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We study a stochastic control problem for linear degenerate systems. We establish the
existence of a classical solution of the degenerate Bellman equation by the technique of
viscosity solutions, and the optimal policy is shown to exist from the optimality condi-
tions.
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1. Introduction

The usual framework of control is the one given in probably the most studied control
problem, stochastic regulator control problem, which deals with minimizing a perfor-
mance index of a system governed by a set of differential equations. The stochastic linear
regulator problem has been studied by many authors including Bensoussan [4], Flem-
ing and Soner [9] for nondegenerate diffusions. Da Prato [8] gives the solution to the
stochastic linear regulator for the degenerate systems related to Riccati equations (i.e.,
any ordinary differential equation) for the quadratic case with infinite horizon. But he
has not established the existence of a classical solution of the Hamilton-Jacobi-Bellman
(HJB) equation (i.e., a partial differential equation in the optimal control theory) to the
linear regulator control problem. Here we have studied an extended stochastic control
problem of the linear regulator for the degenerate diffusions by considering the general
case with infinite horizon.

We are concerned with the stochastic control problem to minimize the discounted
expected cost:

7(0) :E[Jome‘“t{f(xt) i |c,|m}dt] (1.1)
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2 Classical solutions of linear regulator for degenerate diffusions
over ¢ € A subject to the degenerate stochastic differential equation

dx; = [Ax; + ¢/ ]dt +oxidwi, x9=x€R, t=0, (1.2)
for & >0, m = 0, nonzero constants A, ¢ # 0, and a continuous function f on R such that

0<f(x)<K(1+[x|"), xinR, (1.3)
kolx™ — ki < f(x) (1.4)

for some constants K, ko, k; > 0. Here, (w;) is a one-dimensinal standard Brownian mo-
tion on a complete probability space (Q,%,P) endowed with the natural filtration &,
generated by o(w;,s < t), and s denotes the class of all &,-progressively measurable pro-
cesses ¢ = (¢;) with J(¢) < 0.

We also refer to Bensoussan [4], Fleming and Soner [9] for nondegenerate diffusions,
and also Da Prato [8] for the degenerate stochastic system from the view of Riccati equa-
tions in case of f(x) = Kx* and m = 2.

The main purpose of the linear regulator problem (1.1) and (1.2) is to give a synthe-
sis of optimal control for degenerate stochastic systems by a classical solution u of the
associated HJB equation

4 144 1 rr ’ . 7 .
Hxu,u' 0 = au—{iozxzu +Axu +m1"£1(|r|’”+ru)+f(x)}=0 inR,
re

(1.5)

where a > 0, uy, Uy, are partial derivatives of u(x,t) with respect to x. Generaly speaking,
the difficulty stems from the degeneracy in the second-order term of (1.5).

Our objective is to find the viscosity solution for u of (1.5) following Bardi and
Capuzzo-Dolcetta [2], Crandall et al. [6], Fleming and Soner [9] through the limit of
the solution v = v, L > 0, to the HJB equation

1 44 ’ . ’ .
avy(r) — {Eazxva (r)+Axvy(r) +|n‘11rL1(|r|’" +rvi(r)) +f(x)}» =0 inR (1.6)
as L — oo, where the value function v; can be defined as a function whose value is the
minimum value of the objective function of the control problem for the system, that is,

vi(t,x) = inf J(¢) asL — oo, (1.7)
ced;
where o, = {for all ¢ = (¢;) € ol such that |¢;| < L for all £>0}. Also our study deals with
the smoothness of the viscosity solution u of (1.5) using a convexity argument of v (x)
and u(x).
To this end, we assume that f is uniformly continuous with m-weight, that is, there
exists C, > 0, for any p >0, such that

| fx) = f) ] =Colx—yI"+p(1+1x|I"+|yI™) Vx,y€eR. (1.8)

We notice that (1.8) is fulfilled for f(x) = [x|¥#, 0 < u < m, and plays an important role as
treated in Koike and Morimoto [12], Menaldi and Robin [14].
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In Section 2, we show that the value function u(x) := limy_« vz(x) is a viscosity solu-
tion of (1.5). Section 3 is devoted to the study of smoothness of u. Finally, in Section 4,
we present an optimal control of the control problem (1.1) and (1.2).

2. Viscosity solutions

We studied here the properties of the value function vy (x) using the method of dynamic
programming, initiated by Bellman [3] and and showed that v (x) converges to a viscosity
solution u(x) of the Bellman equation (1.5).

The notion of viscosity solutions to HJB equation was introduced by Crandall and
Lions [7] in the early 80’s and requires only the solution to be continuous and by Lions
[13] for second-order equations. Crandall et al. [6] showed a modern presentation of this
notion of solution in the User’s Guide to viscosity solutions and Fleming and Soner [9]
also described the connections with control problems. Bardi and Capuzzo-Dolcetta [2]
showed an introduction to the theory limited to first-order equations. They also charac-
terized the value function as a viscosity solution of HJB equation.

Let w: R — R be a scalar function, defined on an open set R = R2. In the following,
we consider the second-order, partial differential equation

H(x,0(x),0' (x),0” (x)) =0 inR. (2.1)

Here H: R X R X R X R — R is a continuous (nonlinear) function.
The set of superdifferentials of w at a point x is defined as

() =0 ~p-(y=x) ~(/2)qly —x _ o}, (2.2)

J* w(x) = {(p,q) € Rz:lir;lj;lpw ly—x|?

Similarly, the set of subdifferentials of w at a point x is defined as

(y)—w(x)—p-(y—x)—(1/2)qly — x| N
ly —x|? -

J> w(x) = {(P,q) € [Rzzlim;gfcw 0},

(2.3)

where () stands for the scalar product of two vectors in R2.
We recall by Crandall et al. [6] the definition of viscosity solutions of (2.1) in terms of
sub- and superdifferentials.

Definition 2.1. A function w € C(R) is called a viscosity subsolution of (2.1) if,
H(x,w(x),p,q) <0 foreveryx € R V(p,q) € J* w(x). (2.4)

Similarly, a function w € C(R) is called a viscosity supersolution of (2.1) if
H(x,w(x),p,q) =0 foreveryx € R V(p,q) € J* w(x). (2.5)

w € C(R) is a viscosity solution of (2.1) if it is both viscosity sub- and supersolutions of
(2.1).

We now turn to the second definition of a viscosity solution which is equivalent to the
previous one.
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Equivalent definition. A function w € C(R) is called a viscosity subsolution of (2.1) if,

for every ¢ € C*(R), w — ¢ has a local maximum at x € R, then

H(x, 0(x),¢'(x),9" (x)) <0.

(2.6)

Similarly, a function w € C(R) is called a viscosity supersolution of (2.1) if, for every

XS C*(R), w — ¢ has a local minimum at x € R, then
H(x,w(x),¢'(x),¢" (x)) 2 0.
In order to ensure the integrability of J(c), we assume that
—a+ %02m(m —1)+m|A| <O.

LEMMA 2.2. Let2 <y < m. Then, under (2.8),

t t
E[e*“t|xt|”+J e*"‘5|x5|”ds] sxﬂ<x|"+E[J e“5|c5|”ds]),
0 0

for some constant «,, > 0, depending on .

Proof. By (2.8), we take 8 € (0,) such that
1,
B+ 70 plu—1)+ulAl <0.
Itd’s formula gives
! -1
e | |¥ = |x|"+J e*"‘SJL—rx|xs|M+y|xs|” sgn (x;) (Axs +¢5)
0
1 t
+5#(”_ 1)02|x5|”}ds+J e % u| x| odw,
0
t
= |x|”+J e""s<—(x+ %‘u(y— 1)a? +ulAl +ﬁ—/3) | x| “ds
0
t t
+J e u | x| sgn (x;) |cs|ds+J e % u|x;|“odw,.
0 0

Using a usual localizing argument, we have by (2.10),
TaAL
E[e*‘"(”“) \xrnm|”] < |x|/‘+E[J e {—(a=P)}|xs |”ds]
0

Ty AL
+E[J e | x| sgn (x) | s ds].
0

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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So
t t .
E[e*‘”|xt|”+(oc—/5)J' e*"‘3|xs|’4ds] < |x|"+E[J e % u|x |" sgn(xs)|cs|ds]
0 0

t
< |x|# +E[J e “u| xs |’k1 |c5|ds].
0
(2.13)

We set g = y/(u — 1) and choose y >0 such that (8 — «)/2 + (1/q)y9u? < 0. Then, by
Young’s inequality,

‘u—l 1 ‘14—1 q 1(1 )H
Xs G| < — Xs +——|c
ulx]" el q(wl ) P yl |

(2.14)
<O
2 uyt
Therefore, we deduce (2.9). O
THEOREM 2.3. Assume (1.3), (1.4), (1.8), and (2.8). Then
0 <vr(x) <K(1+[x|™), (2.15)
vi(x) fulfills (1.8) with some constant C,, independent of L, (2.16)
where K = K(1/a+ k).
Proof. Let (z;) be the unique solution of
dz; = Az dt + ozidws, 2o = x. (2.17)

Then, by (1.3) and Lemma 2.2,
vL(x)sE[J e*‘"tf(zt)dt] sKE[J e*‘"t<1+ |zt|m)dt]
0 0

< K+me<|x|”’+E[J e“‘|ct\mdt]>
o 0 (2.18)

K
= —+ KK |x|™
o

<K(1+|x|™),

which implies (2.15). To prove (2.16), we set J.(x) = J(c) and denote by C;, the class of all
c € sy, satistying

E[J:e*"‘ﬂxt\mdt] <0(1+|x|™), (2.19)
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where 0 = (K + 1+ kj/a)/ko. Since there exists ¢ € #;, for any integer n > 1, such that
Jo(x) < vi(x) +1/n, we have by (1.4) and (2.15),
* —at m kl 5 1 m
koE e x| "dt| - = < (k+=)(1+]x|™). (2.20)
0 o n
This yields that such ¢ belongs to C;, and thus

vp(x) = inf Jo(x). (2.21)

L‘E(@L

Let (y¢) be the solution y; of (1.2) with y, = y. It is clear that x; — y, fulfills (2.17) with
initial condition x — y. Hence, by (1.8), (2.21), and Lemma 2.2,

[vi(x) = vi(y)| < sup |Jo(x) = J:(») |

CE(@L

< supE[ [ e £ - (30|t

CE%L

< sup | [yl -+ p(1+ [ |+ [l | 22

CEC@L

< Coreplx— 1"+ 2 +2p0 m oy |y|m
< Gokm y +a+2p (T+Ix™+1yI™)
=Colx—y[™+p(L+|x["+[y[™),

where C, = G5k, and p = p/(1/a + 26). Therefore, we deduce (2.16), completing the
proof. O

TaEOREM 2.4. Under the assumptions of Theorem 2.3, the dynamic programming principle
holds for vi(x), that is, for any stopping time T,

vi(x) = inf E[JOTe‘“t{f(x,) ; |ct|m}dt+e“”vL(xT)]. (2.23)

cedA;

Proof. We denote v(x) the right-hand side of (2.23). By the formal Markov property,
B [ el fa) + lal a1 5| = e i), (2.24)
with ¢ equal to ¢ shifted by 7. Thus

Je(x) = E[ JOT + Lw f‘“{f(xr) + e m}dt]

T (2.25)
> E[L e"’“{f(xt) + e m}dt%—e*”vL(xT)].
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Itis known in Fleming and Soner [9], Nisio [15] that this formal argument can be verified,
and we deduce v;(x) = V(x).

To prove the reverse inequality, we take 0 < § < 1 with C,6™ < p for any p > 0. Then,
by (2.22), we have for |x — y| < 6,

|vi(x) =vi(y)| < sup |[Je(x) = Jo(p) | < Cod™ +p(1+|x|"+[yI™)
€6y (2.26)
<Bp(x) :=p (2" +2) (1+]x[™).

Let {S;} be a sequence of disjoint subsets of R such that

diam (S;) <8, [JSi=R. (2.27)

By (2.21), for any i, we take x) € S; and ¢ € 6, such that
Jeo (x7) < v (xD) +p. (2.28)

On the other hand, by the definition of ¥(x), we can find ¢ € 9, such that

V(x)+p = E[ JZ e*‘”{f(xt) + | e m}dt+ e Ty (xf)]. (2.29)
Define ¢ € A, by

= cliper + > 6 lyes ey (2.30)

1

Then we have

~T (i)
& = th Iyes, forx,es;,

Jeo (x2) = Jeo (%) = Jeo (x) + Jeo (x )
Ep (%) +Jeo (x?) < B, (xr) +vr (x®) +p
o (xr) = vi (o) + v (x9) + v (x0) +p

28, (x;) +vp (%) +p.

(2.31)

AN IA
(1]

IA
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Using the formal Markov property, we have by Lemma 2.2,

W) +p= B[ [ et £ + ] "o e (v0) - 28, x0) —p) |

:E:LT[M{ ) 4| | }dt+E[Lme { fxf)+ |l } ]]
=E:J0Te’“t{ O+ || }dt+E[Lme*“t{ )+ | cr | }dt|9'77]]

—2p(2"+2)E[e (14 |x|") | - p (232)
> v (x) —2p(2"+2) [Km<|x\”‘ +E[J:f‘” | md‘r])] -p

> v (x) —2p(2"+2) [(1 + K |x|™) +K,,,E[Loo e*“5|c3|mds]] -p

ZVL(x)—Zp(2m+2)<l+Km+ Kmof )(1+|x|m) -p

)20 -

K L™

=VL(X)—2<1+Km+

where x{ is the response to ¢/ with xj = x;. Letting p — 0, we deduce ¥(x) = v;(x), which
completes the proof. O

THEOREM 2.5. Under the assumptions of Theorem 2.3, u is a viscosity solution of (1.5),
which satisfies (1.3) and (1.8).

Proof. We note by Lemma 2.2 that for 0 < y < m,

E[Joh | x¢ |”dt] < e"‘hE[J: e | x |”dt]
< e J;)h K”<|x|” +E[J: e*“5|cs|“ds]> (2.33)

Se”‘hhk,,<|x|”+E[J e_”‘5|cs|”ds]), h>0,
0

and by the moment inequalities for local martingales (Karatzas and Shreve [11]),

h u h 14
E|: sup |x5—x|”:|53”E|:<J |Axt|dt> +<J |ct|dt) +<sup
O<s<h O0<s<h

<3H<|A|Mhﬂ 115“ |xt|"dt]+eahhﬂ 1EU e e |”dt]

+Chf‘/2’1E[L |xt|”dt])

)]

s
J ox:dw;
0

(2.34)
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for some constant C > 0. Hence, taking y = 2, we have

lim supE[ sup | x; —x|2] =0. (2.35)

h—0cesd 0<s<h

Recall by (1.8) that f is uniformly continuous on each compact interval. Thus we can
apply a standard result of viscosity solutions (Crandall et al. [6, Theorem 3.1, page 220])
to observe that vy, is a viscosity solution of

1 . , .
aV — {EazxZV” +AxV’ +m1{1(|r|m+rV )+f(x)} =0 inR. (2.36)

Now we can define u(x) by u(x) = lim; .. v (x) being nonincreasing. By Theorem 2.3,
it is clear that u fulfills (1.3) and (1.8). Thus by Dini’s theorem (Apostol [1]), we can ob-
serve the locally uniform convergence and the viscosity property of u (Crandall et al. [6]).
The proof is complete. U

3. Classical solutions

We studied the smoothness of the viscosity solution u of (1.5). In what follows, we say that
u is a classical solution of (1.5) if it is twice differentiable and satisfies the equation point-
wise. The value function, in general, is not smooth even for smooth systems. In order to
prove the smoothness of the viscosity solution u of (1.5), we used a convexity argument
of v, (x), u(x) and the technique of viscosity solutions is used to construct solutions.

THEOREM 3.1. Assume (1.3), (1.4), (1.8), and (2.8). Then
ue C*(R\{0}). (3.1)

Proof
Step 1. By the convexity of u, we recall a classical result of Fleming and Soner [9] to see
that lebesgue measure of R\ % U {0} = 0, where

9 = {x € R : uis twice differentiable at x}. (3.2)
By the definition of twice differentiability, we have
(' (x),u” (x)) € JPu(x) N 2u(x) VxeD, (3.3)
and hence

']

1 m/(m—1)
—au+ Eozxzu” +Axu’ +(1 - m)( ) +f(x)=0 Vxe%. (3.4)
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Let d*u(x) and d~u(x) denote the right- and the left-hand drrivatives of u(x), respec-
tively. Define r=(x) by

1 |di ( )| m/(m—1)
—au(x) + Eazxzri(x) + Axd* u(x) + (1 —m) <%> (3.5)

+f(x):0 VXE([R\{O})

Since d*u=d u=u" on %, we have r* = r~ = u’" a.e. By definition, d*u(x) is right con-
tinuous, and so is 7" (x). Hence it is easy to see that

y
u(y) —u(x) = J d*u(s)ds,

. (3.6)
d*u(s) — d*u(x) = j F(dt, s> x.
Thus we get

— — A+ _ _ + _ 2

Rl ) = {u(y) —u(x) —d u(ﬁ)}fy_xﬁ) 1/2r*(x) |y — x|}
_ R us) —dtu(x) —r*(x)(s - x))ds 5

ly —xl|2
_ AR @ -rw)dtds asyix

ly —xI|?

Step 2. We claim that u(x) is differentiable at x € R \ @ U {0}. It is well known in Bardi
and Capuzzo-Dolcetta [2], Clarke [5] that

ou(x) = [d*u(x),d u(x)] Vxe (R\{0}), (3.8)
where du(x) is the generalized gradient of u at x. Suppose d*u(x) > d~ u(x). Set

p=&dTux)+(1-8d u(x),

Pt )+ (1= (x), 0<E<l. (3.9)

If

limyil}liR(u;y) <0, (3.10)

then we can find a sequence y, — x such that lim,—.« R(1; y,) < 0. By (3.7), we may con-
sider that y, < y,4+1 < x for every n, taking a subsequence if necessary. Hence

i 20m) = ulx) =d"u(x) (yn —x)

<0, (3.11)
o |)’n_x|
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this leads to d*u(x) < d~u(x), which is a contradiction. Thus we have (d*u(x),r*(x)) €
J>~u(x) and similarly, (d~u(x),r~(x)) € J>u(x). By the convexity of J>~u(x), we get
(p,7) € J>~u(x). Now we note that

P <E(drulx)" +(1-&)(d ux)", (3.12)
and hence by (3.5),
(1-

mm/m— 1

(lu(x) )™ ™D pm 4 f(x) >0, (3.13)

1 ~ A~
—au(x)+ Eazxzr +Axp+
On the other hand, by the definition of viscosity solution,

l |p| m/(m—1) -
—(xu(x)+20 q+Axp+(1—m)( ) +f(x) <0 V(p,q) €] u(x), (3.14)

which is a contradiction. Therefore, we deduce that du(x) is a singleton, and so u is dif-
ferentiable at x Clarke [5].

Step 3. We claim that ' is continuous on (R \ {0}). Let x, — x and p, = u'(x,) — p.
Then by convexity, we have

u(y) zulx)+ply—x) Vy. (3.15)

Hence we see that p € D™ u(x), where

Du(x) = {p € R:liminf,_, {u(y) — u(x) — p(y — x)} . O}. (3.16)

ly — x|
Since du(x) = D~ u(x) and du(x) is a singleton, we deduce p = u'(x) by Bardi and

Capuzzo-Dolcetta [2, Proposition 4.7, page 66].
Step 4. We set w = 1. Since

( | w () | )’”“’“‘”

—ocu(xn)+%02xﬁw' (%) +Axuw () + (1 —m) +f(xy) =0, x,€9,

(3.17)

the sequence {w'(x,)} converges uniquely as x, — x € R\ @ U {0}, and w is Lipschitz
near x by monotonicity. Hence, we have a well-known result in nonsmooth analysis that
ow(x) coincides with the convex hull of the set

D*w(x) ={q € R:qz}lgrgow'(xn),xnegbﬁx}. (3.18)
Then

|w(x) |

m/(m—1)
) +f(x)=0 Vgqeow).
(3.19)

—au(x) + %azxzq + Axw(x)+ (1 —m) <
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Hence we observe that dw(x) is a singleton, and then w(x) is differentiable at x. The
continuity of w’(x) follows immediately. Thus we conclude that w € C!(R \ {0}) and
(R\9 U {0}) is empty. The proof is complete. O

THEOREM 3.2. Make the assumptions of Theorem 2.3. Further, assume that

f(x) : convex, (3.20)
fx)/x>— fE€R, asx— 0. (3.21)
Then
ue C(R)NnC*(R\ {0}). (3.22)
In addition, if f = 0, then
u e C*(R). (3.23)

Proof. We first observe that vy, is a viscosity solution of the boundary value problem:

V'"+G(x,V,V')=0 1in(a,b),

3.24
V(@) =vi(a)  V(b)=vi(b), (3.24)

for any interval [a,b] C R\ {0}, where
G V.V) = 2{ —aV+AxV' +minj < (Ir|"+rV') + f(x)} o, (3.25)

02x2

Standard elliptic regularity theory (Fleming and Soner [9, Theorem 4.1]) and the unique-
ness of viscosity solutions (Crandall et al. [6]) yield that v, is smooth in (a,b). Since

m > 2, we note that
\ ,\ m/(m—1)
VL
= -1
(m )( - )

min (|7]" +rvy)
[r|<L

< ' min (7" +rvy)
reR

e (3.26)
<(m- 1){<L> +1}.
m
Then by the Theorem 3.1, we have u € C>(R \ {0}).
To prove (3.22), it suffices to show that u satisfies
u'(x)=o0(1) asx—0, (3.27)

since, under (3.20), v, and u are convex by (Fleming and Soner [9, Chapter 4, Lemma
10.6]). By (3.21), there exists A > 0, for any ¢ > 0 such that f(x) < (f +¢)x? for |x| <A,
and hence, by (1.3),

1

flx) < (fA+e)x2+K(/1m + 1) Ix|™, VxeR. (3.28)
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By (2.17) and Lemma 2.2, we have u(x) < E[[; e f(z:)dt] < C(x2x> + Km|x|™), and
then

u(x) = 0(x*) asx — 0. (3.29)
By convexity,
u(y) =ux)+u'(x)(y —x), x+#0. (3.30)

Substituting y = 2x and y = 0, we get u(2x) = u(x) +u'(x)x and u(x) — u’'(x)x <u(0) =0
by (3.29). Thus

u(2x) - u'(x) - u(x)

x2 X x2

, (3.31)
and then

u'(x)=0(x) asx— 0, (3.32)

which implies (3.27). Finally, suppose f = 0. Then, by virtue of (3.28), we have u(x) =
o(x?) as x — 0. Moreover, by (3.31), v’ (x) = o(x) as x — 0. Dividing (1.5) by x? and pass-
ing to the limit, we get 4"/ (0) = 0 which implies (3.23). O

4. Optimality

The optimal control for the linear regulator problem is a linear function of x(¢). This is
particularly convenient for implementation. Because of this, controls have been designed
for many nonlinear problems as well as linear problems, using the solution of the linear
regulator problem. We will give an optimal control of the stochastic control problem
(1.1), (1.2). Let us consider the stochastic differential equation

dx} = [Axf +@ou/ (xf)]dt+oxfdw, xF =x, (4.1)

where ¢ o u/(x;*) is the composite function of ¢ and u and ¢(x) := — sgn(x)(|x|/m)V -1
is the minimizer of min,er (|7|™ +1rx), m = 0.

The main references for this section are Ikeda and Watanabe [10], and (Karatzas and
Shreve [11, page 219]). Our aim is to prove Theorem 4.1.

THEOREM 4.1. Assume (1.3), (1.4), (1.8), (2.8), (3.20), and (3.21). Then the optimal control
¢t is given by

cf =gou(xf). (4.2)

Proof. By (3.22), there exists a weak solution (x;°) of (4.1) up to explosion time ¢ =
inf{t: |x;| = oo} (cf. Ikeda and Watanabe [10, Chapter 4, Theorem 2.3]). We note by
(3.27) and by convexity that x¢ o #'(x) < 0 (Ikeda and Watanabe [10]). Indeed, by (3.27),
u'(0) = 0, since u(x): convex and u € C*(R), so u”'(x') = 0, x’ € R. Using mean value
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theorem, u'(x) — u'(0) = xu"' (x") = 0 for all x" € (0,x), u'(x) = 0. Again, ©'(0) — u'(x) =
(—x)u”(x') = 0 for all x' € (x,0), ' (x) <0. Now ¢(x) := —sgn(x)(|x|/m)"m=1),
sgn(e(x)) = —sgn(x), sgno(u'(x)) = —sgn(u'(x)), and sgne(u'(x)) = -1 forx = 0 and
sgng(u'(x)) = 1 for x < 0. Hence x¢(u'(x)) < 0 for both x > 0 and x < 0.

Since, by Itd’s formula,

d(xF) = 2xFdxr + %02 (xF)*2dt
:Zx;"[(Ax;"+q>ou’(x;"))dt+ax;“dwt]+02(x;“)2dt, (43)

4.3

d(Z[)z = 2thZt + %O’Z (Z[)22dt

= ZZt [Atht + UthW[] + 02 (Zt)2dt>

by the assumptions of the comparison theorem, we have b; (x) = Ax + ¢ o u'(x) + 02(x)?,
bz( ) Ax+0 (x)? then, we have b;(x) < by(x) and |ox — ay| = |o||x — y|, where ox =

, 50 [y p~2(x)dx = [y (0x)~2dx = c0. Thus we can see that (x;)? < (z)? by the com-
parlson theorem (Tkeda and Watanabe [10]). Since the explosion time ¢ = inf{t: |x;| =
oo}, we have oo = (x7)? < (z,)?. Hence 0 = c. By the monotonicity of ' (x) and ¢(x), we
have ¢ o t'(y) < ¢ o 1/ (x) for y < x. Then

dy; = [Ayi+@ou (yi)]dt+aydwy,  yo =x*,
dx; = [Ax| +@ou (x))]dt+ox]dw;, x} =x*, (4.4)
d(yi—x7) = [A(ye=x) + (9o (y) =o' (x7))]dt + 0 (ye — x[)dwy,

by It&’s formula,

1
d(y,—x;“)2 =2(ye—x5)d(ye —x) + Eaz(y,—xt*)det
=24y —x7)2dt+2(y - x7) (9ot () —gou (xF))dt

(4.5)
+20(yt—xt*)2dwt+az(y,—xt*)zdt
< (2A+0%) (y; - xF)dt+20 (y; — xF) dwy.
Hence
t t
(yt—x;")2 < (2A+02)J (ys—xs*)zds+20I (ys—xs*)zdws,
0 0 (4.6)

t

E[(yi—x)"] = (2A+02)J

)
OE[(yS xX) ]ds.
Setting &(t) = E[(y; — xi*)*], we obtain &(¢) < K fo (s)ds, for all t = 0, where K >2A + 0?.
By Gronwall lemma, we have &(¢) = 0 a.s. for all ¢ > 0. Therefore, E[(y; — x;)?] = 0 a.s.
for all t > 0, from which we have y; < x;". So, the uniqueness of (4.1) holds. Thus we con-
clude that (4.1) admits a unique strong solution (x;*) (cf. Ikeda Watanabe [10, Chapter 4,
Theorem 1.1]).
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Now, we apply Itd’s formula for convex functions (Karatzas and Shreve [11, 219]) to
obtain

t

e Mu(x) = u(x)+ J

_ 1
e “‘( —au+Axu' +cfu + Eazxzu”) | —xs ds
0

t (4.7)
+ J e “ox)u dws.

0

By virtue of (1.5)

tAT,

Ele " u(x, )] =u(x) - E[ |

e‘“s{f(xs*) + |k |m}ds], (4.8)

where {7,} is a sequence of localizing stopping times for the local martingale. Letting
n — oo and then t — oo, we get J(c*) < u(x) and ¢* = (¢f*) € A. Moreover, taking into
account (2.34) with y = m, again we apply It6’s formula for convex functions (Karatzas
and Shreve [11, page 219]) and we can see by the same calculation as above that

t
1 ’
e u(x) = u(x)+ J e’“s< —au+Axu’ +cu + Eazxzu' ) lix,ds
0

t

+ J e “oxsu' (xs)dwg (4.9)

0
t

> u(x) — Jot e“’“{f(xs) + |l m}d5+J e “oxsu' (xs)dws.

0

Again by virtue of (1.5), we have

Ele u(x;)] = u(x) —E[Jotefas{f(xs) + |Cs|m}d5]’ ced. (4.10)

By (1.4), we have

EU e-“fk0|xt|'”dt]—EU e‘“’kldt]
0 0

o ) (411)
sE[J e“"tf(xt)dt] sE[I e_‘"’K<1+ |xt|m>dt].
0 0
Then
"t m KL"I K [Jm —at m ]
E[L e | x| dt]s foa +kOE . ¢ | x| " dt
Ktk +%(|x|m+EU e“”|ct|mdt]) (4.12)
k()(x k() 0
<K+kl+—KKm|x|m+K K—Lm<oo
- k()(x k() " k()(X

which implies liminf;_. E[e”*|x;|"] = 0. Therefore, we deduce u(x) < J(c) forall c € A.
The proof is complete. O



16

Classical solutions of linear regulator for degenerate diffusions

Acknowledgment

The author would like to express his sincere gratitude to Professor Dr. A. B. M. A. Sobhan
Miah for his advice, support, and encouragement.

References

(1]
(2]

(3]
(4]

(8]
(9]

T. M. Apostol, Mathematical Analysis, Addison-Wesley, Massachusetts, 1974.

M. Bardi and 1. Capuzzo-Dolcetta, Optimal Control and Viscosity Solutions of Hamilton-Jacobi-
Bellman Equations, Systems & Control: Foundations & Applications, Birkhduser Boston, Mas-
sachusetts, 1997.

R. Bellman, Dynamic Programming, Princeton Univeristy Press, New Jersey, 1957.

A. Bensoussan, Stochastic Control by Functional Analysis Methods, Studies in Mathematics and
Its Applications, vol. 11, North-Holland, Amsterdam, 1982.

E H. Clarke, Optimization and Nonsmooth Analysis, Canadian Mathematical Society Series of
Monographs and Advanced Texts, John Wiley & Sons, New York, 1983.

M. G. Crandall, H. Ishii, and P.-L. Lions, User’s guide to viscosity solutions of second order partial
differential equations, American Mathematical Society. Bulletin. New Series 27 (1992), no. 1,
1-67.

M. G. Crandall and P.-L. Lions, Viscosity solutions of Hamilton-Jacobi equations, Transactions of
the American Mathematical Society 277 (1983), no. 1, 1-42.

G. Da Prato, Direct solution of a Riccati equation arising in stochastic control theory, Applied
Mathematics and Optimization 11 (1984), no. 3, 191-208.

W. H. Fleming and H. M. Soner, Controlled Markov Processes and Viscosity Solutions, Applica-
tions of Mathematics (New York), vol. 25, Springer, New York, 1993.

N. Ikeda and S. Watanabe, Stochastic Differential Equations and Diffusion Processes, North-
Holland Mathematical Library, vol. 24, North-Holland, Amsterdam, 1981.

I. Karatzas and S. E. Shreve, Brownian Motion and Stochastic Calculus, Graduate Texts in Math-
ematics, vol. 113, Springer, New York, 1988.

S. Koike and H. Morimoto, Variational inequalities for leavable bounded-velocity control, Applied
Mathematics and Optimization 48 (2003), no. 1, 1-20.

P.-L. Lions, Optimal control of diffusion processes and Hamilton-Jacobi-Bellman equations. I1.
Viscosity solutions and uniqueness, Communications in Partial Differential Equations 8 (1983),
no. 11, 1229-1276.

J.-L. Menaldi and M. Robin, On some cheap control problems for diffusion processes, Transactions
of the American Mathematical Society 278 (1983), no. 2, 771-802.

M. Nisio, Lectures on Stochastic Control Theory, ISI Lecture Notes, vol. 9, MacMillan, New Delhi,
1981.

Md. Azizul Baten: Department of Statistics, Shah Jalal University of Science and Technology,
Sylhet 3114, Bangladesh
E-mail address: baten@sust.edu


mailto:baten@sust.edu

