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ABSTRACT

In the present paper an operator-differential equation is
investigated. Sufficient conditions for the presence of Kneser’s properties
are found.
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1. INTRODUCTION

In the present paper sufficient conditions are obtained for the presence of
Kneser’s properties for the operator-differential equation considered. Conditions
are also found which guarantee the existence of nonoscillating solutions, and
some of their asymptotic properties are investigated. Sufficient conditions for
finding the number of the zeros of a given solution of this equation in a finite

closed interval are given.

Analogous results for ordinary differential equations are obtained in [1].
The consideration of an operator-differential equation allows us by means of a
single approach to investigate the properties of the solutions of a number of little

investigated classes of differential equations.
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2. PRELIMINARY NOTES

Consider the operator-differential equation
2"™)(t) + p(t) - (Az)(t) = 0 (1)
where n > 1 is an integer, A is an operator with certain properties, and p is a
nonnegative, locally integrable function in R = [0, c0).

Introduce the following notation:
C([a, b]; R) — the set of all continuous functions u: [a, b] — R.
AC([a, b]; R) — the set of all absolutely continuous functions u: [a, b] — R.

AC*[R,, R)—the set of all functions u: R, — R which are locally

absolutely continuous, together with their derivatives up to order k inclusive.

L(I, R), I CR —the set of all functions u: I — R which are Lebesgue

integrable.

Li,.([a, 00); R) — the set of all Lebesgue integrable functions u: [a, co) —

R in each finite closed interval [a, b] C [a, o).

Definition 1. The function z: R_.— R is said to be a solution of
equation (1) if z€ AC" " }(R,, R) and z satisfies equation (1) almost

everywhere.

Definition 2. A given function u: R — R is said to eventually enjoy the
property P if there exists a point t, , > 0 such that for ¢ > ¢, , the property P is

pyu —
valid.

Definition 3. The solution z of equation (1) is said to be regular if

sup|z(t)| > 0 eventually.

Definition 4.  The regular solution z of equation (1) is said to oscillate if

it has infinitely many zeros, and to be nonoscillating otherwise.
Introduce the following conditions:
Hl: p€ L (R,,R), mes{s>t; p(s) #0} >0 fort>0.
H2: A: AC"~Y(R,,R) = Li,(R,,R).
H3: If the function z € AC"~'(R,, R) is eventually nonzero and with a

constant sign, then the function Az € L;(R ., R) is also eventually nonzero and
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with a constant sign, and they have the same sign.

H4: If the functions z,, z, € AC" "' (R, R), y(t) < z,(t) for t ER ., then
(Az,)(t) < (Azy)(2) for t >t > 0.

H5: If z(t) =0, then (Az)(t) = 0 eventually.
H6: The operator A is linear.
Introduce the following notation:

If s, is a zero of the function v: R, — R with multiplicity ny, and m €N,

then
no for no <m

Am('v’so) = { (2)

m for ng>m
By pm(v,80) (#0m(v,80)) denote the number of indices (i =1, ..., m — 1) for which
v®(s5) = 0.

If the function v in the interval I CR, has a finite number of distinct
zeros S; (1 <1< k), then A (v, I) = ZL Am(v; S5)-

Then v, (036,) = An(t3 (2 b]) + fin(030)
or (508) = A5 (2 B]) + (030

Let t, € R, . Denote by E,0 the set of all numbers ¢, (¢, > t,) for which

there exists a solution z of equation (1) such that z(ty) = z(¢,) =0 and z(t) >0
for t E [to, tl]'

Introduce the notation 7,(ty, p) = sup E,,

Lemma 1. Let the following conditions hold:
1. Conditions H1 — H3 are met.
2. There ezists a solution z of equation (1) such that «(t) > 0 for t > t, > 0.
Then there exzist numbers t, € [ty, o0) and 1€ {0, ..., n} such that n+1 is an odd
number and
() >0 fort>4,0<i<i-1
(=1 () >0 fort> ¢, I<i<n-1 (3)
(=1)"+ V() >0 for t > t,.

Remark 1. Lemma 1 follows from the Lemma of Kiguradze [1] and
conditions H2 and H3.
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3. MAIN RESULTS

Theorem 1. Let the following conditions hold:
1. Conditions H1 — H3 are met.
2. There ezists a regular solution z of equation (1) in the interval [t
t°] C R, such that
o{t) = o£) =0, o) > 0 for t € [ty, £].
Then (75 [ty, £°]) < n.

Proof: Suppose that the solution z of equation (1) changes its sign m
times (m >0 an integer) in the interval [t,, t°), i.e., there exist intervals I;
(0 £ j £m) such that 'Qo I; = [to, t°] and z™)(t) does not change its sign in each
of them. 7

1. Let the function z)(¢) (1<i<n—1) in the interval [t,, t°] have a
finite number of zeros.
If 20~ Y(¢,) # 0, then
’\n—i(m(i); [t(), to]) 2 )‘n—i+l($(i_l); (tO, to]) -1
and
Hon ~ ,-(a:(i);to) = HBn-it 1(x(i B 1);to)-
If (=) (¢) = 0, then
A= @95 (b0, 1) 2 An_i 4120715 (0, £))

and
= (@ D5t0) = p i g2 (a0 7 Vito) - 1.
Then
v, _ ,-(m(‘);to,to) >Vn iyt (2,89 -1,1<i<n—1
va(zite,t%) < 1/1(:1:(" Uit ) +n—1
or
(s [tor ) S M"Y [k, ) + (=" " Ditg) +n - L. (4)

But

’\1(‘7"("—1); [to, t°]) =1 and F"l(x(n—l)ﬁo) =0.
Then from (4) it follows that \,(z; [to, t°]) < n.
2. Let an integer ¢ exist (1 <7< n—1) such that 29 in the interval [t,, t°]
has infinitely many zeros. From condition H1 it follows that for each closed

interval there exist a finite number of intervals T,;; (which can be also

points — for instance T'y;) such that () =0 for te T,;; and there exists an e-
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neighborhood T; of the interval T;; such that for ¢t € T;;\T;, (1) £0.

Moreover, if T;; and Ty are two subintervals which do not degenerate
into points, then either T';; = T or T;; N T} =0.

Introduce the following notation:

)\n-i(:z:("),t*) for {t.} = Ty;

X . (‘.)7TA ) =
n-—t(x tJ) { n—1t for T,‘j 7é {t*}

T, i(zW5t0,°) = i Pnm i@, T) + = i(29 )
where {T;;, T, ..., Tix} is the set of all intervals such thatT';;N (¢, t°] #90,
1< <k
Just as in Case 1 we obtain that
,(25t0,t%) < 7y (2 " Vs, 8%) +n -1,

ie.,

(s [to, 1)) < n. a

Theorem 2: Let the following conditions hold:

1. Conditions HL — H4 are met.
2. There ezist numbers [, k and ¢y (1€ {1, ..., n}, k€ {0, ..., I=1}, ¢, € (0, o0))
and
a function z€ C([t,, 00); R,) such that for t>t, >0 the following inequality

holds:
o(t) > co(t - tl)k - = 1)!(71'_ =1 I:I(t“‘ 3)1_1f:°(€ - S)n—l—lp(f) - (Az)(§)déds.

Then there ezists a solution of the equation
™(t) +(=1)" """ 1p(8) - (Az)(t) = 0 (5)
which satisfies conditions (3) and
) =a'(t) = ... = 2= 1(1) =0,
Proof:  Let U be the set of all functions u € C([t;, o0); R, ) such that
co(t —t)F < wu(t) < z(t) for ¢t > ¢,.
Define the operator S: U — U by the formula

(506 = eolt = )+ ey ot =9 €= 10l (Aw(€hdeds,

o]

Consider the sequence of functions {v;}$°-; defined as follows:
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vy(t) = cot —t)*
vip1=5v;, 7 =12,.
From the definitions of the sequence {v;}3°.; and of the operator and from
condition H4 it follows that
v 41(t) 2 v(t) for t > ¢y, j=1.2,...
But
|(S'vj)’(t)|§ (Sz)'(t) for t > ¢,.

Hence the sequence {v;}%°; is uniformly convergent in each finite closed interval
of [t;, 00). Let l-if,ffo v; = v. Then v is a fixed point for the operator S and v is the

solution sought of equation (5) for which inequalities (3) are valid and
v(t) =v'(t) = ... = v* " D(t;) = 0. O

Theorem 3: Let the following conditions hold:
1. Conditions H1 — H3, H5 and H6 are met.
2. 7,(ty, p) < +00.
Then there ezists a solution z of equation (1) for which the following assertions
are valid:

1. The solution z in the interval [ty, T,(t, p)) has n zeros.
2. a(to) = A7a(to, p)) =0, ot) 2 0 for L€ [ty, Tulto, P)]-

Proof: From the definition of the set E‘o and condition 2 of Theorem 1
it follows that there exists a solution z of equation (1) such that
z(ty) = z(t°) = 0, z(t) > 0 for ¢ € [t,, t°], where t° = 7(t,, p) < 0.

Among all these solutions of equation (1) we choose this solution z for which
(2 [to, t°]) has the greatest value. From Theorem 1 it follows that A,(z, (¢,
) < n.

Suppose that A, (z; [t, t°]) < n. Let {5 < t; < ... < t; < t° be zeros of the so
chosen solutions z of multiplicity ng, n,, ...,ni, n° respectively. Here n; (1 =1,

..., k) are even numbers.
Let {v,,}2 -, be regular solutions of equation (1) such that
WU D) =0,5=1, ..,n,i=0, ..., k
vﬁ,{‘”(t0+ﬁ1¢) =0,j=1,..,n°%
Since t° = 71,(¢y, p) = supEtO, then it follows that v, changes its sign in
the interval (¢y, t°+ %)
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If the solution v,, changes its sign at the point ¢* # ¢;, then v, has in the
interval [t,, t° '*'T%z“] at least \,(z; [to, t°]) + 1 zeros. If the solution v, changes its
sign at the point ¢;, then t; is a zero of multiplicity n; + 1 of the function v,,.

Consequently,
(Vs [ty 12+ 7R1) 2 Aala; [to, £9)) + 1.

Without loss of generality we can assume that E;."___O |v$,,j"1)(to) I =1 and
{v}Z - is a uniformly convergent sequence in each finite closed interval of R, .
Let rlnz'_r(zm = vy. Then

A(¥03 [tor 1) 2 A0 [ty 10+ 1) = Aol [ty ) + 1. (6)

From (6) it follows that z and v are linearly independent solutions of
equation (1). From the fact that the solution z was chosen so that the number

An(z; [to, t°]) is maximal, it follows that v, changes its sign in the interval [, t°].

Let z, =z —ev, Since the zeros of = are also zeros of v, then for
sufficiently small € > 0 we obtain that
z(t) >0 for t € [to, t°). (7)
Denote by ¢, the greatest among all ¢ for which inequality (7) is valid.
But
}‘n(xco; [to, °]) > An(2; [to, £°])
which contradicts the fact that \,(z, [ty, t°]) is the maximal number chosen. O

Theorem 4. Let the following conditions hold:
1. Conditions H1 — H5 are met.

2. 7,.(t, p) < 0.
Then each solution z of equation (1) such that (t)) =0 has a zero in the interval

(to, Tnlto, P)]-

Proof:  Suppose that there exists a solution z of equation (1) such that
z(to) = 0 and z(t) > 0 for t € (¢, t°), where t° = 7,(t,, p) < .

From Theorem 3 it follows that there exists a solution v of equation (1)
which in the interval [ty, t°] has n zeros, v(ty) = v(t°) = 0 and v(t) > 0 for ¢ € [t,,
t9).

Moreover, t° is a zero of the function v(t) of odd multiplicity. Hence we

can choose t; > 7,(ty, p) and €y > 0 such that
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(t;) + €gu(t,) =0
z(t) + €u(t) > 0, for t € (2, t°)
ie, t € E‘o’ which contradicts the fact that 7,(¢y, p) = supEto. 0

Theorem 5. Let the following conditions hold:
1. Conditions H1 — H5 are met.
2. Each regular solution z of equation (1) for even n oscillates, and for odd n
either oscillates or tlL'r& |x(i)(t)l = 0 monotonically decreasing (=0, 1, ..., n—1).

Then T,(ty, p) <o for tyeR .

Proof: = Let each regular solution z of equation (1) for n an even
number oscillates, and for n an odd number either oscillates or iz_zgzo la:(i)(t)l =0
monotonically decreasing, but 7,(¢;,, p) = +00. This implies the existence of a
sequence {t;}7°~, and of solutions of equation (1) such that

to<t; <ty <. <t <. lim =00

Tr(to) = zi(tr) = 0, zi(t) > 0 for ¢ € (Lo, ty).
Without loss of generality assume that 7~ ; Ixf)(to)lzl and the sequence of
solutions {z;}%°~o is uniformly convergent in each finite closed interval [a,
b CR, . Let 'ICZ_ZQO z; = z. Then z is a nonoscillating solution of equation (1). If n
is an even number, we obtain a contradiction with condition 2 of Theorem 5. Let
n be an odd number. From the fact that {z_zzo 'x(i)(t)| = 0 it follows that
(= 1)z(t)z(t) >0 for t eR,; =0, ..., n—1

ie., (—1)‘x(i)t>0fort€R+;i=0, vy —1
which contradicts the fact that z(¢;) = 0. o

Theorem 6. Let the following conditions hold:
1. Conditions H1 — H5 are met.
2. Each solution z of equation (1)which vanishes at least once oscillates.

Then equation (1) has no solution satisfying condition (3) for I=n—1.

Proof:  Let equation (1) have a solution satisfying condition (3) for

[ =n —1. Then from equation (1) we obtain that

z(t) 2 z("- 2)(t1)(t(; 2)2"):2 + (n _]_'. 2)! I:l(t -8 2f:°p(§) -(Az)(£)déds. (8)

From (8) and from Theorem (2) it follows that there exists a
nonoscillating solution z of equation (1) such that z(¢;) =0, which contradicts
condition 2 of Theorem 6. a
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Theorem 7. Let the following conditions hold:
1. Condition H1 — H3 are met.
2. For each 1€ {1, ..., n—1} such that 4+ n is an odd number, equation (1) has
no solution satisfying condition (3).
Then each regular solution z of equation (1) for n even oscillates, and for n odd

either oscillates or {z_r& Ix(i)(t)l =0,i=0, .., n—1.

Proof: From Lemma 1 and condition 2 of Theorem 7 it follows that if
n is an even number, equation (1) has no nonoscillating solution, and if n is an
odd number, each nonoscillating solution of equation (1) satisfies condition (3)
for 1 =0 and (—1)'a“(t)z(t) >0,i=0, .., n—1, ie, lim |9t)| = 0. O

ACKNOWLEDGEMENTS

The present investigation is supported by the Bulgarian Ministry of
Education and Science under Grant MM — 7.

REFERENCES

(1] Kiguradze, I.T., and Chanturia, T.A., Asymptotic Properties of the Solutions of
Nonautonomous Differential Equations, (1990), Moscow, Nauka, (in Russian).



