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The paper studies the stability of an autonomous convolution Itd-Volterra equation
where the linear diffusion term depends on the current value of the state only, and the
memory of the past fades exponentially fast. It is shown that the presence of noise can
stabilize an equilibrium solution which is unstable in the absence of this noise.
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1. Introduction

This paper aims to contribute to research on the question of the stabilization or desta-
bilization of a deterministic dynamical system (differential equation, partial differential
equation, or functional differential equation) by a noise perturbation, and in particular,
perturbations which transform the differential equation (or FDE) to one of [t6-type. Mao
has written an interesting paper [9] devoted to the study of stabilization and destabiliza-
tion of nonlinear finite-dimensional differential equations, which has been extended to
examine the stabilization of partial differential equations by Caraballo et al. [6]. The as-
ymptotic behaviour of linear functional differential equations with bounded delay has
been studied by Mohammed and Scheutzow [11], wherein it is shown that time delays
in the diffusion coefficient can destablilize a linear functional differential equation. The
stabilization of nonlinear finite-dimensional functional differential equations with (suf-
ficiently small) bounded delay has been covered by the author in [3], and the destabiliza-
tion of even-dimensional equations in [2]. In the latter paper, however, the delay can be
unbounded, so Volterra equations can be destabilized, as a special case. For scalar, linear,
convolution Volterra equations with positive and integrable kernel, Appleby has shown
in [1] that the corresponding family of It6-Volterra equations with a diffusion term of
the form ox is almost surely asymptotically stable, provided the deterministic problem is
uniformly asymptotically stable, so the addition of noise is not destabilizing. To the au-
thors’ knowledge, the issue of stabilization of a Volterra equation by noise perturbations
of Ito-type has not, to date, been studied. The question is of interest in applications in
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2 Stabilization of Volterra equations by noise

the context of the dynamic stability of viscoelastic members subject to stochastic pertur-
bations.

In this paper, we first consider a very simple type of nonlinear scalar convolution
Volterra equation:

£ = —af (x JM H=9g (x(s))ds, (1.1)

and its It6 perturbation
X (1) = ( af (X(1)) jAe W9 g (X (s))ds)dt+oX(t)dB(t). (1.2)

The presence of an exponential kernel is central to our initial analysis: it means that (1.1)
(resp., (1.2)) can be written as a differential equation (resp., SDE) in R?. There are two
important benefits of this alternative representation. First, a finite-dimensional stochastic
differential equation is easier to analyze than an infinite-dimensional Volterra equation.
Second, it is true that solutions of stochastic functional differential equations can oscil-
late about their zero equilibrium position in the sense that there is no last zero of X(t),
almost surely. Therefore we cannot, in general, use Itd’s rule to obtain the semimartingale
decomposition of [X(#)|? for 0 < p < 1 (or log|X(t)|), which is very helpful in obtaining
good information on the asymptotic stability of stochastic differential equations. For lin-
ear equations, Arnold has shown in [4] (under appropriate Lie algebra conditions on the
matrices A and B) that the linear stochastic system

dX(t) = AX(t)dt+BX(t)dW (t) (1.3)

has almost sure top Lyapunov exponent which is the limit as p | 0 of the top Lyapunov ex-
ponent of the pth mean E[]| X (¢)[|?]. However, the system of stochastic differential equa-
tions created from (1.2) is nonzero for all time, a.s., so, with Z(t) = (X(t), Y(t)), where

Y(t) = Lte’/‘(t’s)X(s)ds, (1.4)

we can consider the semimartingale || Z(¢)|? for small p > 0 and use a nonlinear analogue
of Arnold’s result above (which is due to Mao [10]) to extract an upper bound on the top
Lyapunov exponent of Z.

Once results on stabilization have been obtained for the linear case of (1.2), it is then
possible to use a type of comparison principle argument to deal with the more general
equation

AX(£) = (—af Jkt—s s))ds)dt+aX(t)dB() (1.5)

when |k(t)| < Ae #, for all = 0, and some positive 4 and 1. We also extend these results
to nonconvolution equations and general finite-dimensional equations.

The paper is organized as follows: the details of the problem to be studied, notation,
and supporting results are presented in Section 2. An upper bound on the pth mean and
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a.s. top Lyapunov exponent of (1.2) is obtained in Section 3. The bound can be written
in terms of an optimization problem which is parameterized by the model parameters a,
u, A and the functions f, g. In Section 4, we obtain sufficient conditions on the model
parameters to ensure that the a.s. top Lyapunov exponent of solutions of (1.2) is negative.
In Section 5, these results are formally stated, and we show how the region in (y,a,1) pa-
rameter space for which global a.s. exponential asymptotic stability can be enlarged under
certain hypotheses on the sign of f. Indeed, it is established that deterministic problems
of the form (1.1) which have unstable zero solutions can be stabilized for all initial con-
ditions, almost surely, whenever ¢ lies in a nonempty a, g, A-dependent interval. Results
on nondestabilization for linear problems are also established in Section 5. Section 6 has
the same concerns as Section 5, but instead covers the more general problem (1.5). In
Section 7, our results are applied to some specific problems. Further generalizations are
presented in Section 8.

2. The scalar problem

We will use the following standard notation in this paper. Let R = (—o0,), and R* =
[0,00). Denote the minimum of x, y in R by x A y, their maximum by x Vv y, and the
signum function by sgn(x) = 1 for x >0, and sgn(x) = —1 for x < 0. If I, ] are open sets
in a Banach space, we denote the class of continuous functions taking I onto J by C(I;]).
Let R? = R X R, and let {e;, e, } be the standard basis vectors in R2. If x,y € R2, we denote
the standard innerproduct of x and y by (x,y). The standard Euclidean norm of x € R? is
given by [|x]| = v/(x,x). We denote the space of 2 X 2 matrices with real entries by M, ,(R),
so the space of continuous functions taking R? onto M, (R) is given by C(R*; M, (R)).
We take the standard operator norm as norm on M;,(R); for A € M;,(R), the operator
norm of A is given by

Al = sup {x € R, [Ix]| = 1: [|Ax[ }. (2.1)

Let (Q, %, P) be a probability space. We study the scalar [t6-Volterra equation
dX (1) = <—af Jk t—s)g ))ds)dt+oX( )dB(t), (2.2)

where a € R, 0 # 0, and f, g, k are continuous functions, whose properties we later
specify in more detail. Here, B = {B(t),@?; 0 <t< o} is a standard one-dimensional
Brownian motion on the probability space, with natural filtration (%F)o. We suppose
that (2.2) is an initial value problem, with X(0) = £, where £ is a square-integrable ran-
dom variable which is independent of B. In the usual way, the filtration (%F),>o can be
extended to (%;);>0 in such a way that B = {B(¢),%;; 0 <t < oo} is a standard Brownian
motion.

In this paper, we assume that k € C(R;R) and that sup,., |k(t)|e is finite for some
p > 0. In particular, we first study (2.2), where k() is a negative exponential, namely,
k(t) = Ae # fort = 0, so

AX(t) = (—af X(6)) J)te Hi-9 g (X (s))ds)dt+oX(t)dB(t), (2.3)
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where A # 0 and y > 0. We remark in advance that all results relating to existence and

uniqueness of solutions, and to the zero solution of (2.3) apply equally to the more gen-

eral problem (2.2), under the hypotheses which we impose below on the functions f, g.
Suppose that f, g € C(R;R) and suppose that

f(0)=0, g(0)=0. (2.4)
Let f, g satisfy local Lipschitz conditions, and the following global linear bounds:
f@] < flxl,  [g@)] <3, (2.5)

where f, g are finite positive constants. We also suppose without loss of generality that f,
g are optimal in (2.5), so that

wp O 5 sl

=g (2.6)
xER\{0} |x| xER\{0} |x|

Under conditions (2.4), (2.5), and the local Lipschitz continuity of f, g, (2.3) has a unique
solution on any compact interval [0,7] in the space of Itd processes (which is conse-
quently continuous). In addition, the solution satisfies

[E[%qgaTx |X(t)|2] < . (2.7)

These results are proven by Berger and Mizel in [5]. To emphasize dependence on the
initial condition, we denote the value of the solution of (2.3) at time ¢t > 0 with initial
condition & by X (t;&). Moreover, by dint of (2.4), X(¢;0) = 0 forall t > 0, a.s. This is called
the zero solution of (2.3). It is the almost sure asymptotic stability of this solution which
is the main topic of this paper. We say that all solutions are almost surely exponentially
stable, or that the zero solution of (2.3) is globally almost surely exponentially stable, if
there exists a positive nonrandom constant & such that for all £, we have

limsup log | X(6,8)] < ~8, aus. (2.8)

t—o0 t

In order to compare the stability of the solution of (2.3) with that of the deterministic
analogue of (2.3)

x'(t) = —af (x(t)) + Ltle’”(t’s)g(X(s))ds, t>0, (2.9)

(namely, (2.3) with o = 0), we will wish to consider the linearization of (2.9) at x = 0. We
therefore assume that f and g are continuously differentiable in an open interval around
0, and without loss of generality, we set

f)=1, g0 =1 (2.10)
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Note that by writing
t
Y1) = J e H-9g (x(s))ds, (2.11)
0
we can reexpress (2.9) as a first-order system of differential equations: if z(¢) = (x(¢),

y(t)), then 2’ (t) = F(z(t)), where F : R> — R? is given by

F(x,y) = (—af(x)+1y, gx) —uy). (2.12)

By considering the linearization of this planar system at x = 0, we can use the Hartman-
Grobman theorem to conclude that there exist #, § > 0 such that for all |x(0)| < n we
have

hmsupflog |x(t)| = - (2.13)
t— o0
whenever
A
a>p, a+u>0. (2.14)

Moreover, the zero solution of (2.9) is unstable if the sense of either (or both) of the
inequalities in (2.14) is reversed.

In this paper, we wish to obtain conditions on ¢, and the parameters a, y, A such
that the solution of (2.3) is globally a.s. exponentially asymptotically stable (namely, that
(2.8) is satisfied for all initial conditions & and some 8 > 0). In particular, we would like
to establish (2.8) when (2.14) is false, establishing the asymptotic stability of (2.3) when
the zero solution of (2.9) is unstable.

For much of the paper, we impose the following additional conditions on f:

xf(x)>0, Vx#0,

@l HOL 7 (2.15)

0<f= inf
= xervio} x| xervioy 1%

Under (2.15), more precise results on stabilization are possible. We note that the lin-
ear case, in which f(x) = x, satisfies these conditions, and therefore use (2.15) to obtain
sharp results in this case. Moreover, once the analysis has been conducted under these
conditions, it is easy to see how to proceed when they do not hold.

In studying problem (2.2) where |k(#)| < Ae # for some A, y >0, we will invoke the
above hypotheses on f and g. We defer any further specific comments relating to this
problem until we study it in Section 6, save to say that we try, as far as is possible, to
implement the program outlined above for (2.3) for the more general equation (2.2)
also.

3. Exponential asymptotic stability

In this section, we establish a sufficient algebraic condition under which solutions of (2.3)
satisfy (2.8). The analysis of this algebraic condition is the subject of Section 4.
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Introduce the functions

(x)

f(x)={7 *#0, (3.1)
1 x=0,
g

§(x)={ x x#0, (3.2)
1 x=0.

Then by (2.4), ( f g are continuous, and by virtue of (2.5), are bounded on R, with
sup,c I€(y) = g. Next, introduce the process

Y(t) = Jte_”(t_s)g(X(s))ds, (3.3)
0
and define the matrices
_ —af(y) A _(o O
A) (§<y> _,4)’ 5 (0 0). (3.4)
Then, setting
X(t)

Z(t) = (Y(t)) ) (3.5)

we see that (3.1), (3.2), (3.3), and (3.4) imply that
dzZ(t) = A(X(t))Z(t)dt+ ZZ(t)dB(t), (3.6)

with Z(0) = (&,0). Next, suppose that P is an invertible matrix in M, ,(R), and define, for
z € R?,

A(z) = PA({(P7'z,e;))P7!,  $£=pzp, (3.7)
and Z(t) = PZ(t) so that Z obeys the stochastic differential equation
dZ(t) = A(Z(t)) Z(t)dt + SZ(1)dB(t), (3.8)

and Z(0) = PZ(0) is nonzero provided that & # 0. Noticing from (3.4), (3.7) that Ae
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C(R%;M,,(R)) is a bounded function, we can use [8, Proposition 2.1] to establish for

& # 0 that

Z(t)40 Vt=0, as. (3.9)
Next, the boundedness of the entries of A ensures the existence of a finite 8, such that

(3x,3x) — (x,3x)°. (3.10)

l\JI'—‘

—8 = sup max {x, A(y)x) +
Jere =1

Let us temporarily assume that it has been shown that
80 > 0. (3 1 1)
Thus, for every &1 € (0,6p), there exists p € (0,1) satisfying

p sup (Zx,x) < 2(8 - 81). (3.12)

lxll =1
Define

o 20 (3.13)

2
SUP) =1 (2%,)

so that p < p* satisfies (3.12) for some 8; = §;(p) > 0.
By (3.10), (3.12), it follows for all y € R?, [lx|| = 1 that

(x, A(y)x) + % (S, 8x) + £ 2 (0,50 < -5, (3.14)

Now, by (3.8), [td’s rule furnishes us with the semimartingale decomposition of IIZN 1?2 =
{I1Z()1? 5% 0 < t< oo}, and so, by (3.9), we may use Itd’s rule again to obtain the
semimartingale decomposition of || Z||? = (|| Z]|?)??, which is

P zoes [ o2 p<w@1q&)ﬁ@» 1(82(5),52(9))
1Zw||F = H(N|+JpH(H o e
p=2 ({2(:),52(9) )d (3.15)
' 2< 1Z(s) 112 ) )

jmw9w2<®zﬂm B(s).

Therefore, if t, t + h > 0, (3.14) and (3.15) yield

~ o~

t+h t+h
(2wl - 12017 < | -oplZlPds+ [ pIZ6I 7 (26, 826)dpe)
(3.16)
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Using the Cauchy-Schwarz inequality, and then Lyapunov’s inequality (as p < 1), we get

t
0

t
| | 1261 E20,20)7as| < 1317 [ ENZ6P) " ds (617)
0
which is finite for all finite t > 0, as E| IIZ(t) I?] is finite for all 0 < ¢ < co. Therefore,
t
e[ | pIZo1r (26,329 dBes) | -0, (3.18)

so defining V (t) = E[I1Z(t)||?] and taking the expectation on both sides of (3.16) yields

t+h

V(t+h)-V(t)<-=6p V(s)ds. (3.19)

Obviously, V(t) is nonnegative and finite for 0 < ¢ < co. In Lemma 3.4, we show that
t — V(t) is continuous. Therefore, taking the limsup as h — 0 in (3.19), we arrive at

D.V(t) < -6pV(t), t=0, (3.20)

where

V(t+h)—- V()

D, V(t) = limsup (3.21)
hio h
Therefore, we get
E[[IZ®)]1P] < E[IZ0)][PTe- %", (3.22)

Using (3.5), the invertibility of P, and the definition of Z in terms of Z, there exists a
P-dependent constant K(P), such that

E[|X(t)]|"] < K(P)E[|E[P]e P, t=0. (3.23)

This gives us our first result.

THEOREM 3.1. Suppose that there exists an invertible matrix P € M,,(R) such that &y
defined in (3.10) is positive. If p* is defined by (3.13), then for p < p* A 1, there exists
01 = 81(p) > 0 such that (3.23) holds.

To establish a.s. global exponential asymptotic stability, observe that the stochastic
differential equation (3.8) satisfies all the hypotheses of [10, Theorem 4.2], so using this
result, we get

limsup ! log||Z(1)]] < —oup

; ? =—07, as. (3.24)
t— o0

Letting &; 1 &y through the rationals yields

limsup%logHZN(t)H <8, as, (3.25)
{— o0
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and so, using ZN(t) = PZ(t) and (3.5) now gives

limsup “log | X(£)| < 8, as. (3.26)

t—oo t

We therefore have the following theorem.

THEOREM 3.2. Suppose that there exists an invertible matrix P € M, (R) such that &y de-
fined by (3.10) is positive. Then the solution of (2.3) satisfies

limsup > log | X(58)| < 8, as. (3.27)

t—oo t

Hence, if §y defined by (3.10) can be shown to be positive, Theorems 3.1 and 3.2 show
that all solutions of (2.3) are pth mean exponentially stable for some p € (0,1), and also
are a.s. globally exponentially asymptotically stable.

Remark 3.3. We could have proved the almost sure exponential stability under the con-
dition that §y defined by (3.10) is more directly positive by obtaining a semimartingale
decomposition of log(X (£)? + Y (¢)?). This is essentially Mao’s method of proving stabi-
lization of ordinary differential equations by noise in [9, Theorem 3.1]. However, as we
prefer to also establish the pth mean exponential asymptotic stability for small p, we pro-
ceed as in Theorems 3.1, 3.2.

We now return to the deferred proof of Lemma 3.4.
LEMMA 3.4. IfZ satisfies (3.8), then t — [E| 1Z()11P] is continuous for any p € (0,1).

Proof. Since A is a bounded function, [7, Problem 5.3.15] implies that 7 satisfies
E[IZ() - Z(0)|I”] = D) (1 +E[IZ)I]]) [ £~ 1o (3.28)

forall 0 < ty, t < T, and any T > 0. The constant C(T') is positive and finite. Note that
p € (0,1),s0

[ENZO)||” ~ E|Z () ]|
= [EMzOI” =12 (0) P11 < E[IZ0° = |2 (1) 7 | (329)
<E[|[1ZOl - 12171 < E[| 1201 - [1Z(t) [ *]7,
where we use the inequality [x? — yP| < |x — y|?, x, ¥ = 0, at the penultimate step, and

Lyapunov’s inequality at the last step. Applying the inequality |[|x]| — [l ¥ll| < [Ix — y|| for
x,y € R?, and then (3.28) therefore gives

EZ@I - EIZw)]] < (e (1 +E[IZ0IF]) [t-61)", (3.30)

from which continuity is immediate. O
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4. Sufficient conditions for §, > 0

In this section, we obtain some explicit conditions in terms of the parameters in (2.3)
for which dy given by (3.10) can be shown to be positive. In most cases, we do not try to
calculate & directly, but instead obtain bounds on the underlying quantity

F(x,y) = (x,g(y)x) + (ix,ix) - (x,ix)2 (4.1)

DO | —

which is to be maximized. To do this, we consider a simple class of diagonal matrices

e ()9 w

for § >0 in the construction of the matrices A, ¥ in (3.7). We will try to choose 8 opti-
mally. Defining x = (x1,x2), w = (P~ 'y,e;), and using (3.4), (3.7), (4.2), we get

F(x,y) = —af(w)x% + (i +ﬁ§(w)[5> x1% — px3 — o’xt + %azx% =: FN(x,w). (4.3)

B
Next define
Ao
A(B) = sup | 5+ BEOB | (4.4)
weR /3
Then, there exists f* > 0 such that
A*:= A(B*) = inf A(B). (4.5)
>0

We will give explicit formulae for such a A* presently. Returning to (4.3) with § = 3%,
and by using the inequality

1 1
X% < 5 (ocxf + &xg), a>0, (4.6)
we obtain
~ i e 2, 1 2 24,1 55
F(x,w) < —af(w)xi + EA axy + ) o 500K (4.7)

We reimpose conditions (2.15). By defining

_ [inffon=f forazo,
f=1"" - (4.8)
sup f(w)=f fora<0,
welR
we see from (3.10), (4.7), and (4.8) that
-0y < max H(x), (4.9)

x€[0,1]
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where

~ *
H(x) = 702x2+x( —af + %A*(ocfofl) +u+ %02) + %x - (4.10)

Note that ¢ enters (4.10) only through terms involving o, so that without loss of gener-
ality, we consider o > 0 hereinafter.

The effect of the above argument has been to bound the complicated nonlinear func-
tion F with a one-parameter family of quadratic functions. Therefore, in order to show
that §p > 0 is possible for some interval of values of ¢ for a particular triple of parame-
ters (y,a, A*) determined by the deterministic problem (2.9), it is sufficient to prove that
there is a value of « > 0—which can depend on (y,a, A* )—such that for that choice of «,
there is an interval of values of |o| such that

max H(x) <0. (4.11)
x€[0,1]

Remark 4.1. We can separate out the dependence of A* on A by observing (for A > 0) that
= iﬁggz\(ﬁm = ﬁiﬁggﬁ% B~ +BE(w) (4.12)

and similarly for A < 0 that
=infA(V-A) = V-dinfsup | - B +4Z(w) . (4.13)

so A*(A) = VIA[G* (L), where G*()) = infgsosup,,cg | sgn(A)B~! + fg(w)l. In fact, it is
possible to explicitly compute A*(1), given that gy = inf,.cr g(w) and ¢g° = sup,,cg §(w).
For A >0, we have

2@%1 ifgo>0 or O<—‘%<g°,
A*(A) = \/—1 —g+g g go (4.14)

NN E—
while for A < 0, A* is given by

0

ifgo>0 or —g0>‘% >0,

L &g
=] Ve 0
2\/W1/—g0 if—g0><%.

(4.15)

By a careful choice of «, the following can be proven.
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ProrosITION 4.2. Suppose (2.15) is true, and define

(A*(V)*1 . A*(A
% - lfO <u= T(),
() =12 ()}) N e aey, (4.16)
MW 0 s a0,
f
where A* is given by (4.5). If
a>n(w), (4.17)

there exists a nonempty interval Io,x C R* such that for all || € I, ), there exists g =
0¢ (lal,a,u,A) > 0 so that

85 < 8o, (4.18)

where 8 is given by (3.10).

Proof. In the proof, we suppress the dependence of A* on A. Define

-2 - A (ata) = A <a+i) (4.19)
[41—2“, #2—2 > Us = 20l .
and the functions
+(1/2)A* (0 — a”!
fiw =~ ( )f( ), U=, (4.20)
(A*(Qa+a™) -2
( 4f ) ‘u) 23! SM SHZ?
2 =1 A* (2a+07’1) —2u
— > #2 S‘H,
4f
1 (4.21)
((1/2)A*(a+a ) —
(1/2) (4f JZH <<,
A =1 (1/2)A* ((x:- al)y—u
= > Uz =ph
4f
Note that
al*
hlw) = flp) = () = o (4.22)

There are three ways in which (4.11) can be satisfied for H defined in (4.10):
(i) H(0) < 0, H'(0) < 0 (so maxxeqo,1] H(x) = H(0) < 0);
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(i) H(1) <0, H' (1) > 0 (so maxye[o,1) H(x) = H(1) < 0);
(iii) there exists x* € [0,1] with H'(x*) = 0, H(x*) < 0 (so maXxyejo,1] H(x) =
H(x*)<0).

Consider (for fixed a, A) the subdivision of the (¢, a)-plane:

(1) a> fi(u), u >,

(1) a= fi(w), u>u,

(2) a< fi(w), a> folu), >,

(3)ax< filpw),a> f3(y), p> .
It follows after some manipulation that (1) implies (i), (2) implies (ii), (3) implies (iii),
and (1") implies (iii) (with x* = 1/4) for appropriate ranges of ¢. For future reference, we
note that the ranges of o are given by

%az<7(a—f1(y)) for (1), (4.23)
0*<16(u—w) for (1), (4.24)

*

2(—af+ A;“) <o’< %(—af+‘u+A7(oc—(x’l)> for (2), (4.25)

o_<lol <o, for(3), (4.26)

where

0. =2p—p v2j7(a - f3(u)). (4.27)

Fix a > 0, A* >0 (by fixing A). Then with

Sa:{(y,a)€R+xR:y>12\—a,a>f3(y)}, (4.28)

the following is true.

If (u,a) € S, for some & > 0, there exists a nonempty interval I, ;1 o C R* such that for
all [o] € I 4> we have H(x) <0 for all x € [0,1]. (The intervals I, o in cases (1), (1),
(2), (3) are determined by (4.23), (4.24), (4.25), (4.26), resp.)

Suppose vy () is as defined in (4.16), and (4.17) holds. Then for u = A*, (y,a) € Sy,
and for A*/2 <y < A*, (y,a) € 1. For 0 <y < A*/2, a > vy (u), we get a >0, so there
exists a > 0 such that

(4.29)

which gives a > ocA*/2i, y > AN*/2a, s0 by (4.22), (4.28), we have (y,a) € S,. Fixing the a-
dependence in terms of a, u, A as above yields the appropriate intervals I, 41 = Loyt a(aut)>
where —8; = max,e[o,1] H(x) satisfies (4.18), by (4.9). O

Remark 4.3. Notice that A* = 0 if and only if g(x) = x, and A <0, in which case, by
defining

©>0, (4.30)
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the result of Proposition 4.2 is true, where a > v, (). Note that the formula for v coin-
cides with that in (4.16) when A*(1) = 0.

5. Exponential kernel

This section contains the first set of principal results of this paper. The first subsection
states the main results flowing from the analysis in the previous two sections, the second
considers the stabilization of the nonlinear equation (2.9), while the third subsection
deals with stabilization and nondestabilizing results relating to the linear version of (2.9).

5.1. Theorems. Combining the results of Theorems 3.1, and 3.2, and of Proposition 4.2,
we immediately obtain the first main result of the paper.

THEOREM 5.1. Suppose that f, g are locally Lipschitz continuous functions such that (2.4),
(2.5), (2.10), (2.15) hold. Let v be defined by (4.16) and a > vy(u). Then there exists a
nonempty interval I, ., C R™ such that for |o| € oy, there exists 65 = &y (lol,a,u,A) >0
so that all solutions of (2.3) satisfy

limsup ~log | X(58)| < —8%, aus. (5.1)

t—oo t

Moreover, there exists p* > 0 such that for all p < p*, there exists §, > 0 such that
E[[X(58)|"] <KE[I§17]]e%", t=0, (52)

where K is a positive constant independent of p and &.

The analysis of Proposition 4.2 enables a stabilization result to be proven when condi-
tions (2.15) on f are dropped. When these conditions are dropped, (4.9) still holds, but
H is now given by the formula

H(x) = |al fx+ %A*(ocxﬂx*l(l —x)) —p(1—x) —o?x* + %azx, (5.3)

because —af(w) < lalf, by (2.5), (3.1). Hence, by replacing —a by |a| and f by f in
Proposition 4.2, we have the following result.

THEOREM 5.2. Suppose that f, g are locally Lipschitz continuous functions such that (2.4),
(2.5), (2.10) hold. Let A* be defined by (4.5), and suppose that

u=A* ()

la| < u>A*D). (5.4)

Then there exists a nonempty interval I,,, C R™ such that for all |o| € I, there exists
0¢ =8¢ (lal,a,u,A) >0 so that all solutions of (2.3) satisfy

limsupllog | X (&) <=8, as. (5.5)

t—oo t
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Moreover, there exists p* > 0 such that for all p < p*, there exists §, > 0 such that
E[1X(58)|"] <KE[IEP]e7%, t=0, (5.6)

where K is a positive constant independent of p and &.

Remark 5.3. It does not appear that conditions given in [9, Theorem 3.1] can be applied
directly to the example given here, owing to the structure of the matrix X in (3.4). More-
over, it does not seem that applying a coordinate transform will rectify this.

Remark 5.4. It appears that it is possible to exploit the method of proof of [3, Theorem
4] to obtain results on the stabilization of (2.9) by noise. However, the estimates obtained
on the region in (y,a,1) parameter space in which we can state with certainty that all
solutions of (2.3) tend to zero are less sharp than those obtained in Theorems 5.1, 5.2,
under the hypotheses imposed in those theorems.

Remark 5.5. Under the hypotheses (2.15) with a > 0, it can be shown that

A

af > (5.7)
- KU

implies that all solutions of (2.3) satisty (5.1) for some §y > 0, for all values of |g| > 0. The

proof of this result in the linear case is established in [1]; the adaptations required in the

nonlinear case are straightforward, and not recorded here.

5.2. Stabilization of the nonlinear equation (2.9). We consider the deterministic nonlin-
ear equation (2.9) and the corresponding family of related It6-Volterra equations (2.3),
under the hypotheses (2.15). We deal with the cases A >0, A < 0 separately.

For A >0, the zero solution of (2.9) is locally exponentially asymptotically stable if
(u,a,A) € Sp, where

Sp = {(y,a)eR*xR*:a>%}. (5.8)

For (2.3), the zero solution is almost surely exponentially asymptotically stable if (¢,a,1)
€ Ss,

Ss = {(p,a) e R" X R ra>n(u)} (5.9)
if |o| € I, ). By defining u* (1) = A(1)/2 as the solution of A/u* (1) = v (u*(1)), we see
that for all 4 > u*(A) and for all a obeying

i—i <a<wnp), (5.10)

there exists an interval I,y C R* such that for |o| € I, the deterministic problem
(2.9) with parameters (y,a,A) is unstable, while problem (2.3) with parameters (4, a,1,0)
is globally asymptotically stable, a.s.
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For A < 0, using the same notation as above, we have

Sp = {(‘u,a) ER" xR :a> &, a+y>0},
# (5.11)
Ss = {(y,a) eER*XR*:a >1/A(‘u)}.

Hence, by defining y* (1) = A(A) as above, with g > y*(1), and a obeying (5.10), the
deterministic problem is unstable, while the stochastic problem can be stabilized for the
appropriate choice of g, as above.

Relaxing the hypotheses (2.15), we see that the unstable deterministic problem with
parameters (y4,a,A) can be stabilized for any |o| € I, 1, which is a nonempty interval in
R* provided that

“<ff |a|<#_1%*m, u> A (). (5.12)

5.3. Stabilization of the linear equation. For a given value of A, we explicitly recognize
the A-dependence of Sp and Ss by writing Sp = Sp(A), Ss = Ss(A). Then for fixed A, it is the
case that Ss(A) N Sp(1) and Ss(A) N Sp(A) are, in general, nonempty. This does not mean,
however, that noise can also have a destabilizing effect, as (4,a,1) & Ss does not imply
that there is destabilization. For the linear version of (2.3), (2.9) however (where f(x) =
g(x) = x), we show in this section that Ss(A) N Sp(A) is empty for all A # 0, so that noise
can always be added to a stable deterministic problem in such a way that the stochastic
problem remains stable, while Sg(A) N Sp(A) is nonempty for all A # 0, so that there exist
unstable deterministic problems which can be stabilizied. It is therefore justifiable to talk
about the stabilizing effect of noise for linear problems.

To make the discussion concrete, the deterministic linear problem is

X (t) = —ax(t) + Jt/\e_"(t_s)x(s)ds (5.13)
0

with the corresponding family of It6-Volterra equations

AX(f) = ( _aX(t)+ I;Ae*"(t’s)X(s)ds> dt +oX(1)dB(t), (5.14)

Consider A >0, and note that we have
A .
- if0<pu=< VA,
np) =1H (5.15)
2VA—p ifVi<p

Therefore, Sp(A) C Ss(A) for all A >0, as claimed. For A < 0, we get »(u) = —p for all
u >0, and again Sp(A) C Sg(A) forall A < 0.

The method outlined in this paper for obtaining upper bounds on the a.s. decay rate
of Ito6-Volterra equations of the form (2.3) is sharp for the linear problem (5.14) when
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A >0 (and ¢ = 0) in the following sense: the region in (y4,a,1)-parameter space for which
convergence occurs is correctly identified (a > A/u), and the exponential decay rate of
solutions identified as a solution of y* + (a+p)y + (ap — 1) =

To see this, note for ¢ = 0, A >0 that H(x) = x(—a+ VA (a—a 1) +u) + (—p+VAa™).
Then H(0), H(1) < 0 if and only if we can choose & € (v/A/u,a/+/1), which requires a >
Ap. Define the bound on the decay rate by y = sup, (o, H(x) = H(0) v H(1). The best
estimate can be obtained by choosing « such that H(0) = H(1), in which case we get the
required y? + (a+u)y+ (au—A) =

6. General exponential kernel

We now study the general scalar Ito-Volterra equation (2.2), relaxing the hypothesis that
the kernel k is exponential, instead assuming that

[k(t)| <Ae ¥, t=0, (6.1)

for some A, 4 > 0. In this case, the solution of the Itd-Volterra equation cannot be written
in terms of a stochastic differential equation. However, condition (6.1) enables us to be
able to obtain an upper bound on solutions of (2.2) in terms of a linear problem of the
form (5.14), from which we can obtain the required bound on the negative Lyapunov
exponent.

LEMMA 6.1. Suppose that f, g satisfy (2.4), (2.5), (2.10), (2.15), k satisfies (6.1), and X is
the solution of (2.2). Let (Y (t))¢=0 be the process given by Y (0) = |X(0)| and

dY (1) = ( —afY(t)+ f}tge-w-w(s)ds) dt+oY(8)dB(1), 6.2)
0

where f is given by (4.8) and g by (2.5). Then |X(t)| < Y(¢) forallt = 0, a.s.

Proof. Define (¢(t))=0 by ¢(0) = 1 and d¢(t) = o¢p(¢t)dB(t), and let X; (t) = ¢(£) "1 X (2).
Using integration by parts, we find that

t
X, () = X(0) + L ()" 'R(s)ds, (6.3)

where R(t) = —af(¢p(1) X1 (t)) + fo t—5)g(¢(s)X;(s))ds. Since R and ¢ have continuous
paths, we see that X is C!, and

0 = —af (X1 (D) (1) Jkt—s SOX(5)$(D) 'ds.  (6.4)

We now analyze this smooth system (6.4) on a pathwise basis, so we assume that w € Q
is fixed. Considering the case a > 0, and invoking (2.15), we have

t
D_|Xi(0)] < —af | Xi(5)] + ' JOk(t—s)g(¢(s)X1(s))¢(t)’lds : 6.5)
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so with a > 0, and using (2.5), (4.8), (6.1) gives
N t
D_|Xi(t)| < —af | Xi(t)| + L Ae =g | X (s) | p(s)(t) " ds. (6.6)

The same analysis for a < 0 also gives (6.6), recalling that f is defined by (4.8). Introduce
the process Y1 () = ¢()"1Y(£), so Y1(0) = |X(0)[, and (6.2) gives

Yi(t) = —afY(t)+ J:)Le_”(t_s)ng (5)p(s)p(t) " ds. (6.7)

Applying the deterministic comparison principle on a pathwise basis now gives | X, ()| <
Yi(t) for all t = 0, and almost all paths w € Q. The result follows by the definition of Xj,
Y;. O

Using Theorem 5.1, we can determine when the top Lyapunov exponent of Y defined
by (6.2) is negative, and hence obtain a stabilization result for (2.2).

THEOREM 6.2. Let X be the solution of (2.2). Suppose that f, g satisfy (2.4), (2.5), (2.10),
(2.15), and k satisfies (6.1) for some A, p > 0. Define

(Ag . -
e if0<u <,/Ag,
uf f0<p=<yAg

2\ g—u . — =
2\Ag—u -
T ifu>2,/Ag.

If a > vy (u), there exists a nonempty interval I, C R* such that for |o| € I, there exists
0g = 0; (a,u, A, 1al) > 0 such that

limsupllog |X(E)| < -6F, as (6.9)

t—o t
Moreover, there exists p* > 0 such that for all p < p*, there exists §, > 0 such that
E[[X(58)["] < KE[I§1P]e*", t=0, (6.10)
where K is a positive constant independent of p and &.

Removing the hypotheses (2.15), we obtain a similar result to Lemma 6.1 using a
nearly identical argument.

LemMA 6.3. Suppose that f, g satisfy (2.4), (2.5), (2.10), k satisfies (6.1), and X is the
solution of (2.2). Let (Y (¢))¢=0 be the process given by Y (0) = |X(0)| and

dY (1) = (|a|7Y(t) N J;Age‘“(t‘s)Y(s)ds>dt+aY(t)dB(t), (6.11)

where ?, g are given by (2.5). Then |X(t)| < Y(¢) forallt = 0, a.s.
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Equation (6.11) is in the form of (5.14) with — |a|7 <0 in the role of a and Ag in the
role of A, so the stabilization region in (y, a)-parameter space for fixed A is given by

~lalf >2Ag—p u>2\g. (6.12)
Therefore, we have the following theorem.

THEOREM 6.4. Let X be the solution of (2.2). Suppose that f, g satisfy (2.4), (2.5), (2.10),
and k satisfies (6.1) for some A, p > 0. If

2‘/7;, u>21g, (6.13)

there exists a nonempty interval I, C R" such that for |o| € I, there exists 8¢ = 6§ (a,
A, lol) >0 such that

limsup - log|X £E)| < -8F, as. (6.14)

t—o
Moreover, there exists p* > 0 such that for all p < p*, there exists §, > 0 such that
E[|X(t:&)|7] < KE[IEP[]e~%!, t=>0, (6.15)
where K is a positive constant independent of p and &.

7. Examples

To consider the stabilization of solutions of the deterministic equation

— _af(x J k(t - 5)g(x(s))ds, (7.1)

(where k satisfies (6.1)), we observe by (2.9) that the zero solution of (7.1) is unstable if
a< J k(s)ds, (7.2)
0

as this guarantees that the linearization of (7.1) is unstable. As an example, suppose that
k(t) >0 for all £ = 0, so that for a < 0, (7.1) is unstable. If, in addition a > (2,/Ag — p)/u

and y > 2\//F , there exists an interval in R* such that forall |o| € I, (2.2) is a.s. globally
exponentially asymptotically stable, so stabilization is again possible.
We now give an example under which Theorem 6.2 applies.

Example 7.1. Consider the deterministic problem

t

x'(t) = —ax(t) (2 — cos (x(t))) +J ze"‘(’ s ( (s)+ x(s)” )ds (7.3)

ol+(t—5s) 1+x(s)?
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with the corresponding family of stochastic Volterra equations

t 3
AX(f) = ( —aX(£)(2 - cos (X(8))) + L Tl_s)ze-w-s) (X(s) ; %) ds) dt

+0X(t)dB(t).
(7.4)

Therefore, we identify f(x) = x(2 — cosx), g(x) = x+x°/(1 +x?), and note that f, g sat-
isfy (2.4), (2.5), (2.10), (2.15), and are both locally Lipschitz. We have g = 2 and

~ 1 ifa>0,
= 7.5
f {3 ifa<O. (7:5)

Note that k(¢) = (1 + (2 + 1)~ 1)e # satisfies condition (6.1) with A = 2. Since
J k(s)ds > 1, (7.6)
0 U

we see that (7.4) is unstable for a < 1/u. Define

4 ifo<u=<2,

IS
W) =14-pu if2<p<4, (7.7)
%(4—@ ifp > 4.
Hence for y > 1+ +/3, »(4) < a < 1/u, Theorem 6.2 shows that all solutions of (7.4) tend to
zero exponentially fast, almost surely, provided that |g| is contained in an open interval
contained in R* whose endpoints depend on g, y. At the same time, the zero solution of
the deterministic problem (7.3) is unstable.

We finally show how the estimates on the ranges of admissible ¢ for which (2.3) is

stable in terms of the free parameter a can be established, using a specific example to
highlight the construction.

Example 7.2. Consider the nonlinear scalar deterministic Volterra equation

1 x(t)?

* O =X T e

+ Lt 2e7 10079 (x(s) +sinx(s)) ds, (7.8)

and the corresponding family of It6-Volterra equations

_ _ l X(t)3 It —10(t—s) :
dx(t) = (X(t) 2TH X2 + . 2e (X(s)+sinX(s))ds |dt+oX(t)dB(t). (7.9)
Note that (7.9) is of the form (2.3) and satisfies the restrictions (2.4), (2.5), (2.10), (2.15),
where

3
F) =x— %ﬁ g(x) = %(x +sinx), (7.10)
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and A =4, a = —1, y = 10. By (2.14), the nonlinear problem (7.8) is unstable. Observe
that A* defined by (4.5) is given by A* = 4, and f defined by (4.8) by

N 1 ifa<o,
f=11 (7.11)
2

ifa>0.

Therefore, with v defined by (4.16), we have a > v, (u), so by Theorem 5.1, we can choose
an interval of values of |o] such that all solutions of (7.9) converge to zero exponen-
tially fast, almost surely. Recall the subdivision of the (y,a)-plane given in (1)—(3) in
Proposition 4.2. We find ranges of the parameter « > 0 such that a > f,(u), or f3(u) <a<
fo(u) (where f,, f3 are given by (4.21)), and hence use (4.25), (4.26) to determine the
maximal interval of |o| for which solutions of (7.9) are stable.

By rearranging the inequality a > f,(u), we obtain a quadratic in «. Hence for

2 2
1—§<a<1+§, (7.12)

the point (10,—1) (in the (u,a) plane) satisfies —1 > f,(10). Rearranging the inequality
a> f3(u) yields

B

9— 9+./65
or a<

4 4

and solving for a < fo(u) gives a <1—+/2/2 or a > 1+ +/2/2. Thus, f3(u) <a < fr(u) if
and only if

o> (7.13)

9V 2 V2 9tEs
. .

<a<l 1+ —<a< .14
1 o or 5 o 1 (7.14)

Appealing to (4.25), we see that the appropriate choice of 0% > 0 to stabilize (7.9) is given
by

2(1+20c)<02<%(II—Z(cx—(x_l)) (7.15)

for any « satisfying (7.12). This can be achieved for 0% € (3.17157,8.82843).
Similarly, by (4.26), if we can choose « to satisfy (7.14) so that 0% > 0 is given by

2V10 =201 — /18 —4(a+a 1) < |o] <210 = 2a ' ++/18 —4(a+a"1),  (7.16)

then (7.9) can be stabilized. By (7.14), it follows that this can be achieved for |o| €
(1.7684,8.9138).

Combining the analysis on the regions a > f,(y), f3(4) <a < f,(4), we see that for any
value of 62 € (3.127,79.456) that all solutions of (7.9) satisfy

limsupllog |X(€)] <0, as., (7.17)

t—o t

while no solution of (7.8) converges to zero.
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8. Finite-dimensional problem

In this section, we consider how the analysis used to tackle the scalar problem can be
adapted to deal with the stabilization of the finite-dimensional It6-Volterra equation.

Suppose f € C(R%R?) is Lipschitz continuous with a global linear bound, and with
f(0) = 0. Suppose further that there exists a > 0 such that

(f(x),x) < —allxll>, xeR (8.1)
Let g € C(R%R") be locally Lipschitz continuous and obeying a global linear bound
gl <glixll, xeR% (8.2)
Finally, suppose that there exist A > 0, 4 > 0 such that K € C(R*; R4 x R") satisfies

[|K(t)|| <Ae ™™, t=0. (8.3)

In the above, (-,-) denotes the standard inner product on R4, || - || the Euclidean norm
on R¥ (or R, as appropriate), and the norm in (8.3) is the standard operator norm on
R? x R". Also, denote I; as the d x d identity matrix.

We study stability of the following It6-Volterra equation:

dx(t) = (f(X(t)) + J(:K(t - s)g(X(s))ds)dt+ >X(t)dB(t), (8.4)

where ¥ = ¢I; and ¢ € R, and X(0) = £ € R%. Here, as before, B is standard one-
dimensional Brownian motion, ¢ is independent of B, with E[||£]|?] < co. Under these
conditions, there is a unique strong solution of (8.4). Moreover, if X(0) = 0, then X(t) =0
forall £ > 0 a.s.

Remark 8.1. We note for further reference that the statement of the stability theorem we
obtain for (8.4) is identical for that we achieve for the equation

AX(t) = (f(t,X(t)) +LtK(s,t)g(s,X(s))ds> dt +SX()dB(b), (8.5)

under the following restrictions on f, g, K: [|[K(s, )|l < Ae™#*=9, |lg(t,x)|l < gllx|l, and
(x, f(t,x)) < —allx||? for all (£,x) € R* X R4 and some A, U g o> 0.

To prove the stability result for (8.4), first define the process Y (¢) = || X(¢)]|* and let ¢
be given by ¢(0) = 1 and

d@(t) = 203()dB(t). (8.6)

Also set Y(t) = @(t)71Y(t), t = 0. As Y has a semimartingale decomposition given by

dy (1) = (2(X(t),f(X(t))) +2<X(t),JOtK(t - s)g(X(s))ds> +02Y(t))dt+20Y(t)dB(t),
(87)
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by using (8.6) in conjunction with (8.7), we see that (}N’(t))tzo is a continuously differen-
tiable process obeying

(1) = 2T () — 20X(0), F(X(0))F(0) " +¢<t>*1z<x<t>,jo K(t=5)g(X(9)ds). (59)

Employing (8.1) gives

2(X (1), f(X(0)P() " < —2a¥ (1), (8.9)

Using the Cauchy-Schwarz inequality (8.2), (8.3), and the inequality
2xysﬁx2+%y2 B>0, % y=0), (8.10)

we get

20X, | K- 9g(xX()ds) | <2 K@K - 9liglX s

<ag| e (BIKI+ gl )as 1)
< %ﬁY(t) ¥ %g Lte_“(t_s)Y(s)ds.

Inserting (8.9) and (8.11) into (8.8) yields

¥ < <02 “dat %ﬁ) F(6)+ Lt %e-ﬂ“-%(t)-l&(s)?(s)ds. (8.12)

Next, define (Z(£))0 according to ZN(O) = IN/(O) and
S 2 Ag ~ tAg —ult—s) A~ ~
Z(1) = (a —2a+7ﬁ>Z(t)+J B0 T ods 61
0

By applying the comparison principle pathwise, we see that Y(f) < Z(t) for t > 0, a.s.
Now let Z(t) = $(t)Z(t); then Z obeys

dz (1) = [(02—2a+A§/3>Z(t)+ ;%’eﬂ(fS>Z(s)ds]dt+zaza)d3(t), (8.14)

and so we obtain
IXOI* =Y (5 =0T (1) < FOZ(1) = Z(D). (8.15)

Therefore, if we can show that there exists § > 0 such that

limsup 1logZ(t) < -8y, a.s. (8.16)

t—o0 t
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it is automatically true that

limsup%logHX(t)H < —%, a.s. (8.17)

t— o0

Note further that Z(0) = [|€]|? and for any p > 0, note that E[[|X(#)]|?] < E[Z(¢)?"?], so

we may equally obtain stability results in pth mean (for sufficiently small p) as before.
The above argument supplies the proof of the following Theorem.

TaEOREM 8.2. Suppose f, g are locally Lipschitz continuous and globally linearly bounded
with f(0) =0, g(0) = 0, and satisfy (8.1), (8.2). If K is continuous and satisfies (8.3), then
the solution of (8.4) satisfies

. 1 o

hmsup?logHX(t;ﬁ)H <-5, as, (8.18)

t—o0

for some 8 > 0, provided that the solution of (8.14) satisfies (8.16). Moreover, under these
conditions, there exists p* >0 such that for all p < p*, there exists ‘SP > 0 such that

E[||X(£8)]|P] < CE[IE]IP]e %!, t=o0, (8.19)

where C is a positive constant independent of p and &.

Showing that the solution of the Itd-Volterra equation (8.14) satisfies (8.16) for some
0o > 0 is the subject of an earlier section of the paper, and, as before, our interest lies in the
stabilizing effect of a noise perturbation. In (8.14), however, unlike the earlier problem
studied, the intensity of the noise perturbation arises in both drift and diffusion terms of
the auxiliary It6-Volterra equation (8.14), so although the method of proof is identical in
spirit to previous results, the calculation must be done afresh.

LemMa 8.3. Supposeg, y, A >0, and define
o orue (0,,/32A |,
P foru \3E

1/3
3 ((gh)? 1 -
2( 3u ) i for u=,/3gA\.

Ifa>v(A,g,u), there exists a nonempty interval I, , g2 C RY such that for |o| € 1o, there
exists 8§ = 8¢ (lol,a,4,8,A) > 0 such that 8§ < 8, where & is given by (8.16).

v(Agu) = (8.20)

Proof. To obtain sufficient conditions under which &, > 0, note that

-0y < max H(x), (8.21)
x€[0,1]
where
B g 1 [
H(x)=—402x2+x(302—2a+£+—((x—(x N+ >+— =y (8.22)
wop “)TaNp
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and a, f3 are positive constants that are chosen so as to obtain the best sufficient condition
on the parameters under which stability is guaranteed. As before, we note that 65 > 0 if
one of the following holds:
(i) H(0) <0, H'(0) < 0;
(ii) H(1) <0, H'(1) > 0;
(iii) there exists x* € [0,1] such that H'(x*) = 0 and H(x*) < 0.
Now, define u* = a~!,/g)/f, and the functions

)= 3 (8824 & a0,

flua,p) = %(gﬁ%+\ﬂ (a+ia‘1—%)>, (8.23)

Y é’_)‘( L P_‘)
f3(‘bl,06,‘8)— 2(gﬁy+\ /—’, oc+3(x 3 s
for u > u*. Note that fi(p, o, ) > fo(p, o, ) > f3(u, a0, B) for fixed ¢, f > 0 and p > p*, while

f) = SagA BB, =123 (8.24)

Now, consider the parameter regions
(1) a> filw,a ) u>p*s
(1) a = filp 0 B), p > s
(2) Ll p) <a< filpaf), u>p;

(3) ilpap)<a< folp,f), u>p*.
It transpires that for the appropriate ranges of ¢ that (1) implies (i), (2) implies (ii), (3)

implies (iii), while (1") gives rise to a special case of (iii). We omit the calculations which
justify this statement. In order that the results may be used in practice, we give here,
without justification, the appropriate ranges of o:

1 _ A |gA - >
O<02<—(2a— TS (a—al) - for (1), (8.25)
320788, 5 ) -
2 16 1184 /
0<o”< 5 (y o\ B for (17), (8.26)
A 1 A g )
—2a+ <02<<—2a+ “+u+ S (a—« 1) for (2), (8.27)
g, 5 8B, THt\ )
o’ <o’ <a? for(3), (8.28)

where 0 < 0_ < 0, are given by

0. = %W A % 6(a— fi(wap)). (8.29)
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Now fix a, B >0 and g, A >0, and define

Sep = {(a) € R* X Ry >pu* (), a> fr(u, o)} (8.30)

Then the following is true: if (u,a) € Syp for some a, >0, there exists a nonempty
interval I, ;g 1o C R* such that for all |o| € I, We have H(x) < 0 for all x € [0,1].
(The intervals I ,g,qp in cases (1), (1), (2), (3) are determined in (8.25), (8.26), (8.27),
(8.28), resp.) Now, suppose 0 < y < \/3gT/\ and a > gA/u. Let f = 1 and note that there
exists o > 0 such that

1 a
“\JIA<a< —. (8.31)
W
Hence (4,a) € Sap. Next, suppose that u >/3gA and
/3
s(en\” 1
>3 ( 3# o (8.32)

Now let & = 1/+/3, and ** = u/(3gM)?. Then a > f3(u,a,8), and so (y,a) € S, p. Fixing
the a—, f—dependences in terms of g, y, g, A above yields the required intervals Loygr =
Ia,y,g,)t,a(a,y,g,/l),[)’(a,,u,g,)t)> with *5(? = maXyeo,1] H(x) <0. O

This gives the desired stabilization result.

THEOREM 8.4. Suppose that f, g are globally linearly bounded and locally Lipschitz con-
tinuous, satisfy f(0) =0, g(0) =0, and obey (8.1), (8.2). Let K € C(R*;My,(R)) satisfy
(8.3), and X = ol. Suppose that v(u,A,g) is defined by (8.20) and a > v(u,A,g). Then, the
following hold.

(i) There exists a nonempty interval I, )5 C R* such that for |o| € I, )5, there exists
0¢ =8¢ (lal,a,u,A,g) > 0 so that all solutions of (8.4) satisfy

limsupllogHX(t;E)H <-8f, as. (8.33)

t—oo t

(ii) Moreover, there exists p* >0 such that for all p < p*, there exists §, > 0 such that
E[[X (58] < CE[IENP]e~%,  t=0, (8.34)
where C is a positive constant independent of p and &.

8.1. Stabilization without a negative definite assumption on f. It is still possible to
prove a stabilization result for the finite-dimensional Volterra equation

(1) = Flx(D) + JO K(t - 5)g(x(s))ds (8.35)

even when f does not satisfy the negative definite assumption (8.1) posited earlier in this
section. In the sequel, we relax the hypothesis (8.1) on f in favour of requiring that f



J. A. D. Appleby and A. Flynn 27
obeys a global linear bound of the form
IIfoll < flixll, xeR4. (8.36)

Again, we study the asymptotic behaviour of (8.4) under the assumptions (8.36), (8.2),
(8.3), assuming as before, that f, g are locally Lipschitz continuous, and K continuous.
To this end, we introduce the My 4(R*)-valued process (D (t)):>o determined by

dd(t) = o®(t)dB(t), t=0, (8.37)
and ®(0) = I;. Hence ®(¢) = ¢(t)14, where ¢(0) = 1 and
do(t) = o¢(t)dB(t) (8.38)

is a scalar geometric Brownian motion. Next, define Y(¢) = ®(¢)~'X(t) for ¢ > 0; this
process is continuously differentiable on R* and satisfies

Y'(6) = o) (f@0Y (1) + ﬂK(t - 9 (@(5)Y (9)ds). (8.39)
Employing (8.36), (8.2), (8.3), and the fact that [|®(£)[| = ¢(£), [®(t) | = ¢(£) !, we get
Y Ol < fIIY D[+ Ltle’”“’”@(t)”<P(s)||Y(s)||ds, (8.40)

sofort =0,
DYl = FllY ]l + J;Age*"(“%p(t)*sv(s)lIY(s)Ilds- (8.41)

Therefore, if Z(0) = ||€]] and (Z(t)):» satisfies
t
t)=fZ(t)+ J Age =99 (£) " p(s)Z(s)ds, (8.42)
0

the comparison principle implies that || Y (¢)|| < VA (t) for all t > 0, a.s. Next, observe that
(Z(1))¢=0 defined by Z(t) = (p(t)f(t) satisfies

dz(1) = (?Z(t) 4 f)tge*ﬂ“*”Z(s)ds) dt+0Z(H)dB(r). (8.43)
0
Since

1X(0)]| = [0 Y ()] < 9N Y (O] < 9(Z(0) = Z(8), (8.44)

it follows that there exists &g > 0 such that

limsupllogHX(t;f)H <-& as., (8.45)

t— o0 t
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providing that Z satisfying (8.43) obeys

limsup 1logZ(t) < -0, a.s. (8.46)

t—o0 t

Applying Theorem 5.2 to (8.43), it is seen that (8.46) holds for some range of o once

F=u-20g u=z2lg (8.47)

Therefore, we have obtained the following result.

Tueorem 8.5. Suppose that f, g satisfy (8.36), (8.2) and are locally Lipschitz continuous.
Let K € C(R*; Mg, (R)) satisfy (8.3), and suppose that ¥ = ol If0 < f < u— Zﬁ, then
the following hold.

(i) There exists a nonempty interval I x C R* such that for |o| € Iy gk, there exists
0y =05 (lal, f,g,K) >0 so that all solutions of (8.4) satisfy

limsupllogHX(t;E)H <-48f, as. (8.48)

t—o0 t

(ii) Moreover, under these conditions, there exists p* >0 such that for all p < p*, there
exists 0 > 0 such that

E[[IX(5EI"] < CELIEIP]e,  t=0, (8.49)
where C is a positive constant independent of p and &.
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