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1. Introduction

In this paper, we will study regularity properties of minimizers for integral functionals of
the form

I(u) = JQ {A(x, Vou) + Ag(x,u)} dx, (1.1)

defined in a suitable weighted Banach space; Q) is an open and bounded set of R” and
Vou={D%: |a| =1,2}.

We note that in this paper we obtain our regularity result directly working with the
functional I(u) instead of working with its Euler equation. In fact, we will not suppose any
differentiability of A(x, &), principal part of integrand of the functional I(u), but only that
it is a Caratheéodory function, convex with respect to £, satisfying the following growth
condition: for almost every x € Q and for every & = {{,: |a| = 1,2},

{ SEEIALSS u<x>|fa|"’;—f<x>sA<x,f>
lal=1 la|=2

(1.2)
sq{ > v &+ D u(x)lfalp}+f(x),

lae|=1 lae|=2
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where c;, ¢, are positive constants, f(x) is a nonnegative function, belonging to a suitable
Lebesgue space, and v(x), p(x) are positive measurable functions that we will specify later.

This kind of condition, introduced by Skrypnik in [1], is stronger than the one that
is usually considered (see, e.g., [2, 3]), but the usual growth condition in general cannot
give even the boundedness of the minima of I'(u) (see [4]).

In [5], boundedness and Holder continuity for minimizers of the same functional I(u)
in the interior of Q were already established. Now the aim of this paper is to establish
Holder continuity up to the boundary of any minimizer u(x).

Under some hypotheses on weighted functions in order to guarantee embedding be-
tween Banach spaces and under some hypotheses of regularity of the boundary 0Q, using
the convexity properties of the functions A(x,§) and Ay (x,7) and the above growth condi-
tions, we obtain an integral estimate of the gradient of the minimizers. Then the iterative
Moser method (see [6]) opportunely modified permits us to estimate the oscillation of
u(x) near the boundary of Q). So with the interior regularity result of [5], we obtain our
goal.

In the nondegenerate case, the problem of regularity of minimizers of integral func-
tionals was studied, for example, by [4, 7-9]. Among recent researches, we recall [10-12].

Note that in the case of 2p < g < n, some results on Holder continuity of solutions
of equations and variational inequalities with degenerate nonlinear high-order operators
have been obtained in [1, 13-16].

2. Hypotheses and statement of main results

In this section, we give hypotheses concerning weighted functions in order to define our
weighted Banach spaces, and to guarantee some embedding results, we give hypotheses
on the integrand functions and state the main result.

Let Q) be a bounded open set of R". Let p > 2, g be two real numbers such that 2p <
q<n.

Hypothesis 2.1. Let v(x) : Q—R* be a measurable function such that

1\ Va1
vell (Q), (;) e1L.(Q). 2.1)

Whi(y,Q)) is the space of all functions u € L1(Q) such that their derivatives, in the
sense of distribution, D*u, |«| = 1, are functions for which the following properties hold:
YWDy € L1(Q) if |a| = 1; W4 (,Q) is a Banach space with respect to the norm

1/q
lullg,y = (ngulqu+ > JQv(x)ID“ulqu> ) (2.2)

|ae|=1

o 1,g
W (Q, ») is the closure of C(Q) in Wh4(v,Q).

Hypothesis 2.2. Let u(x) : Q—R" be a measurable function such that

1/(p—1)
pelh@, () elh@ (23)
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W;,’Z(Q,v, ) is the space of all functions u € W4(Q,v) such that their derivatives, in
the sense of distribution, D%u, |a| = 2, are functions for which the following properties
hold: yl/PD"‘u e LP(Q)if |a| = 2; Wzl,’g(v,‘u, Q) is a Banach space with respect to the norm

1/p
> Ly(x)|D”‘u|pdx) ) (2.4)

lal=2

Nl = lull1q + (

o 1,q
Wz,p(Q,v,y) is the closure of C5’(Q) in Wzl,’g(Q,v,‘u).

Hypothesis 2.3. We assume the function 1/v € L*(Q) with ¢ > n/q.

We put g = nqt/(n(1+t) — gt). We can easily prove that a constant ¢, > 0 exists such
o 1,
thatifue W (Q,»), the following inequality holds:

L) luld dx < CO(L} [y(lx)]tdx>%t<

We set %(x) = u(x)? 972 [1/v(x)] /4720,

4/q
s JQ y(x) | D1 dx> . (2.5)

lal=1

Hypothesis 2.4. There exists t* > nt/(qt — n) such that »,% € L (Q).

For every y € R" and p >0, we denote

B(y,p) ={xeR":|x—y|l<p}. (2.6)

Hypothesis 2.5. There exists a constant ¢’ > 0 such that for every y € Q and p > 0, with

B(y, p) C Q, we have

1/t

<p_” IB(y,P) [V(lx)]tdx) (p_n IB(y,p) ['V(x)]t* dx) N =c 27)

We need these previous hypotheses in order to ensure the regularity of minimizers of
our functional in the interior of Q. To have the regularity to the boundary, we need the
following further hypotheses concerning the boundary of Q) and the extension of weights
on the boundary.

Hypothesis 2.6. There exist ¢*, p* such that for every y € Q) and p € ]0,p* [, we have
meas (B(y,p) \ Q) > c*meas (B(y,p)). (2.8)

Consequently, Q belongs to the class S (see, e.g., [17]).
Let us put

QO = {x e R":dist (x,Q) < p*]. (2.9)
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Hypothesis 2.7. There exist a positive measurable function 7(x) : O—R and a real positive
number ¢”’ such that 9(x) = »(x) in Q and

(i) /9 e L'(),9 € L ()

(ii) for all y € 9Q and p € ]0,p* [,

n 17t e » . Ve )
(P JB(}”P)I:W] dx) (p JB(y,p) [P dx) =c- (2.10)

We denote by R™? the space of all sets & = {¢, € R: |a| = 1,2} of real numbers.

Hypothesis 2.8. We suppose that A(x,&) : O X R™2—=R and Ay(x,7) : Q x R—R are
Carathéodory functions. Moreover, functions A(x, -), Ag(x, -) are convex in R™? and R,
respectively, for almost all x € Q.

Hypothesis 2.9. There exist c;,c, >0 and a nonnegative function f € L (Q) such that for
almost x € Q and for every £ € R™?, the inequality (1.2) holds.

Hypothesis 2.10. There exist ¢3 > 0,¢4 € [0,¢1/¢0[, and fo € L (Q) such that, almost ev-
erywhere in Q and for all 7 € R, the following inequality holds:

—cqlnl? = fo(x) < Ao(x,17) < c3lnl?+ fo(x). (2.11)
o Lg
LetI: Wz)p(v,y, Q)— R be the functional of the form
I(w) = J (A (x, Vou) + Ag(x,10)] dx. (2.12)
Q

From the theory of monotone and coercive operators, it is well known that under the

o 1,
previous hypotheses there exists #(x) minimizer of [ in Wz,P(Q,V,[/l). Moreover, u(x) is
essentially bounded in ) and Holder continuous in every compact subset of Q (see [5]).
Now, we can formulate our regularity result more precisely.

o 1,
THEOREM 2.11. Let u(x) be a minimizer of I(u) in WZ)P(v,y,Q), then there exists 1u(x) :
Q—R such that u(x) = u(x) a.e. in Q, and for every x,y € Q, we have

lu(x) —u(y)| < Clx—yl, (2.13)
where positive constants C and y depend only on known values and on ||ul|1i(q)-

3. Proof of Theorem 2.11

In this section, we give a proof of Theorem 2.11.
We set

2
m, = 1 , o L(q—ﬁ—ﬁ) (3.1)
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o 1,g
Let u(x) : Q—R be a minimizer of I in Wz’p(v,y, Q). Let us put

u(x), ifxeqQ,
u(x) = <{ (3.2)
0, ifx e R"\ Q.

Let us fix y € Q and p € ]0,(1/2)p*[, and let us put

w; = ess inf 7, Wy = ess sup U, w=w;— w. (3.3)
B(y,2p) B(y,2p)

It is simple to prove that w; < 0 and w, = 0.
By Ladyzhenskaya’s lemma (see [8, Lemma 4.8]), it is sufficient to prove that

osc{, B(y,p)} <csw+p?, withes €]0,1]. (3.4)

Here and in the sequel, with ¢;, i = 5,6,..., we intend positive constants depending
only on n, p, g, g, co, 1, €2, €3, €1, ¢/, ¢, 1, %, p*, ¢*, diam Q, on the norms of 1/%(x) in
L’(ﬁ) and f(x) in L (Q), and on the norm of u(x) in L‘7(Q).

We will assume that

w = p° (otherwise it is clear that (3.4) is true) (3.5)
w
wy = E (36)

It is known that there exists a set E C Q N B(y,2p) such that measE = 0, and for all
x € (QNB(y,2p) \ E), we have

w1 < u(x) < w,. (3.7)

We introduce now the following function:

1
wy — u(x)+p°’
1
2w’

ifx € (QnB(y,2p)) \E,
F(x) = (3.8)

ifxe (Q\B(y,2p)) VE,
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and the cutoff function ¢ € C*(Q)), 0 < ¢ < 1 in , defined by

3

1, ifermB( y = ),

o(x) = PP (3.9)
0, ifxeQ\B(y,2p).

Moreover, we can choose ¢(x) satisfying |[D*¢| < c6p’|“|, la| =1,2.

We observe that if (3.6) does not hold, it is possible to repeat all considerations substi-
tuting u(x) — w; + p° to w, — u(x) + p? in the definition of function F(x).

Let us fix s > m; and define

v(x) = [[F(X)]q_1 - (erlpa)q_l}Ps(x)- (3.10)
2
It is useful to note that due to (3.6) and (3.7)
‘ [F(x)]T" - (wlpv)q‘ <291 [F(x)]7". (3.11)
S -

o I,g
Thanks to Hypotheses 2.1, 2.2, 2.4 and (3.5), (3.7), (3.11), we have v € Wz)p(Q,v,‘u) and

|D*v — (q - 1)¢*(x)F1(x)D*u| < C7s[<p(x)]571[F(x)]qflp_l, for la| =1, (3.12)

| D*v — (g — 1)¢*(x)F9(x)D"u|

. _ Bu|? (3.13)
<5 [o(x)] *[F(x)] 1{ > |Du|2+p2} for |a| = 2.
p1 (w2 —u+p7)
Next, if we put
P’
A= R z(x) = (g — 1)¢*(x)F(x), (3.14)
it follows that 0 < Az(x) < 1 in Q.

u(x) being a minimizer for our functional, we have

I(u) < I(u—Av), (3.15)

or

J A(x,Vyu) dx < J A(x,Vou—AVyv) dx+f Ao (x,u—Av) dx — J Ao (x,u) dx.
Q Q Q Q
(3.16)
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Since A(x,&) is convex, the first term on the right-hand side can be evaluated in such
a way that

A(x,Vou—AVov) < (1 -Az2)A(x,Vaou) +AzA (x,—g), (3.17)

where H(x) = V,v(x) — z(x) Vou(x).
From (3.12) and (3.13), using Young’s inequality, we obtain

A%, Vou = AV,v) < (1-A2)A(x, Vau) +AcosTe D v(x) | Du | F1(x)g°(x)
lrl=1 (3.18)
+Acrosle ™ [p~ v+ p~ 7™ (f(x) +V(x)) | ™.

Let us evaluate now the term
AMg—1)o*
Ao(x,u— ) < Ao(x, 1) +c11(qpaq)§"(1 + fo(x)). (3.19)

So using Hypothesis 2.9,

L){ S 3(x)| Dul q}(q C)F(x) gt (x)dx

laf=1

< cppsie™ L) [p-w(x) Lo (F(x) 13 + folx) + 1)] [p(0] ™dx  (3.20)

+ cgsqsL2 { > v(x)| Dul q}Fq(x)(ps(x)dx,

la|=1

from which, choosing ¢ in a suitable way, we obtain

o q B
JQOB(y,Zp){ z v(%) |D Ll| }Fq(x)(P (x)dx

|ae|=1

< C135(m1+1)q J;) [p_qv(x) +p—am1 (T)(x) +f(x) +fo(x) + 1)] [gp(x)]s—mldx.
(3.21)

Then, definition of ¢(x) gives

a,, |49
JQOB(%(Z/W){ 2. (x)| Dul }Fq(x) dx < ciy L} sy P 5 (3.22)

lal=1 NB(-2p)

where ¢(x) = p~1v(x) +p~ o™ (V(x) + f (x) + fo(x) +1).
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Let us introduce now the function ¢, € C*(£}), defined by

1, ifxeQnB(y,p),

(x) = (3.23)
4 0, ifer\B(y,%p),

with [D%@, | < cl5p“"“,|(x| =1,2.
Let us put y = 2pq/(q —2p), and let us fix r >0, s > m;. We define

1
(w2 +P")(ql)/X’0}’

w(x) = G*(x)[log (2weF(x))] ¢,

G(x) = maXSL[F(x)](ql)/X —

(3.24)
W) = (= DG [F()] V" [log (2weF(x)) |
+r[G(x)*F(x)[log (2weF(x))] .
Thanks to Hypotheses 2.1, 2.2, 2.4 and (3.5), (3.7), we can prove that w(x) belongs to
W;:Z(Q,v,y) and

| D*w — we$ (x)D*u| < 6165GX(x)[log(ZweF(x))]rp*I[q)l(x)]s_l, if la| = 1,

| D% — W (x)D*u| < ci78*(r + 1)2[G(x)]X_z[F(x)]z((q_l)/x)[log (20.)eF(x))]r[g01(x)]s_2
2
Dfu ) 2} .
X 270 +p , if |la| =2.
{<ﬁ=lw2 —u+p
(3.25)
Let us put now
oq
U P lo’; o ! ) = V) - Mg Vaua), (326
and we introduce E; = {x € Q: W(x)j(x) #0}.
It is easy to prove that
0<hiw(x)gj(x) <1, VxeQ. (3.27)
Taking into account that
I(u) < I(u—Aw), (3.28)

we obtain

J A(x,Vau) dxsj A(x, Vou—2A1Vyw) dx+J Ao, u—Aiw) dx—J Ao(x,u) dx.
Q Q Q Q
(3.29)
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We can write for the first term in the right-hand side

S

- - H
A(x, Vou— 21 Vow) < (1 - 1iwe; (x))A(x, Vou) +1we; (x)A (x,—w%l(x))

and using Hypothesis 2.9 and Young’s inequality, we derive
A(X, Vzl/l - A] VzW)
< (1= we(x))A(x, Vau) +cishie(r + )Tt

X { z (x) \Dﬁu|‘1}[G(x)]X—I[F(x)](q—l)/Xﬂ
IBl=1

x [log (Za)eF(x))]r(pS1 (%) + crod g™ (r +5)
X [p~9v(x) +p 2™ (W(x) + f(x))][log (2weF(x))] [, (x)]" ™.

m+1

We evaluate now
Ao (x,u—iw) < Ag(x,u) + 1195 (r +5)[log (2weF(x)) ] p 1 ( fo(x) +1).

Then, from (3.31) and (3.32), we have

J ‘{ > v(x)ID“u|‘1}[G(x)]"“[F(x)](‘f‘”“‘“[log(zweP(x»]’«pi(x)dx

la|=1

<cis Le(m)@“{ > w(x) | DPu| ‘1} (G [E)]“ " [log (2weF(x))]"

[Bl=1
+ J;) e Mcyo(r +5)™™H [p~9v(x) +p 2™ (V(x) + f(x) + folx)+1)]

x[log (2weF(x))] [¢,(x)] ™ dx.

And so choosing ¢ in a suitable way, we obtain

JQ{ D v(x)|D“u|q}[G(x)]XI[F(x)](qWXH[log(ZweF(x))]r(psl(x)dx

lal=1
<c JQ (r+ s)”‘”ltp1 (x)[log (2weF(x))]" [o, (x)]" ™ dx,

where m; = mi(q+2) and ¢, (x) = [p~9v(x) + p~27™ (V(x) + f (x) + fo(x) + 1)].
We define

3 o/ (q—1)
Eo(p) = {xeB(y,2p> NQ:F(x) > w2+p‘7}

¢

(3.30)

(3.31)

(3.32)

1 () dx

(3.33)

(3.34)

(3.35)
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We can suppose that
meas(Ey(p)) #0. (3.36)

In fact, if (3.36) is not true, without any difficulties we obtain by the use of (3.6) the same
inequality (3.4). We have

G(x) = = [F(x)]" ", Vx e Ey(p). (3.37)

N |

Using this fact, inequality (3.34) gives

J;g ) { Z v(x) [ D*u| q}Fq(x)[log (2weF(x))]'(p51 (x)dx

ol =1 (3.38)
<en(r+9)" | 4,00 log (2weF()] [g,(x)] ™ dx.
Therefore, for every r > 0 and s > m,, using Hélder’s inequality,
J { > v(x) | Dul q}F“(x) [log (2weF(x))]" ¢} (x)dx
EO(P) lal=1
. 1/t*

< o1 (r+s)® (J ¢; (x)dx) (3.39)

QNB(y,2p)

* * s—m * * (t*il)/t*
X (J [log (2weF(x))]" /(t 1)[(pl(x)]( e 1)dx> .
QNB(y,2p)

Letusput 9 = (§/q)((t* — 1)/t*), m* = (mt*/(t* — 1)), ] =log [(2¢ 9D+ ew)/(wy+p?)],
and for any r, s > 0, we define

H(r,s) - J [log (2weF(x))] g% (x) dx+ 7 p" (3.40)
QNB(y,2p)

We introduce a new cutoff function ¢, (x) : B(y,2p)—~R, ¢, € C*(B(y,2p)), such that

1, ifxe B(y,p),

(Pz(x) = 3 (3.41)
0, ifx e B(y,2p) \B(y, Ep)
Let us observe that ¢, (x) = ¢,(x) in B(y,2p) N Q.
We define the following function:
1
—, ifxe QN B(y,2p) \ E,
Flx)=q 2 4P (3.42)

—_—, ifx €E,
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and we set
— r 1/ o5
V(x) = [max{[log(ZweF(x))] ,]r}] oY (x). (3.43)
We have
_ r .
Lma(y,zp) [log (2weF(x))] ¢ (x) dx < Lms(y,zp)V dx, (3.44)

o Lg
and by Hypothesis 2.7, duetove W (B(y,2p),7),
N G g/qt 4/q
J 7/3dx < EU [A—] dx> ( s J %) | D |1 dx> . (3.45)
B(y2p) B(y2p) LV(x) a1 JB(20)
From the definition of the function ¥(x) and (3.39), we have

(JB(}/,ZP) 2

la|=1

a/q
(x) | D*V| qu)

. aat* /9 &9-m* ;"
< Cz3(T+S)CZ4(J ¢ (x)dx) <J [log (2weF(x))]" " [9,(x)] dx)
B(y:2p) B(y:2p)
N 4/q
+ 5] s (p_q J @(x)dx) )
B(y,2p)
(3.46)
From (3.45) and (3.46), using Hypothesis 2.7 and (3.40), we deduce that
9
J P dx < cy(r +5) 7 p"1=9 H(r, S m*)] , (3.47)
B(y,2p) 9’9
and taking into account inequality (3.44), finally we obtain
9
H(r,s) < cog(r +5)>p"1=9 [H(;,; - m*)] , (3.48)

forall r >0 and s > m;(g/q).
Now, we can organize the iterative Moser method (see [6]). We introduce for i =
0,1,2,...,

_ 1 _m*Y i
ri= t+19’ si= 9_1(9 1). (3.49)

Then, (3.48) written with = r; and s = s; gives us

H(ri,si) < C3()pn(1_s)19i629 [H(Tifl,sifl) ]9. (3.50)
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Using this recurrent relation, we obtain, for any integer i,

H(ris) < cs1[p"H (ro,0)]°. (3.51)

Our aim now is to get a suitable estimate of the following integral:

Qwe tq/(t+1)
J [log ()} dx. (3.52)
QNB(y,(3/2)p) wy —u+p°

We put
vo(x) = [log (Zwef(x))]tq/(m) VxEB (y, %p) (3.53)
It is not difficult to prove that vp € WH1(B(y,(3/2)p)). Moreover, by Hypothesis 2.6,
meas <B (y, %p) \ Q) > c3p" (3.54)
and since w; > w/2 and w = p°,
3
vo(x) <c33 Vxe B(y, E’D) \ Q. (3.55)
So, by [18, Lemma 4], we have

J vo dx < cap” + C34pj | D% | ! dx. (3.56)
B(y,(3/2)p) B(y,(3/2)p)

By applying Young’s inequality, we obtain

tq/(t+1)
o dx < 635p” +C35Ptq/(t+l) L}( . )[F(x)]tq/(tﬂ)[ Z |D“u|} dx.
V> P

la|=1

IQF\B(y,(3/2)p)
(3.57)

But using Holder inequality, (3.22), Hypothesis 2.7, and definition of ¢, we find

_ tq/(t+1) a— /e
[F(x)] Z | DYu | dx

la|=1

, t/t*(t+1) 1 t t/t(t+1) (358)
< csop” 0] | ¢ wa| || ] ]
QNB(y,2p) QnB(y.2p) LV(x)

(n/t)+(n/t*)—q.

JB(%(S/Z)/J)

= C37p

Hence, from (3.57) and (3.58), we establish

JB( - [log (Zwef(x))]tq/(m) dx < cagp™. (3.59)
7:(3/2)p
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Finally, from the last inequality and (3.51), we obtain

J [log (2weF(x))]" < ck. (3.60)
B(y,p)
Therefore,
ess sup log (2weF(x)) < cyp. (3.61)
B(y,p)nQ

From this assertion, we deduce the inequality (3.4). Now, using [8, Lemma 4.8] and
the interior regularity result of [5], we get the conclusion of Theorem 2.11.
4. Examples

Now, we describe a situation where hypotheses stated in Section 2 are satisfied.
First of all, we consider an example of the integrand:

A(X,E)+A0(X,T’]), (41)

satisfying conditions in Hypotheses 2.9 and 2.10.
For every n-dimensional multi-index « and every x € Q, £ € R®?, and 57 € R,

A E) + Ao ) = v(0) > & T E +ux) D &P E + Inle . (4.2)
lal=1 la|=2

Let us choose
u(x) = |x—xo|™, v(x) = |x—x|", (4.3)

where xq is an arbitrary point in B(1). By this choice, the conditions of Hypotheses 2.1
and 2.2 are satisfied if we assume

—n<ag<n(q-1), —-n<ap<n(p-1). (4.4)
Finally, choosing 0 < &y < g and ga, — 2pa, >0 and taking the number ¢, £* such that

t
Do pos (4.5)
q Qg qt—n

then Hypotheses 2.3-2.7 also hold.
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