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1. INTRODUCTION.

Several researchers have contributed to the theory of Volterra integral equations [5].
Recently Banas [3] proved an existence theorem for nonlinear Volterra integral equation
with deviating argument without assuming the Lipschitz condition. Balachandran [1] [2]
generalized the results to a more general class of nonlinear Volterra integral equations with
deviating arguments. In this paper we shall prove an existence theorem without assuming
the Lipschitz condition for nonlinear Volterra equations with deviating arguments. The
result generalizes the previous result [3].

2. BASIC ASSUMPTIONS.

Let us introduce the following notations. Let I = [0,00), J = (0,00) and E = {(¢,s) :
0 < s <t< oo} Let p(t) be a given continuous function defined on the interval I with
value in J. We will denote by C, = C(I, p(t); R™) the space of all continuous functions from
I into R”™ such that

sup{lz(H)lp(t) : t > 0} < oo.

It has been shown [6] that C, forms the real Banach space with respect to the norm

=]l = sup{l(t)|p(?) : t > 0}.

Consider the following nonlinear Volterra integral equation with deviating arguments

(1) z(t) = ¢(t) +/; H(t,s,z(a1(s)),...,2(an(s)))ds

where z,¢ and H are n-vectors. Assume the following conditions:
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i. H: E x R* — R" is continuous and there exist continuous functions
m:E—J,a:I—-Jandb;: I —J fori=1,2,...,n such that

|H(t, s, z1,...,20)| < m(¢,s)+a(t) Z bi(s)|zi(s)|

=1

for any (¢,s) € E and (z1,...,2,) € R™.
Let b(s) = 31—, bi(s) and L(t) = f(;' a(s)b(s)ds and take an arbitrary number
M > 0 and consider the space Cp, with p(t) = [a(t) exp(M L(t) + t)]~1.

1. ¢ : R® — R" is continuous and there exists a constant A such that

[8(8)] < Aa(t) exp(M L(1))-

ili. There exists a constant B > 0 such that for any ¢ € I the following inequality
holds

/ot m(t,s)ds < Ba(t) exp(M L(t)).

iv. a; : I — I are continuous functions satisfying the condition L(a;(t))— L(t) <
K;, where K;, i =1,...,n are positive constants.
V.

i(t
ﬂg(it%—)—)- <M(1-A-B)exp(—MK;), i=1,...,n.
A+B<1.

In what follows we will employ the following criterion of compactness of sets in the space
Cy [4].

Lemma. Let Q be a bounded set in the space C,. If all the functions belonging to Q
are equicontinuous on each interval [0,7] and lim,—. sup{|z(¢)|p(t) : t > n} = 0 uniformly
with respect to @, then @ is relatively compact in Cp.

If z € Cp, we will denote by w(z, h) its modulus of continuity on the interval [0, 7] as

w(z, h) = sup{|z(t) — z(s)| : [t — s] < h, t,5 €[0,n]}.

3. EXISTENCE THEOREM.

Theorem. Under the assumptions (i) to (v) the equation (1) has at least one solution «
in the space Cp such that |z(t) < a(t) exp(M L(t)) for any t > 0.
Proof. Consider the following transformation defined on the space Cp by

t
(2) (Fz)(t) = ¢(t) +/ H(t,s,z(a1(s)),. .., z(an(s)))ds.
0
Observe that our assumptions imply that (Fz)(t) is continuous on I and define

G={z€C,: |z(t)] < a(t)exp(ML(t))}.
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Obviously G is nonempty, bounded, closed and convex in the space Cp,. Now we show that
F maps the set G into itself. Take z € G. Then from our assumptions we have

I(Fz)(®)| < Aa(t)exp(ML(2)) + /0 m(t, s) +a(t) Y bi(s)lz(axi(s))lds
i=1

IN

(A + B)a(t) exp(M L(t)) + a(t) /0 Z b;(s)a(a;(s)) exp(M L(a;(s)))ds

i=1

IA

(A + B)a(t) exp(M L(t))

+a(t) /0 Z bi(s)a(ai(s)) exp(M (L(wi(s)) — L(s))) exp(M L(s))ds

i=1

(A + B)a(t) exp(M L(t))

IA

+a(t)(1—- A- B) /ot M Z bi(s) exp(M L(s)) exp(— M K;) exp(M K;)a(s)ds

= (A+ B)a(t)exp(ML(t))+ (1 — A— B)a(t) ‘/‘; Ma(s)b(s) exp(M L(s))ds
= a(t) exp(ML(t)).

which shows that FG C G. Next we show that F is continuous on the set G. For
this let us fix A > 0 and z,y € G such that ||z — y|| < h. Further take an arbi-
trary fixed n > 0. Then using the fact that the function H is uniformly continuous

on [0,7] x [0,7] X [=y(a1(n)), ¥(@r(M)] X ... x [=7(an(n)), V(an(n))], Where v(ai(n)) =

max{a(a;(s)) exp(M L(e(s)) : s € [0,1]}, we obtain for ¢ € [0, n]

[(Fz)(t) = (Fy)@®)| < /0 [H(t, 5, 2(@1(5)), ..., 2(an(s))) = H(t, 5,y(1(5)), - .., y(an(s)))lds
(3) B(h)

where B(h) is some continuous function such that lim,_,o B(h) = 0. Let us take t > . Then

|(F2)(t) - (Fy))la(t) exp(ML(E) + )]71 < [[(F2)()] + |(Fy)(t)[]a(t) exp(ML(t)] e~
< 27t

IN

Hence for sufficiently large n we have

(4) I(Fz)(8) - (Fy)())|p(t) < b fort > .

Thus in view of (3) and (4) we deduce that F' is continuous on the set G.
Now we show that FG is relatively compact. In the set G, note that |(Fz)(t)|p(t) < e’
which implies that

(5) Jim sup{|(Fz)(t)lp(t) : t 2 n} =0

uniformly with respect to z € G.

Furthermore, let us fix A > 0, n > 0, ¢t,s € [0, n] such that |t — s| < h. Then for z € G,
we get

|(Fz)(t) - (Fz)(s)] < l<15(t)—<i>(5)|-l-l/0 H(t,u,z(1(u)), - -, 2(an(u)))du
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- /(: H(s,u,z(a1(u)),...,z(an(u)))dul

< w(¢,h) + |/(J H(t,u,z(a1(u)), ..., z(an(u)))du
- /03 H(s,u,z(a(w)),...,z(an(u)))du|
+ /03 |H(t, u, z(a1(n)), ..., z(an(u)))
—H(s,u,z(a1(u)), ..., z(an(u)))|du

< w(é,h) + hmax{m(t, s)

+a(t) D bils)p(ex(s)) :0 < 5 <t < m} o+ mw(H, h)

=1

which approaches 0 as h — 0, since limy—,qw(¢, h) = limy_ow(H,h) = 0.

We deduce that all the functions belonging to the set F'G are equicontinuous on each
interval [0,7n] and by (5), using the lemma we infer that FG is relatively compact. Then
the Schauder fixed point theorem guarantees that F' has a fixed point ¢ € G such that

(Fz)(t) = z(2).
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