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ABSTRACT

The use of hypergeometric functions in univalent function theory
received special attention after the surprising application of such
functions by de Branges in the proof of the 70-year old Bieberbach
Conjecture. In this paper we consider certain classes of analytic functions
and examine the distortion and containment properties of generalized
hypergeometric functions under some operators in these classes.
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1. INTRODUCTION

The expansions and generating functions involving associated Lagurre,
Jacobi Polynomials, Bessel functions and their generalizations such as
hypergeometric functions of one and several variables occur frequently in the
seemingly diverse fields of Physics, Engineering, Statistics, Probability,
Operations Research and other branches of applied mathematics (see e.g. Exton
[7] and Schiff [19]). The use of hypergeometric functions in univalent function
theory received special attention after the surprising application of such functions
by de Branges [6] in the proof of the Bieberbach Conjecture [2]; also see [1].
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Merkes-Scott [11], Carlson-Shaffer [4] and Ruscheweyh-Singh [18] studied the
starlikeness of certain hypergeometric functions. Miller-Mocanu [12] found a
univalence criterion for such functions. The second author and Silvia [8] and
more recently Noor [14] studied the behavior of certain hypergeometric functions
under various operators. In the present paper we consider certain classes of
analytic functions and examine the distortion and containment properties of

generalized hypergeometric functions under some operators in these classes.

Let p and ¢ be natural numbers such that p<g¢+1. For q;

(1=1,2,..,p) and B, (k=1,2,...,¢) complex numbers such that B, #0,
-1,-2,...(k=1,2,...,9), let ,F (2), that is

qu(al’ o2 TRR) ap; ﬂl) ﬁ27 L] /Bq; Z): = ni::o ((C;I))n%;z;: E;:)): %'Tl (11)

1/n
denote the generalized hypergeometric function. Here (}), is the Pochhammer
symbol defined by
) _I‘(,\-—{-n)_ 1, ifn=0
"I T A+ (A +n-1), ifn=12,...

It is known [9, p. 43] that the series given by (1.1) converges absolutely for
|z] <oo if p<q+1, and for zeU={z:|z| <1} if p=g+1. Thus for
p<q+1,

qu(al)a27" wap;:Blan"'aﬁq;z) € A

where A denotes the class of functions that are analytic in U.

For ,F(z) defined by (1.1), let

ek =2, ) =+ $5 phttthop Bt 0 (1)

for all z € U, where p < ¢+ 1.

Let S be the family of functions of the form
f(z)=z+ i a,z" (z€U) (1.3)
n=2

that are analytic and univalent in U. For f € S, define the convolution operator
A by
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A(a17a‘2)"'7ap;:3111827"":Bq;f): = pG;f (14)
The operator “x” denotes the Hadamard product or convolution of two power
series
=Y a,z"and g(z) = ) b,2"
n=0 n=0
that is

(f*9)(2) = Zabz

n=0

Thus for f of the form (1.3) in S, we may write
A(ah Qg '7ap; 1317 /627 ] IBq; f)

> (al)n—l(a’.’)n—l"'(ap)n—l
=t BB BaaDe s

2"z eU), (1.5)

where p < ¢+ 1.

We recall that a function ® is convex in U if it is univalent conformal
mapping of U onto a convex domain. It is well-known that ® is convex in U if

and only if

Re(1+ qf'('()))>o (z € U)

and & # 0. Also, a function f is said to be close-to-convex in U if there exists a
convex function ® in U such that Re(f'(z)/?'(z))>0 (z€U). For0<a<1, we

define the following subclasses of A:
A(p,g;@): = {,F, € A:Re ,F (z) > o},
R(ey,r): = {f € A:Ref'(z) > afor |z| <r <1},
S(a): ={f € A:Re(f(2)/2) > a},

T:={feS:f(z)=2- 3 a,* z€U, a,20},
k=2

T*(a): = {f € T:Re(z2f'(2)/ f(2)) > a},
C(a): = {f € T:Re(l + 2f"(2)/ f'(2)) > a}.
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2. MAIN RESULTS

We use the following lemma due to Chen [5] to prove our first theorem.

Lemma 1: If f € S(a), then
_ —1)2
1+2Q2a (11-)::)—2(2a )r Fo<r<1/2,
Ref'(z) > 201 + (20— 1)t
o 0(1_7‘2)0; ifl/2<r<1.

Theorem 1: Let
p+1Gq+1(z) = zp+1Fq+1(al7a2,"‘aapa1+7;ﬂ1yﬂ2)“-76qa’7;z)’
If
qu(aba‘Z)- ) ap;ﬂlng%---a /Bq;z) € *A(p’q; a):
then
(1) For0< |z| =r<1/2, 27, ;G 1 € A(p+ 1,0+ 1;X), where

=1 g 2-a) >
X_'Y (a7+a 1+(1+r)2 , Y21,

(1) Forl/2< |z] =r<1, 27, (G € A(p+ 1,9+ 1Y), where

Proof: We observe that
(1=1/7) ,Gy(2) +42 ,Gi2) = ,4+1Gesa(2)
Thus by an application of Lemma 1, we have

Re(z™1 411Gy 41(2)) = (1 = 1/7)Re(z ™" G (2)) + A Re( ,Gi(2))

14+22c—1)r + (2o —1)r?

2 (1—1/7)(!-1— ,7(1+7.)2

=X,if0< |z] =r<1/2,

and
a—2ar? +(2a—1)rt

Re(z7! , 411G 41(2)) 2 (1 = 1/7)e + A=
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=Y, if1/2< |z =r<1.

To prove our next theorem we need the following lemma due to
MacGregor [10].

Lemma 2: If f € R(0,1), then
1
el

and
—|z| +2log(1+ | z]) £|f(2)|< — | 2| —2log(1— | 2]).
Theorem 2: Let

¥ (,F(2) = z]_l]tv-l,,Fq(t) it (y>1).
If . (,F,) € R(0,1), then °

(2) | P Z)l ll I + 1| r log(1 - |z 1),
Gi) | Fo z)|_ - —%(,-*lz, + 1T log(1+ |2 ]))
Proof: Note that

(1= /MU Fo(2) + 3 2(B(F(2) = 2 ,Fo(2). (2.1)
Since
Re(¥4(,F4(2)) > 0,
we obtain from (2.1) and Lemma 2
S U=/ |27 F ()] +1 [ 8GF ()]
< —(1-1/7)—?-(1—,‘;11—/l)zog(1-— =D+ (EHE)

= —1+%(1_1lzl + 1|;|‘/log(1— Izl)),

and

| Fo2)| 2 (1 =1/7) |27, F(2))]|— %] T(Fo(2))]

—(1‘1/7)+g(—1—|:;1TZ—AQlog(l+ |2|)—%<———ii— ,z;)
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= _1-2(_1 1-9
=-1 ’7(1—|z| + 7] log(1+|zl)).
Theorem 3: If F € Alp,q;), 0 < <1, then for y > 1,
|p+1Fq+1(a17a2’°°-aapa7;131,132"'-’ﬂq:7+1;Z)|

<'y(1+(1——2a)|z|
- 1-|z| '

Proof: We observe that

z
zp+1Fq+l(a11a2""7ap7'7;181’:82v-',IquY+1;2) =z17-1 /t7_1 qu(t)dt’
0

Now by applying a result of Owa [15] that if f € S(c), then

f(z)

F4

< 14(1-2a)|z]|
_— l_lzl ’

we obtain

|p+1FQ+1(Z)l = |Z|~/

Y 1 1+4(1-20)|z|
TP T2 =T 7

(L (1-20) | 2])
1-]z| '

Next we use a result of Nikolaeva and Repnina [13] concerning the convex

combination of certain analytic functions to prove our Theorem 4.

Lemma 3: Let f € R(0,1). Denote

Let

F(2) =1 = u)f(2) +pzf(z), h=c/(l-a)
Then F, € R(a,r) where

1—p+2/uh :
—_— v h>h
r =
1t+h 0 <h<h

p—h+\Ju—2uh+1
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Theorem 4: If .G, € R(a,1), 0 < a < 1, then the function
p+1Gq+l(Z) = zp+1Fq+1(a17a2a"'7ap11 +7 .31,.32,---,,3.,,‘7;2)
is in R(a,r) where

(v-1)V/(a7)
(r+ 1)V (1 =) +2¢/(av)

ifa>1/1+v(y+/(7*+3)) and

¢ r=rla7)=

5
1-a(1+7) +V/(3(1 = a)(7 = a7 = 2a))’

(@) r=r(a,7)=

#0<a<1/(L+v(v+ V(v +3))) fory2 1.
Proof: Noting that

p+1Ga+1(:0 = (1=1/7) ,Gy(2)+} =z ,Gi(2),
and comparing with Lemma 3, the result follows by simple algebraic

manipulations.

Corollary: If ,G,€ R(a,1), then r=r(c,7) is also the radius of
unwalence of , G, 1 for v 2>1.

Theorem 5: If

z qu(al’am ) p)Bl)/B2? ,,Bq;Z)
is convez, close-to-convez, or starlike of order a(0 < o < 1), then so is
z p+1Fq+1(a17a2>*--,ap"‘/ + 1;:31»/82,“-,:Bq77+2;z)’
for Re(y) > 0.

Proof: Consider the general transform

o, (f(e) =15 [115@at, (Re(r)>0)
Then °

71/1&"1 ))di

o)y +1) et
n=0 (ﬁl)n(ﬂ?)n" (ﬂq)n( +n+1) n!
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(& w5 7 “)
z ,F (2)xH(2),

where

_ % o+l
_nZ—.:l 7+nz

is known [16] to be convex in U. It follows from the work of Ruscheweyh and
Sheil-Small [17] that the function ®.(z ,F,) is convex, close-to-convex, or starlike

of order a whenever f is such. Now the result follows because we may write

@7(2 i:: ( p) (7 + 1)n g_'_‘_

n(ﬁz) (Bn(r+2), !
=z p+1Fq+1(a1aO‘2,---,ap,’7+1; ﬂlaﬂ2)"'1ﬁq)7+2;z)'

Our last theorem deals with hypergeometric functions with negative

coefficients. Its proof uses the following lemma which is due to Silverman [20].

Lemma 4: Let

Then
(1) feTYx)e
(2v) fella)e
(i) feTa)=>|a,| <3=E (n22),
(v) fel(a)=z|a,| <7725 (n2>2).

n(n — a)

S (n—a)a, <1-aq,
n=2
by

n(n—a)a, <1l-«a
2

Theorem 6: For

f(z) =2 —ki_:aka € T*(a),

the function

A(alva%“'>ap+17181aﬂ2)°">ﬁp;f) € :Z-'*(‘D‘/)¢>
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a,B;>0 (5,7=1,2,..,p), oy 41 >0, Z im o) > a,
and =t
p1F (@1, @y 0y 1581, By 5 B 1) S 2. (2:2)
Proof: For
= i azfeT

and using (1.5), we have

A(aha2""’ ap-i-l;ﬂl)ﬁ‘l)‘ L) /Bp;f) =z -kz dkzk’ (23)
=2

where

d, = (al)k—l(a2)k—l)"'(ap+1)k—1 a > 0.

Bk =1(B2)k -1+ (Bp)k - 1(L)i -1
In view of Lemma 4, the function given by (2.3) is in T™(«) if and only if

. k=ag) <1

k=2

Since |ap| S(1—a)/(k—a) (k> 2) by Lemma 4 (417), we have

),
™ k—a (o)k - 1)k - 1- (ap+l)k 1
B =5 L S me e |

o2 ()i —1(@)k— 1o (@p 4 1)k -1
S P Y 1 R G P

e (ap+1)k —
(2__3 perr )Lk') :
= p+1Fp(a1,a2,...,Otp+1;ﬂ1,ﬁ2a-~-,ﬁp§1)"

The desired result follows because the ,,F, series is absolutely convergent for
|z| =1if

3 (B =ap40) >0
see [9, p. 44].

Remark 1: Using (#¢) and (¢v) in Lemma 4, we can similarly prove

that Theorem 6 holds for C(c), that is,
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Aoy, gy 0y 41,81, 8248, C(a)) C Cla)
if and only if the conditions of Theorem 6 hold.

Remark 2: In view of the generalization of the Gaussian summation
formula for p =2,3,..., determined in [3], the condition (2.2) may be expressed

as

o) (8)k py _ 2T(eg). . Ty 4 )T + $)T(@ + 9)
kgo (o1 + 8)i(ea + )i Ai = L(B)I(B,). - .F(,BP)P(S) '

where ASG” Vs are given by some lengthy expressions in [3] and

P
s=) (B;—a;)—ap4q,>0.
i=1
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