressively measurable

process (Yt,Zt,Ut)0≤t≤T solution of

Yt = ξ +
∫ T
t
f
(
s,Ys− , Z̃s,Ũs

)
ds+

∫ T
t
g
(
s,Ys−

)
dAs−

∫ T
t
ZsdWs−

+∞∑
i=1

∫ T
t
U (i)
s dH

(i)
s . (3.28)

Proof. The proof is very similar to that of [21, Proposition 1.8].

To simplify, we put f̃ (s, y)= f (s, y, Z̃s,Ũs). Notice that f (s, y) satisfies the following.

(3.iii)′ (y− y′)( f̃ (s, y)− f̃ (s, y′))≤ α|y− y′|2.

(3.vi)′ | f̃ (t, y)| ≤ ϕ̃t +K|y|.
(3.vii)′ E

∫ T
0 |ϕ̃t|2dt <∞.

(3.viii)′ y �→ f̃ (t, y) is continuous dP×dt a.e.

We approximate f̃ and g by f̃n and gn such that

(i) for each n, f̃n and gn are uniformly Lipschitz in y,
(ii) fn satisfies (3.iii)′ and (3.vi)′, and gn satisfies (3.v) and (3.vi) with fixed constants

α, β, K and fixed process {(ϕ̃t)t, (ψt)t}0≤t≤T satisfying (3.vii)′ and (3.vii).
For each n, there exists a unique progressively measurable process (Ỹ n, Z̃n,Ũn) solution
of (3.1), such that

sup
n≥0
E

(
sup

0≤t≤T

∣∣Ỹ n
t

∣∣2
+
∫ T

0

∣∣Ỹ n
t

∣∣2
dAt +

∫ T
0

(∣∣Z̃nt
∣∣2

+
∥∥Ũn

t

∥∥2)
dt

)
<∞. (3.29)

Defining Ṽn
t = f̃n(t, Ỹ n

t ) and W̃n
t = g(t, Ỹ n

t ), we deduce from the above and from our as-
sumptions that

sup
n≥0
E
(∫ T

0

∣∣Ṽn
t

∣∣2
dt+

∫ T
0

∣∣W̃n
t

∣∣2
dAt

)
<∞. (3.30)

From weak convergence along a subsequence, we conclude that there exists a progressively
measurable process (Yt,Zt,Ut,Ṽt,W̃t)0≤t≤T verifying

Yt = ξ +
∫ T
t
Ṽsds+

∫ T
t
W̃sdAs−

∫ T
t
ZsdWs−

+∞∑
i=1

∫ T
t
U (i)
s dH

(i)
s . (3.31)

Finally, we can show that Ṽt = f̃ (t,Yt) and W̃t = g(t,Yt).
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Let X and X ′ be two progressively measurable processes such that

E
∫ T

0

∣∣Xt∣∣2
dt <∞, E

∫ T
0

∣∣X ′t
∣∣2
dAt <∞,

E
∫ T

0
eαt
(
Ỹ n
t −Xt

)(
f̃n
(
t, Ỹ n

t

)− f̃n
(
t,Xt

)−α(Ỹ n
t −Xt

))
dt

+E
∫ T

0
eαt
(
Ỹ n
t −X ′t

)(
gn
(
t, Ỹ n

t

)− gn(t,X ′t ))dAt ≤ 0.

(3.32)

Since E
∫ T

0 | f̃n(t,Xt)− f̃ (t,Xt)|2dt+E
∫ T

0 |gn(t,X ′t )− g(t,X ′t )|2dAt → 0 as n→ +∞, we can
write

lim
n→∞supE

∫ T
0
eαt
(
Ỹ n
t −Xt

)(
f̃n
(
t, Ỹ n

t

)− f̃
(
t,Xt

)−α(Ỹt −Xt))dt

+E
∫ T

0
eαt
(
Ỹ n
t −X ′t

)(
gn
(
t, Ỹ n

t

)− g(t,X ′t ))dAt ≤ 0.

(3.33)

On the other hand, if we apply Itô’s formula, we obtain

E
∫ T

0
2eαtỸ n

t

(
f̃n
(
t, Ỹ n

t

)−αỸn
t

)
dt+ 2E

∫ T
0
eαtỸ n

t gn
(
t, Ỹ n

)
dAt

= ∣∣Ỹ n
0

∣∣2− eαTE|ξ|2 +E
∫ T

0
eαt
(∣∣Z̃nt

∣∣2
+
∥∥Ũn

t

∥∥2)
dt.

(3.34)

Using the fact that Ỹ n
0 → Y0 in R, and that the mapping

(Z,U) �−→ E
∫ T

0
eαt
(∣∣Zt∣∣2

+
∥∥Ut

∥∥2)
dt (3.35)

is convex and continuous in �2
α(R,�2), we get

lim
n→∞ inf E

∫ T
0

2eαtỸ n
t

(
f̃n
(
t, Ỹ n

t

)−αỸn
t

)
dt+ 2E

∫ T
0
eαtỸ n

t gn
(
t, Ỹ n

t

)
dAt

≥ ∣∣Y0
∣∣2− eαTE|ξ|2 +E

∫ T
0
eαt
(∣∣Zt∣∣2

+
∥∥Ut

∥∥2
)
dt

= E
∫ T

0
2eαtYt

(
Ṽt −αYt

)
dt+ 2E

∫ T
0
eαtYtW̃tdAt.

(3.36)

Combining this inequality and (3.33), we obtain

E
∫ T

0
eαt
(
Yt −Xt

)(
Ṽt − f̃

(
t,Xt

)−α(Yt −Xt))dt

+E
∫ T

0
eαt
(
Yt −X ′t

)(
W̃t − g

(
t,X ′t

))
dAt ≤ 0.

(3.37)
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We choose Xt = Yt − ε(Ṽt − f (t,Yt)), X ′t = Yt − ε(W̃t − g(t,Yt)), divide them by ε and let
ε→ 0 to conclude. �

Proof of Theorem 3.2. We construct a mapping Φ from �2 into itself, which to (Ỹ , Z̃,Ũ)
associates (Y ,Z,U)=Φ(Ỹ , Z̃,Ũ) solution of (3.28). Our aim is to show that Φ admits a
unique fixed point.

Let (Ỹ , Z̃,Ũ) and (Ỹ ′, Z̃′,Ũ ′)∈�2 such that

(Y ,Z,U)=Φ(Ỹ , Z̃,Ũ), (Y ′,Z′,U ′)=Φ(Ỹ ′, Z̃′,Ũ ′). (3.38)

Denote by δXs = Xs−X ′s for X = Y , Ỹ , Z, Z̃, U , and Ũ .
It follows from Itô’s formula and the conditions (3.iii)–(3.v) that

eγtE
∣∣δYt∣∣2

+E
∫ T
t
eγs
∣∣δYs∣∣2(

γds+ 2|β|dAs
)

+E
∫ T
t
eγs
(∣∣δZs∣∣2

+
∥∥Us

∥∥2)
ds

≤ 2αE
∫ T
t
eγs
∣∣δYs∣∣2

ds+ 2KE
∫ T
t
eγs
∣∣δYs∣∣(∣∣δZ̃s∣∣+

∥∥δŨs

∥∥)ds

≤ (2α+ 4K2)E
∫ T
t
eγs
∣∣δYs∣∣2

ds+
1
2
E
∫ T
t
eγs
(∣∣δZ̃s∣∣2

+
∥∥δŨs

∥∥2)
ds.

(3.39)

Choosing γ = 1 + 2α+ 4K2, we deduce that

∥∥(δY ,δZ,δU)
∥∥2

�2
γ
≤ 1

2

∥∥(δỸ ,δZ̃,δŨ)
∥∥2

�2
γ
. (3.40)

It follows that Φ has a unique fixed point solution of the GBSDEL (3.1). �

3.3. Existence and uniqueness results for the GBSDEL on a random time interval

Proof of Theorem 3.3 (uniqueness). Let (Y 1,Z1,U1) and (Y 2,Z2,U2) be two solutions of
(3.4) and satisfy (3.7). We keep the same notations as in the proof of Proposition 3.6.

From Itô’s formula and passing to the expectation,

Eeλ(T∧τ)+μAT∧τ
∣∣δYT∣∣2 = Eeλ(t∧τ)+μAt∧τ

∣∣δYt∣∣2
+E

∫ T∧τ
t∧τ

eλs+μAs
∣∣δYs∣∣2(

λds+μdAs
)

+E
∫ T∧τ
t∧τ

eλs+μAs
(∣∣δZs∣∣2

+
∥∥δUs

∥∥2)
ds

− 2E
∫ T∧τ
t∧τ

eλs+μAsδYsδ fsds− 2E
∫ T∧τ
t∧τ

eλs+μAsδYsδgsdAs.

(3.41)
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By the assumptions (3.iii)–(3.v), we can write

Eeλ(t∧τ)+μAt∧τ
∣∣δYt∣∣2

+ λE
∫ T∧τ
t∧τ

eλs+μAs
∣∣δYs∣∣2

ds+μE
∫ T∧τ
t∧τ

eλs+μAs
∣∣δYs∣∣2

dAs

+E
∫ T∧τ
t∧τ

eλs+μAs
∣∣δZs∣∣2

ds+E
∫ T∧τ
t∧τ

eλs+μAs
∥∥δUs

∥∥2
ds

≤ Eeλ(T∧τ)+μAT∧τ
∣∣δYT∣∣2

+ 2βE
∫ T∧τ
t∧τ

eλs+μAs
∣∣δYs∣∣2

dAs

+ 2E
∫ T∧τ
t∧τ

eλs+μAs
(
α
∣∣δYs∣∣2

+K
∣∣δYs∣∣(∣∣δZs∣∣+

∥∥δUs

∥∥))ds.

(3.42)

Let ν= (λ− 2α− 4K2)∧ (μ− 2β), then

Eeλ(t∧τ)+μAt∧τ
∣∣δYt∣∣2

+ ν
(
E
∫ T∧τ
t∧τ

eλs+μAs
∣∣δYs∣∣2

ds+E
∫ T∧τ
t∧τ

eλs+μAs
∣∣δYs∣∣2

dAs

)

+
1
2
E
∫ T∧τ
t∧τ

eλs+μAs
(∣∣δZs∣∣2

+
∥∥δUs

∥∥2)
ds

≤ Eeλ(T∧τ)+μAT∧τ
∣∣δYT∣∣2

.

(3.43)

First, δYt = 0 on the set {t ≥ τ}. On the other hand, we could prove similarly that

Eeλ
′(t∧τ)+μAt∧τ

∣∣δYt∣∣2 ≤ Eeλ′(T∧τ)+μAT∧τ
∣∣δYT∣∣2

(3.44)

for λ > λ′ > 2α+ 4K2. Then for t ≤ T ≤ τ,

Eeλ
′t+μAt

∣∣δYt∣∣2 ≤ e(λ′−λ)TEeλT+μAT
∣∣δYT∣∣2 ≤ Ce(λ′−λ)T . (3.45)

The right-hand side goes to 0 as T tend to +∞.
It follows that (δY ,δZ,δU)= (0,0,0).

Existence. In view of Theorem 3.3, by using the BSDE with data (ξn,I[0,τ] f ,I[0,τ]g,A),
for each n ≥ 0, we construct the sequence (Yn

t ,Znt ,Un
t )0≤t≤T solution of the following

GBSDEL:

Yn
t = ξn +

∫ n∧τ
t∧τ

f
(
s,Yn

s− ,Zns ,Un
s

)
ds+

∫ n∧τ
t∧τ

g
(
s,Yn

s−
)
dAs−

∫ n∧τ
t∧τ

Zns dWs

−
+∞∑
i=1

∫ n∧τ
t∧τ

Un(i)
s dH(i)

s ∀0≤ t ≤ n,

Yn
t = ξt Znt = ζt Un

t = ρt ∀t ≥ n.

(3.46)
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We suppose that Znt = 0, Un
t = 0 for all t > τ.

In fact, (3.46) is equivalent to

Yn
t = ξ +

∫ n
t
I[0,τ] f

(
s,Yn

s− ,Zns ,Un
s

)
ds+

∫ n
t
I[0,τ]g

(
s,Yn

s−
)
dAs−

∫ n
t
Zns dWs

−
+∞∑
i=1

∫ n
t
Un(i)
s dH(i)

s ∀t ≤ n.
(3.47)

In the same way of Proposition 3.5, we can show that

sup
n≥0
E

(
sup
s≥t

eλ(s∧τ)+μAs∧τ
∣∣Yn

s∧τ
∣∣2

+
∫ τ
t∧τ

eλr+μAr
∣∣Yn

r

∣∣2
dAr

+
∫ τ
t∧τ

eλr+μAr
(∣∣Yn

r

∣∣2
+
∣∣Znr

∣∣2
+
∥∥Un

r

∥∥2)
dr

)

≤ CE
(
eλτ+μAτ |ξ|2 +

∫ τ
0
eλr+μAr

(∣∣ f (r,0,0,0)
∣∣2
dr +

∣∣g(r,0)
∣∣2
dAr

))
.

(3.48)

We now prove that (Yn,Zn,Un) is a Cauchy sequence in the Banach space �2
λ,μ.

We adopt the notations which are in the proof of Theorem 3.7.
(i) For m≤ t ≤ n,

Ym
t = ξt = E

(
ξ/�n

)−
∫ n∧τ
t∧τ

ζsdWs−
+∞∑
i=1

∫ n∧τ
t∧τ

ρ(i)
s dH(i)

s

= E(ξ/�n
)−

∫ n∧τ
t∧τ

Zms dWs−
+∞∑
i=1

∫ n∧τ
t∧τ

Um(i)
s dH(i)

s .

(3.49)

Then we have

Y
n,m
t =

∫ n∧τ
t∧τ

f
(
s,Yn

s− ,Zns ,Un
s

)
ds+

∫ n∧τ
t∧τ

g
(
s,Yn

s−
)
dAs−

∫ n∧τ
t∧τ

Z
m,n
s dWs

−
+∞∑
i=1

∫ n∧τ
t∧τ

U
n,m(i)
s dH(i)

s .

(3.50)

If we apply Itô’s formula, we obtain

Eeλt+μAt
∣∣Yn,m

t

∣∣2
+ λE

∫ n∧τ
t∧τ

eλs+μAs
∣∣Yn,m

s

∣∣2
ds+μE

∫ n∧τ
t∧τ

eλs+μAs
∣∣Yn,m

s

∣∣2
dAs

+E
∫ n∧τ
t∧τ

eλs+μAs
(∣∣Zn,m

s

∣∣2
+
∥∥Un,m

s

∥∥2)
ds

= 2E
∫ n∧τ
t∧τ

eλs+μAsY
n,m
s

(
f
(
s,Yn

s ,Zns ,Un
s

)
ds+ g

(
s,Yn

s

)
dAs

)
.

(3.51)
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Since

Y
n,m
s f

(
s,Yn

s ,Zns ,Un
s

)= Yn,m
s

(
f
(
s,Yn

s ,Zns ,Un
s

)− f
(
s,ξs,Zns ,Un

s

))

+Y
n,m
s

(
f
(
s,ξ,Zns ,Un

s

)− f
(
s,ξs,ζs,ρs

))

+Y
n,m
s f

(
s,ξs,ζs,ρs

)
(3.52)

and in view of (3.iii) and (3.iv), we get

2Y
n,m
s f

(
s,Yn

s ,Zns ,Un
s

)≤ (1 + 2α+ 4K2)∣∣Yn,m
s

∣∣2
+

1
2

(∣∣Zn,m
s

∣∣2
+
∥∥Un,m

s

∥∥2)

+
∣∣ f (s,ξs,ζs,ρs)∣∣2

.
(3.53)

In the same way, by (3.v), we can write

Y
n,m
s g

(
s,Yn

s

)≤ β

2

∣∣Yn,m
s

∣∣2
+

2
|β|

∣∣g(s,ξs)∣∣2
. (3.54)

We plug (3.53) and (3.54) in (3.51) to obtain

Eeλt+μAt
∣∣Yn,m

t

∣∣2
+
(
λ− (1 + 2α+ 4K2))E

∫ n∧τ
t∧τ

eλs+μAs
∣∣Yn,m

s

∣∣2
ds

+ (μ−β)E
∫ n∧τ
t∧τ

eλs+μAs
∣∣Yn,m

s

∣∣2
dAs +

1
2
E
∫ n∧τ
t∧τ

eλs+μAs
(∣∣Zn,m

s

∣∣2
+
∥∥Un,m

s

∥∥2)
ds

≤ E
∫ τ
m∧τ

eλs+μAs
∣∣ f (s,ξs,ζs,ρs)∣∣2

ds+
2
|β| | E

∫ τ
m∧τ

eλs+μAs
∣∣g(s,ξs)∣∣2

dAs.

(3.55)

We conclude that there exists C > 0 such that

sup
m≤t≤n

Eeλt+μAt
∣∣Yn,m

t

∣∣2

+E
∫ n∧τ
m∧τ

eλs+μAs
∣∣Yn,m

s

∣∣2(
ds+dAs

)

+E
∫ n∧τ
m∧τ

eλs+μAs
(∣∣Zn,m

s

∣∣2
+
∥∥Un,m

s

∥∥2)
ds

≤ C
(
E
∫ τ
m∧τ

eλs+μAs
∣∣ f (s,ξs,ζs,ρs)∣∣2

ds+E
∫ τ
m∧τ

eλs+μAs
∣∣g(s,ξs)∣∣2

dAs

)
.

(3.56)

The last time of this inequality tends to 0 as m goes to infinity.
(ii) For t ≤m≤ n, since

Y
n,m
m =

∫ n∧τ
m∧τ

f
(
s,Yn

s− ,Zns ,Un
s

)
ds−

∫ n∧τ
m∧τ

g
(
s,Yn

s−
)
dAs−

∫ n∧τ
m∧τ

Zns dWs

−
+∞∑
i=1

∫ n∧τ
m∧τ

Un(i)
s dH(i)

s ,

(3.57)
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we have

Y
n,m
t = Yn,m

m +
∫ m∧τ
t∧τ

f
n,m

s ds+
∫ m∧τ
t∧τ

gn,m
s dAs−

∫ m∧τ
t∧τ

Z
n,m
s dWs

−
+∞∑
i=1

∫ m∧τ
t∧τ

U
n,m(i)
s dH(i)

s .

(3.58)

An argument analogous to that used in the proof of Proposition 3.6 yields

Eeλt+μAt
∣∣Yn,m

t

∣∣2
+E

∫ m∧τ
t∧τ

eλs+μAs
∣∣Yn,m

s

∣∣2
ds+E

∫ m∧τ
t∧τ

eλs+μAs
∣∣Yn,m

s

∣∣2
dAs

+E
∫ m∧τ
t∧τ

eλs+μAs
(∣∣Zn,m

s

∣∣2
+
∥∥Un,m

s

∥∥2)
ds

≤ CEeλm+μAm
∣∣Yn,m

m

∣∣2
.

(3.59)

In view of (3.56), the right-hand side tends to 0 as m goes to infinity, and one concludes
that (Yn,Zn,Un) is a Cauchy sequence for the �2

λ,μ norm. Its limit is the solution of (3.4)
and it satisfies (3.7). �

4. GBSDEL with a left-continuous coefficient

In this section, we study the GBSDEL with continuous coefficient. We present a com-
parison theorem when the coefficient is uniformly Lipschitz and we prove existence of a
solution when the coefficient is left continuous, increasing, and bounded.

To begin with, let us consider the GBSDEL:

Yt = ξ +
∫ T
t
f
(
s,Ys− ,Zs

)
ds+

∫ T
t
g
(
s,Ys−

)
dAs−

∫ T
t
ZsdWs−

+∞∑
i=1

∫ T
t
U (i)
s dH

(i)
s . (4.1)

We suppose that there exist M,K > 0, and β < 0, such that
(4.i) E|ξ|2 < +∞,

(4.ii) f (·, y,z) and g(·, y) are progressively measurable for all (t, y,z),
(4.iii) y �→ f (t, y,z) is left continuous and increasing such that

∣∣ f (t, y,z)
∣∣≤M ∀(t, y,z

)
, (4.2)

(4.iv) | f (t, y,z)− f (t, y,z′)| ≤ K|z− z′| for all (t, y),
(4.v) (y− y′)(g(t, y)− g(t, y′))≤ β|y− y′|2,

(4.vi) y �→ g(t, y) is continuous such that |g(t, y)| ≤ K(1 + |y|).
Let (ξi, f i,gi,A) for i= 1,2 be two sets of data, each satisfying the assumptions (4.i), (4.ii),
(4.iv)–(4.vi), and

(4.vii)

∣∣ f (t, y,z)− f (t, y′,z)
∣∣≤ K|y− y′|. (4.3)
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For i= 1,2, let (Yi,Zi,Ui) denote a solution of the GBSDEL (4.1) with data (ξi, f i,gi,A).
The comparison theorem is not true in general case (see [3] for a counter-example).

Theorem 4.1. Suppose that ξ1 ≤ ξ2, f 1(t, y,z) ≤ f 2(t, y,z), and g1(t, y) ≤ g2(t, y) for all
(t, y,z)∈ [0,T]×R×R, dP×dt a.s. Then Y 1

t ≤ Y 2
t for all 0≤ t ≤ T a.s.

Proof. Define

αt =
⎧⎨
⎩
(
Y 2
t −Y 1

t

)−1(
f 1
(
t,Y 2

t ,Z1
t

)− f 1
(
t,Y 1

t ,Z1
t

))
if Y 1

t �= Y 2
t ,

0 if Y 1
t = Y 2

t ,

βt =
⎧⎨
⎩
(
Z2
t −Z1

t

)−1(
f 1
(
t,Y 2

t ,Z2
t

)− f 1
(
t,Y 2

t ,Z1
t

))
if Z1

t �= Z2
t ,

0 if Z1
t = Z2

t ,

γt =
⎧⎨
⎩
(
Y 2
t −Y 1

t

)−1(
g1
(
t,Y 2

t

)− g1
(
t,Y 1

t

))
if Y 1

t �= Y 2
t ,

0 if Y 1
t = Y 2

t

(4.4)

three progressively measurable processes such that |αt|∨ |βt| ≤ K and γt ≤ β.
For 0≤ s≤ t ≤ T , the SDE:

Γs,t = 1 +
∫ t
s
Γs,rαrdr +

∫ t
s
Γs,rβrdWr +

∫ t
s
Γs,rγrdAr (4.5)

has a unique solution, and we can write that

Γs,t = exp
(∫ t

s

(
αr − β2

r

2

)
dr +

∫ t
s
βrdWr +

∫ t
s
γrdAr

)
. (4.6)

We denote by

δξ = ξ2− ξ1, δYs = Y 2
s −Y 1

s , δZs = Z2
s −Z1

s , δUs =U2
s −U1

s ,

δ fs = f 2(s,Y 2
s ,Z2

s

)− f 1(s,Y 2
s ,Z2

s

)
, δgs = g2(s,Y 2

s

)− g1(s,Y 2
s

)
.

(4.7)

In view of the above notations, we get

δYt = δξ +
∫ T
t

(
αrδyr +βδZr + δ fr

)
dr

+
∫ T
t

(
γrδYr + δgr

)
dAr −

∫ T
t
δZr dWr −

∞∑
i=1

∫ T
t
δU (i)

r dH
(i)
r .

(4.8)

By the integration-by-part formula, we have

δYtΓs,t = δYs +
∫ t
s
Γs,r
(
δYrβr + δZr

)
dWr +

∞∑
i=1

∫ T
t
Γs,rδU

(i)
r dH

(i)
r

−
∫ t
s
Γs,rδ frdr−

∫ t
s
Γs,rδgrdAr.

(4.9)
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In particular for t = T ,

δYs = E
(
δξΓs,T +

∫ T
s
Γs,r
(
δ frdr + δgrdAr

)
/�s

)
≥ 0. (4.10)

The result is as follows. �

Theorem 4.2. Under the assumptions (4.i)–(4.vi), there exists a unique process (Yt,Zt,
Ut)0≤t≤T solution of (4.1).

We construct the sequence ( fn)n≥1 such that

fn(s, y,z)= n
∫ y

y−1/n
f (s,x,z)dx, (4.11)

which verifies the following properties (see [5]).
(4.i)′ For all n, fn(t,·, y,z) is progressively measurable.

(4.ii)′ For all n, ∃Kn > 0, | fn(t, y,z)− fn(t, y′,z)| ≤ Kn|y− y′|.
(4.iii)′ | fn(t, y,z)− fn(t, y,z′)| ≤ K|z− z′|.
(4.iv)′ ∃M > 0 such that supn≥1 sup0≤y≤T sup(y,z)∈R×R | fn(s, y,z)| ≤M.
(4.v)′ ( fn(t, y,z))n≥1 is increasing for all (t, y,z).

(4.vi)′ For all n, y �→ fn(s, y,z) is increasing.
(4.vii)′ If yn ↑ y, then limn→+∞ fn(s, yn,z)= f (s, y,z).

For all n≥ 1, there exists (Yn
t ,Znt ,Un

t ) solution of the GBSDEL:

Yn
t = ξ +

∫ T
t
fn
(
s,Yn

s− ,Zns
)
ds+

∫ T
t
g
(
s,Yn

s−
)
dAs−

∫ T
t
Zns dWs−

+∞∑
i=1

∫ T
t
Un(i)
s dH(i)

s .

(4.12)

Proposition 4.3. There exists C > 0, a constant only depending on ξ, T , and M such that

sup
n≥1
E

(
sup

0≤t≤T

∣∣Yn
t

∣∣2
+
∫ T

0

∣∣Yn
s

∣∣2
dAs +

∫ T
0

(∣∣Zns
∣∣2

+
∥∥Un

s

∥∥2)
ds

)
≤ C. (4.13)

Proof. From Itô’s formula, we have

E
∣∣Yn

t

∣∣2
+E

∫ T
t

(∣∣Zns
∣∣2

+
∥∥Un

s

∥∥2)
ds

= E|ξ|2 + 2E
∫ T
t
Yn
s fn

(
s,Yn

s ,Zns
)
ds+ 2E

∫ T
t
Yn
s g
(
s,Yn

s

)
dAs

≤ E|ξ|2 + 2E sup
0≤s≤T

∣∣ fn(s,Yn
s ,Zns

)∣∣
∫ T
t

∣∣Yn
s

∣∣ds+2E
∫ T
t

(
β

2

∣∣Yn
s

∣∣2
+

2
|β|

∣∣g(s,0)
∣∣2
)
dAs

≤ E|ξ|2 +TE sup
0≤s≤T

∣∣ fn(s,Yn
s ,Zns

)∣∣2
+

4
|β|E

∫ T
0

∣∣g(s,0)
∣∣2
dAs

+E
∫ T
t

∣∣Yn
s

∣∣2
ds+βE

∫ T
t

∣∣Yn
s

∣∣2
dAs.

(4.14)
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By the condition (4.v)′, we get for all 0≤ t ≤ T ,

E
∣∣Yn

t

∣∣2
+
∣∣β∣∣E

∫ T
t

∣∣Yn
s

∣∣2
dAs +E

∫ T
t

(∣∣Zns
∣∣2

+
∥∥Un

s

∥∥2)
ds

≤ E|ξ|2 +M2
(
T +

4E
(
AT
)

|β|
)

+E
∫ T
t

∣∣Yn
s

∣∣2
ds.

(4.15)

The result follows from this inequality, the Gronwall formula, and the Burkhölder-Davis-
Gundy inequality. �

Proof of Theorem 4.2. The sequence ( fn)n≥1 is increasing, the comparison theorem im-
plies that for all t, (Yn

t )n≥1 is increasing. Moreover, Esup0≤t≤T |Yn
t |2 ≤ C, then Yn ↑ Y . Us-

ing Fatou’s lemma, we obtain Esup0≤t≤T |Yt|2 ≤ C. On the other hand, E
∫ T

0 |Yn
t |2dt ≤ C,

then, by Lebesgue’s dominated convergence theorem, we deduce that

E
∫ T

0

∣∣Yn
t −Yt

∣∣2
dt −→ 0 as n−→∞. (4.16)

Let n≥m≥ 1, we denote by

Y
n,m
s = Yn

s −Ym
s , Z

n,m
s = Zns −Zms , U

n,m
s =Un

s −Um
s . (4.17)

Using Itô’s formula, we get

E
∣∣Yn,m

t

∣∣2
+E

∫ T
t

(∣∣Zn,m
s

∣∣2
+
∥∥Un,m

s

∥∥2)
ds

≤ 2E
∫ T
t

∣∣Yn,m
s

∣∣∣∣ fn(s,Yn
s ,Zns

)− fm
(
s,Ym

s ,Zms
)∣∣ds

+ 2E
∫ T
t
Y
n,m
s

(
g
(
s,Yn

s

)− g(s,Ym
s

))
dAs

≤ 4M
√
T
(
E
∫ T

0

∣∣Yn,m
s

∣∣2
ds
)1/2

.

(4.18)

The right-hand side goes to 0 as m and n tend to infinity.
Now, we can show that Esup0≤t≤T |Y

n,m
t |2 → 0.

If we apply Itô’s formula, we obtain

∣∣Yn,m
t

∣∣2
+
∫ T
t

(∣∣Zn,m
s

∣∣2
+
∥∥Un,m

s

∥∥2)
ds

= 2
∫ T
t
Y
n,m
s

(
fn
(
s,Yn

s− ,Zns
)− fm

(
s,Ym

s− ,Zms
))
ds

+ 2
∫ T
t
Y
n,m
s

(
g
(
s,Yn

s−
)− g(s,Ym

s−
))
dAs

− 2
∫ T
t
Y
n,m
s Z

n,m
s dWs− 2

+∞∑
i=1

∫ T
t
Y
n,m
s U

n,m(i)
s dH(i)

s .

(4.19)
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By Burkhölder-Davis-Gundy inequality, we can write

E sup
0≤t≤T

∣∣Yn,m
t

∣∣2
+E

∫ T
0

(∣∣Zn,m
s

∣∣2
+
∥∥Un,m

s

∥∥2)
ds

≤ 2M
√
T
(
E
∫ T

0

∣∣Yn,m
s

∣∣2
ds
)1/2

+
1
2
E sup

0≤t≤T

∣∣Yn,m
t

∣∣2
+ 4E

∫ T
0

(∣∣Zn,m
s

∣∣2
+
∥∥Un,m

s

∥∥2)
ds.

(4.20)

Then Esup0≤t≤T |Y
n,m
t |2 ≤ C(E

∫ T
0 |Yn,m

s |2ds)1/2. The right-hand side goes to 0 as m and n
tend to infinity.

In conclusion, (Yn,Zn,Un) is a Cauchy sequence for the �2 norm.
It remains to show that (Yt,Zt,Ut)= limn→∞(Yn

t ,Znt ,Un
t ) is a solution of (4.1).

First, there exists a subsequence (Yn,Zn)→ (Y ,Z)dt×dP a.s. Using (4.vi)′, for almost
all ω, we have

fn
(
t,Yn

t ,Zt
)−→ f

(
t,Yt,Zt

)
dt a.e. (4.21)

So,

∣∣ fn(t,Yn
t ,Znt

)− f
(
t,Yt,Zt

)∣∣≤ K∣∣Znt −Zt
∣∣+

∣∣ fn(t,Yn
t ,Zt

)− f
(
t,Yt,Zt

)∣∣. (4.22)

Then, for almost all ω, fn(t,Yn
t ,Znt )

n→∞−−−→ f (t,Yt,Zt)dt a.s.
Since supn≥1 | fn(t,Yn

t ,Znt )| ≤M, by Lebesgue’s dominate convergence theorem for al-
most all ω, we get

∫ T
0
fn
(
s,Yn

s ,Zns
)
ds−→

∫ T
0
f
(
s,Ys,Zs

)
ds as n−→∞. (4.23)

In the same way, combining Fatou’s lemma and Lebesgue’s dominate convergence theo-
rem shows that

∫ T
0
g
(
s,Yn

s

)
dAs −→

∫ T
0
g
(
s,Ys

)
dAs as n−→∞. (4.24)

We note by the Burkhölder-Davis-Gundy inequality that

E sup
0≤t≤T

∣∣∣∣
∫ T
t
Zns dWs−

∫ T
t
Zs dWs

∣∣∣∣
2

≤ CE
∫ T

0

∣∣Zns −Zs
∣∣2
ds,

E sup
0≤t≤T

∣∣∣∣∣
∞∑
i=1

∫ T
t
Un(i)
s dH(i)

s −
∞∑
i=1

∫ T
t
U (i)
s dH(i)

s

∣∣∣∣∣
2

≤ CE
∫ T

0

∥∥Un
s −Us

∥∥2
ds.

(4.25)
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Then for a subsequence

sup
0≤t≤T

∣∣∣∣
∫ T
t
Zns dWs−

∫ T
t
Zs dWs

∣∣∣∣ n→∞−−−−→ 0,

sup
0≤t≤T

∣∣∣∣∣
∞∑
i=1

∫ T
t
Un(i)
s dH(i)

s −
∞∑
i=1

∫ T
t
U (i)
s dH

(i)
s

∣∣∣∣∣
n→∞−−−−→ 0.

(4.26)

To finish with, we write
∣∣∣∣∣Yt − ξ −

∫ T
t
f
(
s,Ys− ,Zs

)
ds−

∫ T
t
g
(
s,Ys−

)
dAs +

∫ T
t
ZsdWs +

∞∑
i=1

∫ T
t
U (i)
s dH(i)

s

∣∣∣∣∣

≤ sup
0≤t≤T

∣∣Yn
t −Yt

∣∣+
∣∣∣∣
∫ T

0
fn
(
s,Yn

s− ,Zns
)− f

(
s,Ys− ,Zs

)
ds
∣∣∣∣

+
∣∣∣∣
∫ T

0
g
(
s,Yn

s−
)− g(s,Ys−)dAs

∣∣∣∣

+ sup
0≤t≤T

∣∣∣∣
∫ T
t
Zns dWs−

∫ T
t
Zs dWs

∣∣∣∣+ sup
0≤t≤T

∣∣∣∣∣
∞∑
i=1

∫ T
t
Un(i)
s dH(i)

s −
∞∑
i=1

∫ T
t
U (i)
s dH

(i)
s

∣∣∣∣∣.
(4.27)

The right-hand side goes to 0 as n tends to infinity.
We conclude that for all t ∈ [0,T],

Yt = ξ +
∫ T
t
f
(
s,Ys− ,Zs

)
ds+

∫ T
t
g
(
s,Ys−

)
dAs−

∫ T
t
Zs dWs−

+∞∑
i=1

∫ T
t
U (i)
s dH(i)

s P a.s.

(4.28)

This completes the proof of the theorem. �

Remark 4.4. We obtain the same result if we suppose that
(i) f is right continuous, decreasing, and bounded,

(ii) f is continuous with linear growth in y independent of z (see [13] for approxi-
mation).

5. Application to PDIE

In this section, we study the link between generalized BSDE driven by Lévy process and
a class of partial differential integral equations with Neumann boundary condition. We
suppose that the process L has bounded jump (without lost of generality, we suppose that
supt |ΔLt| ≤ 1). Then, for all p = 1,2,3, . . . , E|Lt|p <∞ (see [23, Theorem 34, page 25]),
and by Lévy decomposition theorem (see [23, page 31]),

Lt = bt+
∫

(|z|<1)
z
(
Nt(·,dz)− tν(dz)

)
, (5.1)
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where Nt(ω,dz) denotes the random measure such that
∫
ΛNt(·,dz) is a Poisson process

with parameter ν(Λ) for all set Λ(0 /∈Λ).
Let Θ= (−l, l), and n : [−l, l]→R such that n(−l)= 1 and n(l)=−1.
Let us consider the two bounded coefficients c,σ :R→R, satisfying for some K , κ > 0,

the following properties:
(5.i) |c(x)|+ |σ(x)| ≤ κ for all x ∈Θ,

(5.ii) |c(x)− c(x′)|+ |σ(x)− σ(x′)| ≤ K|x− x′| for every x,x′ ∈Θ,
(5.iii) x+ zc(x)I(|z|≤1) ∈Θ for every x ∈Θ and z ∈R,
(5.iv) c(x)= c(pr(x)) for all x ∈R,

where pr(·) denotes the orthogonal projection on the closure Θ.
Consider the reflected SDE:

Xt = x+
∫ t

0
σ
(
Xs
)
dWs +

∫ t
0
c
(
Xs−

)
dLs +ηt,

ηt =
∫ t

0
n
(
Xs)d|η|s with |η|t =

∫ t
0
I(Xs∈∂Θ)d|η|s.

(5.2)

In [15], Menaldi and Robin prove that under the assumptions (5.i)–(5.iv), there exists a
unique pair of progressively measurable processes (X ,η) that verifies (5.2), and for every
progressively measurable processV which is right continuous having left-hand limits and
taking values in Θ, we have

∫ T
0

(
Xt −Vt

)
d|η|t ≥ 0. (5.3)

Let u= u(t,x) be the solution of the following PDIE:

∂tu(t,x) + c(x)∂xu(t,x) +
1
2
σ2(x)∂2

xxu(t,x) +
∫
R
u1(t,x,z)ν(dz)

+ f
(
t,x,u(t,x),σ(x)∂xu(t,x),

(
u(i)(t,x)

)∞
i=1

)
= 0 ∀(t,x)∈ [0,T)×Θ,

n(x)∂xu(t,x) + g
(
t,x,u(t,x)

)= 0 ∀(t,x)∈ [0,T)×{−l; l},

u(T ,x)= h(x) ∀x ∈Θ,

(5.4)

where
(i) c(x)=m1c(x),

(ii) u1(t,x,z)= u(t,x+ c(x)z)−u(t,x)− ∂xu(t,x)c(x)z,
(iii) u(1)(t,x)= (m2)1/2c(x)∂xu(t,x) +

∫
Ru

1(t,x,z)p1(z)ν(dz) and for i≥ 2, u(i)(t,x)=∫
Ru

1(t,x,z)pi(z)ν(dz).
Consider the GBSDEL:

Yt = h
(
XT
)

+
∫ T
t
f
(
s,Xs− ,Ys− ,Zs,Us

)
ds+

∫ T
t
g
(
s,Xs− ,Ys−

)
d|η|s−

∫ T
t
ZsdWs

−
∞∑
i=1

∫ T
t
U (i)
s dH

(i)
s .

(5.5)
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Suppose that the function u∈�1,2([0,T]×R), and is such that ∂xu and ∂2
xxu are bounded

by polynomial function of x. Then we have the following theorem.

Theorem 5.1. The process (Y ,Z,U = (U (i))∞i=1) given by

Yt = u
(
t,Xt

)
,

Zt = σ
(
Xt
)
∂xu

(
t,Xt

)
,

U (1)
t =

∫
R
u1(t,Xt− ,z

)
p1(z)ν(dz) +

(
m2
)1/2

c(Xt−)∂xu
(
t,Xt−

)
,

U (i)
t =

∫
R
u1(t,Xt− ,z

)
pi(z)ν(dz) for i≥ 2

(5.6)

is solution of (5.5).

Proof. Applying Itô’s formula to u(s,Xs) from s= t to s= T ,

u
(
T ,XT

)= u(t,Xt)+
∫ T
t
∂su

(
s,Xs

)
ds+

∫ T
t
n
(
Xs
)
∂xu

(
s,Xs

)
d|η|s

+
1
2

∫ T
t
σ2(Xs)∂2

xxu
(
s,Xs

)
ds+

∫ T
t
σ
(
Xs
)
∂xu

(
s,Xs

)
dWs

+
∫ T
t
c
(
Xs−

)
∂xu

(
s,Xs−

)
dLs

+
∑

t<s≤T
u
(
s,Xs

)−u(s,Xs−)− ∂xu(s,Xs−)ΔXs.

(5.7)

If we apply [17, Lemma 5] to

h(s,z)= u(s,Xs− + c
(
Xs−

)
z
)−u(s,Xs−)− ∂xu(s,Xs−)c(Xs−)z, (5.8)

we have

∑
t<s≤T

u
(
s,Xs

)−u(s,Xs−)− ∂xu(s,Xs−)ΔXs

=
∞∑
i=1

∫ T
t

∫
R
u1(s,Xs− ,z

)
pi(z)ν(dz)dH(i)

s +
∫ T
t

∫
R
u1(s,Xs− ,z

)
ν(dz)ds.

(5.9)

Since H(1)
s = (m2)−1/2(Ls−m1s) and ΔXs = c(Xs−)ΔLs a.s for all t < s≤ T (see [23, Theo-

rem 12, page 60]). Substituting (5.9) into (5.7) to obtain

u
(
t,Xt

)= h(XT)−
∫ T
t

(
∂su

(
s,Xs

)
+ c(Xs)∂xu

(
s,Xs

)
+

1
2
σ2(Xs)∂2

xxu
(
s,Xs

))
ds

−
∫ T
t

∫
R
u1(s,Xs− ,z

)
ν(dz)ds−

∫ T
t
n
(
Xs
)
∂su

(
s,Xs

)
I(Xs∈∂Θ)d|η|s
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−
∫ T
t
σ
(
Xs
)
∂xu

(
s,Xs

)
dWs−

∞∑
i=2

∫ T
t

∫
R
u1(s,Xs− ,z

)
pi(z)ν(dz)dH(i)

s

−
∫ T
t

(∫
R
u1(s,Xs− ,z

)
p1(z)ν(dz) +

(
m2
)1/2

c
(
Xs−

)
∂xu

(
s,Xs−

))
dH(1)

s ,

(5.10)

from which we get the result of the theorem. �

We next consider some examples of PDIEs.

Example 5.2. Assume that ν(dx) =∑∞
i=1αiδβi(dx), where αi > 0 and δβi(dx) denotes the

positive point mass measure at βi ∈ R of size one. Assume that
∑∞

i=1αi|βi|2 <∞. Then

the process L can be writing Lt = bt+
∑∞

i=1βi(N
(i)
t −αit), where (N (i))∞i=1 is a sequence of

independent Poisson processes with parameters (αi)∞i=1.
Recall that H(1)

t =∑∞
i=1(βi/

√
αi)(N (i)

t −αit) and H(i)
t = 0 for all i≥ 2 (see [17]).

Let (Y ,Z,U) be the unique solution of the following GBSDEL:

Yt = h
(
XT
)

+
∫ T
t
f
(
s,Xs− ,Ys− ,Zs

)
ds+

∫ T
t
g
(
s,Xs− ,Ys−

)
d|η|s−

∫ T
t
ZsdWs

−
∞∑
i=1

∫ T
t
U (i)
s d

(
N (i)
s −αis

)
.

(5.11)

Then

Yt = u
(
t,Xt

)
,

Zt = σ
(
Xt
)
∂xu

(
t,Xt

)
,

U (1)
t = α1u

1(t,Xt− ,β1
)
p1
(
β1
)

+

( ∞∑
i=1

αi
∣∣βi∣∣2

)1/2

c
(
Xt−

)
∂xu

(
t,Xt−

)
,

U (i)
t = αiu1(t,Xt− ,βi

)
p1
(
βi
)

for i≥ 2,

(5.12)

where the function u supposed in �1,2([0,T]×R) is such that ∂xu and ∂2
xxu are bounded

by polynomial function of x, and it verifies the following PDIE:

∂tu(t,x) + c(x)∂xu(t,x) +
1
2
σ2(x)∂2

xxu(t,x) +
∞∑
i=1

αiu
1(t,x,βi

)

+ f
(
t,x,u(t,x),σ(x)∂xu(t,x)

)= 0 ∀(t,x)∈ [0,T)×Θ,

n(x)∂xu(t,x) + g
(
t,x,u(t,x)

)= 0 ∀(t,x)∈ [0,T)×{−l; l},

u(T ,x)= h(x) ∀x ∈Θ.

(5.13)
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Example 5.3. We suppose that Lt =Nt − λt, then the GBSDEL:

Yt = h
(
XT
)

+
∫ T
t
f
(
s,Xs− ,Ys− ,Zs

)
ds+

∫ T
t
g
(
s,Xs− ,Ys−

)
d|η|s

−
∫ T
t
ZsdWs−

∫ T
t
Usd

(
Ns− λs

) (5.14)

has a unique solution
(
Yt,Zt,Ut

)= (u(t,Xt),σ(Xt)∂xu(t,Xt),u(t,Xt− + c
(
Xt−

))−u(t,Xt−)), (5.15)

where u is solution of the PDIE:

∂tu(t,x)− λc(x)∂xu(t,x) +
1
2
σ2(x)∂2

xxu(t,x) +u
(
t,x+ c(x)

)−u(t,x)

+ f
(
t,x,u(t,x),σ(x)∂xu(t,x)

)= 0 ∀(t,x)∈ [0,T)×Θ,

n(x)∂xu(t,x) + g
(
t,x,u(t,x)

)= 0 ∀(t,x)∈ [0,T)×{−l; l},
u(T ,x)= h(x) ∀x ∈Θ.

(5.16)
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