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We present a generalization of the cone compression and expansion results due to Kras-
noselskii and Petryshyn for multivalued maps defined on a Fréchet space E. The proof
relies on fixed point results in Banach spaces and viewing E as the projective limit of a
sequence of Banach spaces.
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1. Introduction

This paper presents cone compression and expansion fixed point results of Krasnoselskii-
Petryshyn type for multimaps between Fréchet spaces. Two approaches have recently been
presented in the literature, both of which are based on the fact that a Fréchet space can be
viewed as a projective limit of a sequence of Banach spaces {E, } sen (here N = {1,2,...}).
Both approaches are based on constructing maps F, defined on subsets of E, whose fixed
points converge to a fixed point of the original operator F. In the first approach [6, 7], for
each n € N a specific map F,, is discussed; whereas in the second approach [2—4], the maps
{Fu}nen only need to satisfy a closure-type property. Both approaches have advantages
and disadvantages over the other [1]. In this paper, we combine the advantages of both
approaches to present a very general fixed point result.
Existence in Section 2 is based on the following result of Petryshyn [14, Theorem 3].

TueoreM 1.1. Let E be a Banach space and let C < E be a closed cone. Let U and V be
bounded open subsets in E such that 0 € U < U < V and let F: W — CK(C) be an upper
semicontinuous, k-set contractive (countably) map; here 0 <k <1, W = V.1 C, W denotes
the closure of W in C and CK(C) denotes the family on nonempty, compact, convex subsets
of C. Assume that
(1) llyll = llx|l for all y € Fx and x € 0Q, and ||yl < ||x|| for all y € Fx and x € oW
(here O = U N C and 0W denotes the boundary of W in C)
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2 Cone compression and expansion

or
(2) liyll < llx|l for all y € Fx and x € 0Q, and || y|| = ||x|| for all y € Fx and x € OW.
Then F has a fixed point in W\Q.

For the rest of this section, we gather some definitions and a known result which will
be needed in Section 2. Let (X,d) be a metric space and Qx the bounded subsets of X.
The Kuratowski measure of noncompactness is the map a: Qx — [0, ] defined by (here
Ae Qx)

a(A) = 1nf{r>0 ACUA and diam (A )<r7s>. (1.1)

i=1

Let S be a nonempty subset of X. For each x € X, define d(x,S) = inf ,csd(x, y). We say
a set is countably bounded if it is countable and bounded. Now suppose that G : § — 2%;
here 2% denotes the family of nonempty subsets of X. Then G: S — 2¥ is
(i) countably k-set contractive (here k > 0) if G(S) is bounded and a(G(W)) <
ka(W) for all countably bounded sets W of S,
(ii) countably condensing if G(S) is bounded, G is countably 1-set contractive and
a(G(W)) < a(W) for all countably bounded sets W of S with a( W) # 0,
(iii) hemicompact if each sequence {x,},en in S has a convergent subsequence
whenever d(x,,,G(x,)) — 0asn — oo.
We now recall a result from the literature [1].

THEOREM 1.2. Let (Y,d) be a metric space, D a nonempty, complete subset of Y, and G :
D — 2Y a countably condensing map. Then G is hemicompact.

Now let I be a directed set with order < and let {E;}4cr be a family of locally convex
spaces. For each a € I, § € I for which & < f3, let 7, 5 : Eg — E,, be a continuous map. Then
the set

{ nE X = Tap(xp) Va,p €1, oc<[3} (1.2)

acl

is a closed subset of [ [, Eq, is called the projective limit of {Ey}4es, and is denoted by
lim._ E, (or lim. {Eq, s} or the generalized intersection [9, page 439] (e Ea)-

2. Fixed point theory in Fréchet spaces

Let E = (E,{| - In}nen) be a Fréchet space with the topology generated by a family of
seminorms {| - |, : n € N}. We assume that the family of seminorms satisfies

[x|; < |xl, <|x[3<--- forevery x € E. (2.1)

Forr>0andx € E,welet B(x,r) ={y € E:|x—yl|, <r foralln € N}. A subset X of E
is bounded if for every n € N, there exists r, > 0 such that |x|, < r, for all x € X. To E we
associate a sequence of Banach spaces {(E,,| - |,)} described as follows. For every n € N,
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we consider the equivalence relation ~, defined by

X~yy iff[x—yl,=0. (2.2)

We denote by E" = (E/~,,| - |,,) the quotient space, and by (E,, | - [,) the completion of
E" with respect to | - |, (the norm on E” induced by | - |,, and its extension to E, are still
denoted by | - |,). This construction defines a continuous map u, : E — E,. Now since
(2.1) is satisfied, the seminorm | - |, induces a seminorm on E,, for every m > n (again
this seminorm is denoted by | - |,,). Also (2.2) defines an equivalence relation on E,, from
which we obtain a continuous map gy, : E,, — E, since E,,/~, can be regarded as a subset
of E,. We now assume that the following condition holds:

for each n € N, there exist a Banach space (E,,| - |,,) 23)
2.3
and an isomorphism (between normed spaces) j, : E, — E,.

Remark 2.1. (i) For convenience, the norm on E,, is denoted by | - |,,.

(i) In our applications, E, = E” for each n € N.

(iii) Note that if x € E,, (or E"), then x € E. However if x € E,, then x is not necessarily
in E and in fact E, is easier to use in applications as we will see in Theorem 3.2 (even
though E,, is isomorphic to E,).

Forr >0and x € E,, welet B,(x,r) = {y € E,: |x — y|, < r}. Finally we assume that

Ei2E,2--- andforeachn € N, x|, < 1xlps1 Vx € E,41. (2.4)

Letlim_ E, (or (N} E, where (7" is the generalized intersection [9]) denote the projective
limit of {E,} yen (note that 7y m = juthnmjm' : Em — En for m > n) and note thatlim._ E,, =
E, so for convenience we write E = lim._ E,,.

For each X < E and each n € N, we set X, = jupn(X), and we let X,, and 90X, denote,
respectively, the closure and the boundary of X,, with respect to | - |, in E,. Also the
pseudo-interior of X is defined by [6]

pseudo-int(X) = {x € X : j,un(x) € X,,\0X,, for every n € N}. (2.5)

The set X is pseudo-open if X = pseudo-int(X).
We begin with our main result.

THEOREM 2.2. Let E and E,, be as described above, C a closed cone in E, U and V are
bounded pseudo-open subsets of E with 0 € U< U <V, and F:CNV — 2E (here 2F
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denotes the family of nonempty subsets of E). Suppose the following conditions are satisfied:

Wi2W,2---; hereW,=C,NV,, (2.6)

foreachn € N, F,: W, — CK(C,) is an
upper semicontinuous map (here W, denotes (2.7)

the closure of W, in C,,).
Also for each n € N, assume that either (here Q, = U, N C,)

|¥ln = |x|n  Vy € Fux, Vx € 0Qy,
|yln < Ixln  Vy € Fux, Vx € 0W,, (2.8)
(here OW,, denotes the boundary of W, in C,,)

or

[ylp<Ixly VyeFx, Vx&oQy,

[yln=lxl, Vye€Fux, VYxc€ oW, (29)
hold. Finally suppose the following three conditions hold:
for each n € N, the map I, : W,, — 2, given by
Haly) = O Fu(y) (see Remark 2.3), is k-set (2.10)

(countably) contractive (here 0 < k < 1);

for every k € N and any subsequence A < {k,k+1,...}
if x € C, is such that x € W,\Q,, for some n € A, (2.11)

then there exists a y > 0 with |x|x = y;

if there exist a w € E and a sequence {y,},

with y, € W,\Q, and y, € F,y, in E, such that
for every k € N, there exists a subsequence (2.12)
Scik+L,k+2,..} of Nwith y, — win Ex

asn— o in S, thenw € Fw in E.

Then F has a fixed point in E.

Remark 2.3. The definition of %, in (2.10) is as follows. If y € W, and y ¢ W,11, then
Hn(y) = Fu(y); whereas if y € Wiy and y € Wy, then H,,(y) = Fu(y) U Fpi1(y), and
SO on.
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Proof. Fix n € N. We would like to apply Theorem 1.1. To do so, we need to show that

C, is a cone, (2.13)
U, and V,, are open and bounded with 0 € U, < U, € V,. (2.14)

First we check (2.13). To see this, let X,y € u,(C) and A € [0,1]. Then for every x €
and y € u,'(9), we have Ax + (1 — 1)y € C since C is convex and so AX + (1 — 1)
A (x) + (1 = V)pn(y). Tt is easy to check that Ay, (x) + (1 = Dpu(y) = pn(Ax+ (1 -2
so as a result

(%)
7 =
)¥)s

Ax+ (1= = un(Ax+ (1= 1)y) € pn(C), (2.15)

and so p,(C) is convex. Now since j, is linear, C, = j,(u,(C)) is convex, and as a result
C, is convex. Similarly it is easy to show that tx € yn( C) for every t > 0, so C, is a cone.
Thus (2.13) holds.

Now since U is pseudo-open and 0 € U, then 0 € pseudo-int U, and so 0 = j,u,(0) €
U, \0oU,,. Of course

U,\oU, = (U, uoU,)\oU, = U,\oU,, (2.16)
so 0 € U,\dU,, and in particular 0 € U,. Next we show that U, is open. First note that
U, < U,\0U, since if y € U,, then there exists x € U with y = j,u,(x) and this together
with U = pseudo-int U yields j,u,(x) € U,\0U,,, that is, y € U,\0U,. In addition note
that,

U,\oU, = (intU, UdU,)\dU, = intU,\dU, = int U, (2.17)
since intU, (U, = &. Consequently

U, < U,\oU, =intU,, so U, =intU,. (2.18)
As a result U, is open. Clearly U, is bounded since U is bounded (note that if y € U,

then there exists x € U with y = j,u,(x)). It just remains to show that U, < U, < V, in
(2.14). Of course since U < U < V, we have

= jupin(U) S jutin(U) S jupn(V) = Vi3 (2.19)

and since j,u, is continuous, U, < jn/,tn(U) € juun(U) = U,. Also we see that un(U)
(V) (note that U < V), so since j, is an isometry,

Un = jupin(U) = juphn(U) S juitn(V) = V. (2.20)

Thus (2.14) holds.
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Theorem 1.1 guarantees that there exist y, € W,\Q, with y, € F,y, in E,. Let us look
at {yn}nen. Note y, € W, for each n € N from (2.6). Now Theorem 1.2 (with Y = Ej,
G =%, and D = W; and note that d, (¥, J1(yn)) = 0 for each n € N since [x]; < |x],
for all x € E, and y, € Fy, in Ey; here dy(x,Z) = inf ez |x — y|1) guarantees that there
exist a subsequence N of N and a z; € W, with Yo — 21 in E; as n — oo in N, Also
VYn € W,\Q, for n € N together with (2.11) yields | y,|; > y for n € N, and so |z;]; > y.
Let N; = N\ {1} and look at {y,},en,. Note that y, € W, for n € N; from (2.6). Now
Theorem 1.2 (with Y = E,, G = J{, and D = W,) guarantees that there exists a subse-
quence NJ of Nj and a z; € W, with y, — z; in E; as n — o0 in N} . Note that z; = z; in
E; since NJ < Ny Also y, € W,\Q, for n € N together with (2.11) yields | y,|, > y for
n € Ny, and so |z]5 = . Let N = NJ'\ {2}. Proceed inductively to obtain subsequences
of integers

Nf2Ny2---, Ny e {kk+1,..} (2.21)

and zx € Wy for k € N with y, — z in Ex as n — o0 in N7 . Note that zi.; = z in Ej for
k € N and |z|x = y for k € N. Also let N = N7\ {k}.

Fix k € N. Let y = z; in Ex. Note that y is well defined and y € lim_E, = E. Now
yYn € Fyy, in E, for n € Ny and y, — y in Ex as n — oo in Ny (since y = z; in E) together
with (2.12) implies that y € Fy in E. O

Of course for the proof, one sees that (2.11) is only needed to guarantee that the fixed
point y € E satisfies |zx|x = y for k € N; here y = zx in Ej.

THEOREM 2.4. Let E and E, be as described in the beginning of Section 2, C a closed cone in
E, U and V are bounded pseudo-open subsets of Ewith0 € U< U < V,and F:CNV —
2F. Suppose that (2.6) and (2.7) hold and in addition assume that either (2.8) or (2.9) is
satisfied. Finally assume that (2.10) and (2.12) hold. Then F has a fixed point in E.

Of course a special case of Theorem 2.2 occurs if F,, = F (i.e., F,, = F|,.

THEOREM 2.5. Let E and E, be as described in the beginning of Section 2, C a closed cone in
E, U and V are bounded pseudo-open subsets of Ewith0 e Uc U< V,and F:CNV —
2E, Suppose (with W,, = C, N V,, and Q,, = C, N U,,) the following is satisfied:

for eachn € N, F: W, — CK(C,) is an upper
semicontinuous k-set (countably) contractive map (2.22)
(here0 <k<1).

Also for each n € N, assume that either

Iyla = Ixl, VyeFx, Vx€0Q,,

(2.23)
[yl, < Ixly VyeFx, Vx €0W,,



R. P. Agarwal and D. O’'Regan 7

or

|yln < |xl, Vy€Fx, Vx €0Q,,

(2.24)
[yln=lxln Vye€Fx, Vx€dW,,
hold. Finally suppose that (2.11) and the following hold that:
oreachn € {2,3,...}ify € W, solves y € F
f ify y€Fy (2.25)

in E,, then y € Wy fork € {1,...,n—1}.

Then F has a fixed point in E.

Remark 2.6. Note again that (2.11) could be removed from the statement of Theorem 2.5.
The result in Theorem 2.2 is of course based on Theorem 1.1 which is of course based on
(1) and (2). One could replace Theorem 1.1 with the Leggett-Williams theorem (see [2])
or with results in [5, 13], and analogous results can be obtained in the Fréchet space
setting. Also multiplicity results could be presented as in [10].

Remark 2.7. The Kakutani maps in Theorem 2.2 could be replaced by maps admissible
with respect to Gorniewicz (if one uses results in [8]) or indeed the U maps of Park (if
one uses the results in [11]).

3. Application

In this section, we apply the results in Section 2 to the integral equation

Y1) = Lm K(t,5)f (s, y(s))ds  for t € [0,00), (3.1)

Our result, Theorem 3.2, was established in [10]. However, our goal here is to show how
easily and naturally Section 2 (in particular Theorem 2.2) applies when discussing prob-
lems of the form (3.1).

Remark 3.1. One could also obtain a result for the inclusion
y(t) J k(t,s)F(s,y(s))ds fort e [0,00) (3.2)
0

if one uses the ideas in the proof below with the ideas in [4].
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THEOREM 3.2. Let 1 < p < oo be a constant and q the conjugate to p. Suppose the following
conditions are satisfied:

foreach t € [0,00), the map s — k(t,s) is measurable, (3.3)
) 1/q
sup (J |k(t,s) | qu) < oo, (3.4)
te[0,00) 0
J |k(t',s) —k(t,s)|Tds — Oast —t', foreacht € [0,c0), (3.5)
0

f:[0,00) X R — R is an LP-Carathéodory function: by this,

(a) the map t — f(t,y) is measurable, Vy € R,

(b) the map y — f(t,y) is continuous for a.e. t € [0, c0) (3.6)
(c) for each r > 0 there exists h, € LP[0,0) such that |y| <r

= | f(t,y)] <h.(¢) fora.e. t € [0, ),

foreacht € [0,T], k(t,s) =0, for a.e. s € [0,1],

3.7
f:10,00) X R — [0, 00) with f(s,u) >0, for (s,u) € [0,00) X (0,), (37)
Jg:[0,00) — (0,00) withg € L1[0, ), (3.8)
and with k(t,s) < g(s) for t € [0, ), '
da,be [0,1], a<b, M, 0<M< 1 (3.9)
with k(t,s) > Mg(s) fort € [a,b], a.e. s € [0, ), ’
there exists a continuous nondecreasing function
w:[0,00) — [0,00),a ¢ € LP[0,0) with (3.10)
f(s,u) < ¢(s)w(u) for a.e. s € [0,00) '
and all u € [0,00),
Ar >0 withr >w(r) sup d(s)k(t,s)ds, (3.11)

te[0,00) Y0
there exists T € LP[a,b] with f(s,u) = t(s)w(u) (3.12)
fora.e. s € [a,b] and all u € [0, 0), '
b

AR >r with R< w(MR) sup | t(s)k(t,s)ds. (3.13)

te(0,1]/a

Then (3.1) has at least one solution in C[0, ).
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Remark 3.3. In (3.9), we picked b € [0,1] for convenience. Also if there existsa 0,0 < 0 <
oo with

b b
sup 1(s)k(t,s)ds = J 7(s) k(o,s)ds, (3.14)
te[0,00) Ja a
then one could replace (3.13) by
b
R<w(MR) sup T(s)k(t,s)ds. (3.15)

te[0,00) ~ @

Proof. Here E = C[0, ), EF consists of the class of functions in E which coincide on the
interval [0,k], and Ex = C[0,k]. We will apply Theorem 2.2 with U = B(0,r), V = B(0,R),

C={y€E:y(t)=00n[0,00)and y(t) = Mlyl,, Vt € [a,b], Vn e N},

o (3.16)
Fy( = | k(67 (5,59 ds
here |y|, = SUP,c(0,] |y(t)]. Fix n € N. Note that
C,=Cy,={y€E,:y(t)=00n [0,n] and y(t) > M|yl,, Vt€ [a,b]}, (3.17)
with U,, = B,(0,r) and V,, = B, (0,R). Also we let
Eay(t) = [ (1) £ (5, y(5)) s (3.18)

Clearly (2.6) and (2.7) hold. A standard argument in the literature [12] guarantees that
(here W,=C,nV,)

F: W, — E, is continuous and compact. (3.19)

In addition for any y € W, note that

|F.y(t)| < Lng(s)f(s,y(s))ds, for t € [0,n], (3.20)
from (3.8), and

Fuy(t) = ML" 2(5)f (s, 9(s)ds, forte [a,b], (3.21)
from (3.9), and these two inequalities yield

F,y(t)= M|F,y|, forte [a,b], (3.22)

so (2.7) holds.
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Next we show that (2.9) is satisfied (here Q, = C, N U,). Let y € 0Q, = U, N C,,.
Then |y|, = r and this together with (3.10) yields

|Fay(t)| < w(lyl,,)J?k(t,s)gb(s)dss w(r) sup ook(t,s)(p(s)ds (3.23)

te[0,00) 7 0

for t € [0,n], and so (3.11) yields

|Euy|, <w(r) sup ook(t,s)gb(s)cls <r=|yl. (3.24)

te[0,00) 70

Now let y € 0W,, = dV,, N C,,. Then |y|, = R and y(t) > M|y|, = MR for t € [a,b] (in
particular y(t) € [MR,R] for t € [a,b]). Now (3.12) implies that

n b
|Fay(t)| = L k(6,5) f (s, y(s))ds = J k(6,5 f (s, y(s)) ds

(3.25)
> w(MR) ij(t,s)‘r(s)ds,
so (3.13) yields
b
|Fuyl|, =w(MR) sup | k(t,5)7(s)ds
e (3.26)

b
> w(MR) sup | k(t,s)T(s)ds>R=1yl,.
telo,1]/a

Thus (2.9) holds.

To show (2.10), fixn € N. Let y € W,,.. Without loss of generality, assume that there ex-
ists 1 € {0,1,2,...} with y € W,y and y € Wyyy1. Then by definition, ,(y) =
U:’,,J;lnFm(y). Now since y € W,,.; we have from (3.6) that there exists an hg € LP[0, o)
with | f(s,¥(s))| < hg(s) for a.e. s € [0,n+1]. Fix j € {0,1,...,]} and so we have for t €
[0,n] that

| Fuwiy(1)| < JO"  h(s)k(t, )ds

(3.27)
< (]} puora) " s (] woor)
SO
Euiyl, < (J: [hR(s)]Pds) 7 (Lw [k(t,s)]qu)l/q, (3.28)

te[0,00)
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and as a result

00 l/p 00 l/q
|57{,,y|ns<J [hR(s)]Pds) sup (J [k(t,s)]qu> , (3.29)
0 tef0,00) \JO
that is,
) l/p ) I/q
Iulns<J [hR(s)]Pds) sup (J [k(t,s)]qu) Vi €y, (3.30)
0 te[0,00) \JO

Also for t;,t, € [0,n] and j € {0,1,...,1}, we have

ntj
|Fuijy(t1) —Fujy(ta) | < L hr(s) | k(t1,s) — k(t2,s) | ds

< ([ thatsr1vas) W( [ 1k(t,9) = K9) a5 "

(3.31)

and so

%y (8) = Hny (1) | < (Lw [hR(s)]Pds) W( j: |k (t1,5) — K(£2y5) |qu) " 3

that is,

[

1/q

ute) )| = ([ oo 1) ([ kw9 k() 7as) " 6)

0

for all u € 9,y. Thus {¥H,y:y € W,} is uniformly bounded and equicontinuous on
[0,1]. The Arzela-Ascoli theorem implies that %, : W, — 2F» is compact, so (2.10) holds.

Next we show (2.11) is satisfied with y = Mr. Fix k € N and take a subsequence A
{k,k+1,...}. Let x € C, be such thatx € W,\Q,, (i.e., R > |x|, = r) for some n € A. Then
minyeqp x(¢) = Mlxl, = Mr =y, so as a result |x|, = maxeeox [x(¢)] = .

Finally, we show (2.12). Suppose that there exist a w € C[0,00) and a sequence
{Wn}nen with y, € W,\Q,, (i.e., R> |w,l, > r) and w, = F,w, in C[0,n] such that for
every k € N, there exists a subsequence S € {k+ 1,k +2,...} of N with w, — w in C[0,k]
as n — oo in S. If we show that

w(t) = Loo k(t,s)f (s,w(s))ds fort € [0,00), (3.34)
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then (2.12) holds. To see (3.34), fix t € [0,0). Consider k > t and n € S (as described
above). Then w, = F,w, forn € §, so

k n
Wwa(t) — L k(t,5) f (5, wn(s)) ds = L k(t,5) f (5, wn(s)) s, (3.35)

and so

k
‘wn(t) - L k(t,s) f (s, wn(s))ds

< Lnk(t,s)hR(s)ds (3.36)

(here (3.6) guarantees that there exists hg € LP[0, ) with | f(s,w,(s))| < hgr(s) for a.e.
s€[0,0)). Let n — oo through S and use the Lebesgue dominated convergence theorem
to obtain

k o
‘w(t) - JO K(t,s) f(s,w(s))ds| < J;( k(t,s)hr(s)ds (3.37)

since w, — w in C[0, k]. Finally, let k — co (note (3.5)) to obtain

w(t) J K(t,5) f (s, w(s))ds = 0. (3.38)
0
Thus (2.12) holds. Our result now follows from Theorem 2.2, that is, there exists a solu-
tion y € C[0,00) to (3.1). Note in fact that y < | y|,, < R for each n € N. O
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