A REFINEMENT OF THE POINCARE INEQUALITY FOR
KOLMOGOROV OPERATORS ON R4
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We give a refinement of the Poincaré inequality for Kolmogorov operators on R¢. This
refinement yields some regularity result of the corresponding semigroups.

1. Introduction

Let {P;} be the semigroup on By (R?) associated with the Kolmogorov operator

Ly = %A+F(x)-D. (1.1)

Here we denote by B,(R¢) the Banach space of all Borel and bounded functions, endowed
with the supremum norm. We assume a suitable dissipative assumption on the function
F = (Fy,...,E;) such that there exists a unique invariant probability measure » on R¢
associated with {P;}. Let H'(v) and H?(v) be the Sobolev spaces with the norms

12
gl = | [ Ug+ Dol lav] (12)
5 12
gl = | [ [197+ 1D+ D) Jav] (13)
R4
respectively. It is well known that the Poincaré inequality with respect to v is the following:
_ )2 1 J 2 1
JW((P @) dv < 2a ) [Do|“dv, ¢ H'(v), (1.4)

where « > 0 is a constant determined by F, and ¢ = [z« ¢ dv. The Poincaré inequality
(1.4) is so important that it implies existence of a spectral gap or, equivalently, exponential
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convergence of equilibrium of the semigroup {P;} such that

J{Rd | P —¢|2dv <20t J{Rd lpl?dv, t=0,¢eL*(v) (1.5)

(cf. [2, Proposition 3.12]).
The aim of this paper is to give a refinement of the Poincaré inequality (1.4) such that

pase L ["ae] |prglian= L[ by 1
JRd(¢ prdves | dt| DPglidvs S| DePdn geH'0).  (16)

When F(x) = —ax in (1.1) (i.e., {P¢} is the Ornstein-Uhlenbeck semigroup), inequality
(1.6) is reduced to an equality. Furthermore, we will show that inequality (1.6) yields
the regularity result such that P,p — @ € L*((0,%),dt; H*(v)) for ¢ € H!(v). This regular-
ity result corresponds to the well-known regularity result such that P,p — @ € L?((0, ),
dt;H'(v)) for ¢ € L?(v) (cf. (1.5) and (3.18)).

In the proof of the Poincaré inequality (1.4), the following inequality was used for
¢ € Ch(RY):

|DP,p(x)|” < e 2P,(IDg|?)(x), (t,x) € (0,00) X RY (1.7)

(cf. [2, Proposition 2.8]). In our proof of inequality (1.6), we will also use (1.7). However,
we will derive another differential inequality so as not to lose the term |D?P;¢(x)|2. For
this purpose, it is crucial to assume that the Kolmogorov operator L has the form of (1.1).
It seems hard for the author to apply our proof directly to a more general Kolmogorov
operator such as (1/2)tr[C(x)D?] + F(x) - D.

The contents of this paper are as follows. In Section 2, we will state the main results.
They will be proved in Section 3.

2. Main results

First of all, we recall the results about invariant probability measures on R? (for de-
tails, see [2]). Following [1, Hypothesis 1.1], we make the following assumptions on
F = (Fy,...,F;) of (1.1).

(A) F € C*(R%;R?), and there exist

B
m = 0 such that sup | D)

P Ty japr p < T F=012.34,
xXe

a >0 such that DF(x)y - y < —aly|?, x,y€RY, (2.1)
a,y,¢ >0 such that (F(x+y) — F(x)) - y < —aly|?" +c(Ix]” +1), x,y € R%
By [1, Proposition 1.2.2], the stochastic differential equation

d&(t,x) = F(&(t,x))dt +dw(t), £(0,x) = x, (2.2)
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admits a unique strong solution (&(#,x)), where (w(¢)) is a d-dimensional standard Brow-
nian motion on a probability space. Then we can define the semigroup {P;} on Bp(R%)

by
Pip(x) = E[p(&(t,x))]. (2.3)

By (2, Proposition 2.7], there exists a unique probability measure » on R¢ satisfying the
following: for any uniformly continuous and bounded function y on R¢, we have

J{Rd Piydv = Jkdxdv, t>0. (2.4)

Such a probability measure v on R4 is called the invariant probability measure for {P;}.
Using this invariant probability measure v, we can extend {P;} to a strongly continuous
semigroup of contractions on L?(v) for every p > 1. We also denote by {P;} this extended
strongly continuous semigroup. The generator (L,dom,(L)) of {P;} in LP(v) is the clo-
sure of the Kolmogorov operator (Lo, Cg’ (R)), where Ly is the operator defined by (1.1),
and C{’ (R¥) is the space of C*-functions with compact supports. An important example
of L is the Ornstein-Uhlenbeck operator corresponding to the case F(x) = —ax.

Next, we define the Sobolev spaces H' (v) and H?(v). The operators (D, C§’ (R9)) and
(D?,C5 (R%)) are closable in L?(v) for every p > 1. We also denote their closures by
(D,dom, (D)) and (Dz,domP(Dz)), respectively. Then, we can define the Sobolev spaces
H'(v) and H%(v) by H!(v) = domy(D) and H?(v) = dom,(D?), respectively. They be-
come Hilbert spaces with the norms defined by (1.2) and (1.3), respectively. Then, the
Poincaré inequality (1.4) holds for the constant « of (2.1).

Now, we state the main results of this paper.

THEOREM 2.1. Assume (2.1). Then, for every ¢ € H'(v),

Pip € H*(v), t-a.e. on (0,00), (2.5)
Pip— g € L*((0,00),dt; H(v)), (2.6)

— %) 1 on J 2 2 1 J 2
Jw(q) @) dv+ 20 o dt g | D*Pip| “dv < 20 ) |Do|*dy. (2.7)
When F(x) = —ax, inequality (2.7) is reduced to an equality. (2.8)

Results (2.5) and (2.6) give a regularity result of P;¢ for ¢ € H!(v). On the other hand,
results (2.7) and (2.8) give refinements of the Poincaré inequality.

3. Proof of Theorem 2.1

In this section, we prove Theorem 2.1. For ¢ € Cy’ (RY), we set
n(t,x) = Pip(x), (t,x) € [0,00) X R, (3.1)

First, we give two lemmas.
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LemMa 3.1. Assume (2.1). If o € C7(R), then

(Dn):, DPy (B =0,1,2,3) are continuous on [0,00) X RY, (3.2)
(D)¢ =Dy on [0,00) x RY, (3.3)

Proof. Since F € C*(R%R9) and ¢ € C (R?), it follows from the theory in [1, Chapter
1] that

Dﬁn is continuous on [0, ) X G for $=0,1,2,3. (3.4)

Since 7 of (3.1) satisfies the Kolmogorov equation
Ne = %AU+F-D11 on [0,0) X R?, (3.5)

we have, for any R, T > 0,

t+h

Dy(t+h,x) — Dn(t,x) = DLy(s,x)ds, 0<t=<T, |x| <R, (3.6)
t

where h € R is chosen such that t+ 4 > 0. By (3.4) and (3.6), we conclude that Dr(t,x) is
differentiable with respect to ¢ for |x| < R and

(Dn)(t,x) = DLy(t,x) = D (t,x), 0=<t=<T, |x| <R (3.7)

Since R,T > 0 are arbitrary, (3.3) follows. By (3.4) and (3.7), (D#); is continuous on
[0,00) x R¥. The proof is complete. O

LemMa 3.2. Assume that (2.1) holds and ¢ € Cy (R¥). Let

d
A(tx) = |Dy(t,x)|* = 3 [ Din(tx) |, (£x) € [0,00) x R, (3.8)
j=1
Then,
Xb> DﬁX (B =0,1,2) are continuous on [0, 00) X R4, (3.9)
|D211|2+X¢SL)(—20cX on [0,00)><[Rd. (3.10)

When F(x) = —ax, inequality (3.10) is reduced to an equality.

Proof. We obtain (3.9) from (3.2). Differentiating equation (3.5) with respect to x;, we
have, by (3.3),

d
(Djn), = %A(Dﬂ?) +ZFi[Di(Dj'1)] +

i=1 i

(D;F;) (D) on [0,00) x RY, (3.11)

IM=
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On the other hand, we note that

d
D=3 (D) [Di(Dy)], 1<i<d, (3.12)
j=1

U

%Ax= D"+ 3 (D) [AD;)], (3.13)

(D F;)(Din)(Djn) < —ay. (3.14)

T M=

i

Here we used (2.1) in (3.14). Inequality (3.14) is reduced to an equality when F(x) = —
Then, by (3.11)—(3.14), we obtain on [0, ) x R¥

) d
2= z (Djn) (Djn),
j=1

I
DO | —
M&

(D 171)[ (Diny) ]

-
Il
—_

(3.15)

+

i

(M
< =
2

Thus, (3.10) follows. It is easy to see that inequality (3.10) is reduced to an equality when
F(x) = —ax. The proof is complete. O

d
F;(Djn)| Z_ (Djn)

"H'M&

1

| —

— | D?*y| )"’EF'DX_“X-

Now, we prove Theorem 2.1.
Proof of Theorem 2.1.

Step 1. In this step, we will show Theorem 2.1 under the assumption that ¢ € Ci° (R). We
choose 0 < T < +oo arbitrarily. Integrating (3.10) over [0, T] x R with respect to dt x dv,
we have

LTdtJW |D2;7(t,-)|2dv+JRd [1D1(T,)|* = |Dg(-)|*]dv

< LTdtJRde(t,-)dv—ZocLTdtJRd |Dy(t,-)| 2dv

By Lemma 3.2, inequality (3.16) is reduced to an equality when F(x) = —ax. Since v is
the invariant probability measure for {P;} as in (2.4), we have

(3.16)

Lx(t,)dv=0, =0, (3.17)
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On the other hand, by [2, Corollary 3.6], we have

T
Jdt[ |DPt<p|2dv=J [l = |Prol?]dv. (3.18)
0 R4 R4

Thus, we obtain by (3.16)—(3.18)

T
jdtj |D2Pyg |Pdv+ 2ocj [l912 = | Pro|*]dv
0 Rd R4

(3.19)
sj ID(plzdv—J |DPro|’dv, T>0.
R4 R4

Now, let T tend to positive infinity in (3.19). Using (1.7) and the ergodic property
%im Pro(x)=9, x¢€ R4 (3.20)

(cf. [2,(3.11)]), we have obtained (2.7). Then, by (1.5) and (3.18), we have (2.5) and (2.6).
Since inequality (3.19) is reduced to the equality when F(x) = —ax, it is not difficult to
see (2.8).

Step 2. In this step, we conclude Theorem 2.1. Let ¢ € H'(v). Since C (R9) is dense in
H'(v), we can choose {¢,} C C§°(R%) such that ¢, — ¢ in H'(v). By Step 1, we see that

J dtJ | D*Pg,, — D*Pyg,, | *dv < J | D@,y — Doy, | *d. (3.21)
0 R4 R4

Thus, {D*P;¢,} is a Cauchy sequence in L2((0, ) x R%,dt x dv; R¥). Hence, we find an
element f € L2((0,00) X RY,dt x dv;R%) such that

D*P.g,(-) — f(-,+) in L*((0,00) x RY,dt x dv;RT). (3.22)

By the Fubini theorem, we see that f(t,-) € L2 (R4, ; [Rdz), t-a.e. On the other hand, by
(3.22), we find a subsequence {n;} such that

JW |DPugs, (-) — f(t,)|2dv— 0, t-ae. (3.23)
This means that
D*Pygy,(-) — f(t,-) inL*(R%,%RY), t-ae. (3.24)
Since Py, € H*(v) (= dom;,(D?)) and D? is a closed operator in L(v), we obtain

P € H*(v), f(t,-)=D?Pig(+), t-ae. (3.25)
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Then we obtain (2.5). Next, by (3.24), (3.25), Step 1, and Fatou’s lemma, we have

J dtj |D2Pt¢|2dvsliminfj dtJ |D2Ptcp,,j|2dv
0 R n=o Jo Rd

< liminf | | Doy, |2dv (3.26)
R

= J |Dg|*dy.
IRd

Hence, by (1.5) and (3.18), we obtain (2.6). Finally, by (3.22) and (3.25), we conclude
that

D?*P.g,(-) — D*P.¢(-) in L*((0,00) x R%,dt x dv;R%). (3.27)
Therefore, (2.7) follows from Step 1. By (3.27) and Step 1, it is easy to see (2.8). The proof
is complete. U
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