LOCAL SOLUTION OF CARRIER’S EQUATION
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We study Carrier’s equation in a noncylindrical domain. We use the penalty method
combined with Faedo-Galerkin and compactness arguments. We obtain results of the
existence and uniqueness of the local solution.

1. Introduction
The wave equation of the type

92 Frou, \*, |0
a—:— [P0+P1J (a—z(t)> dx]a—x’j=o (1.1)

is a model for small vibrations of an elastic string fixed at o, 8 with Py and P; constants,
and was investigated by Kirchhoff [4] and Carrier [1]. By approximations on the above
equation, Carrier obtained the model

P p P
aTZ; - [P0+P1 L (u(t))zdx] a—x’; =0, (1.2)

which is known in the literature as Carrier’s equation. Medeiros et al. [7, 8] studied the
problem of small vibrations of an elastic string with moving boundary.
In this work, we study the following generalization of (1.2):

Py o) 5 o
a—: - M(x, t, L(t) (u(t))zdx> BTCZ =f inQ, (1.3a)
u=0 on /Z\:, (1.3b)
u(x,0) = up(x), wu(x,0) =uy(x), in («(0), f(0)), (1.3¢)

where
(i) Q = Uperer]alt), B(t)[x{t} is a noncylindrical domain,
(ii) D) = Ugerer t(a(t), 1), (B(t),1)} is the lateral boundary of Q.
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We use the penalty method as in Ebihara [2] combined with the Faedo-Galerkin
method and compactness arguments. We obtain results of the existence and uniqueness
of the local solution. This method was used by several authors, for example, Ebihara et
al. [3], Pereira et al. [9]. We use some ideas contained in [7, 8] to obtain the necessary
estimates.

2. Notations, assumptions, and main results

We use the notations contained in Lions and Magenes [6] and Lions [5] for the spaces
LP(Q), W™P(Q), 1 < p < oo, m € N. In particular, for p =2, m =1, and Q = (0,1), we
consider L?(0,1) and H{(0,1) with the scalar product and norms represented by (-, -),
[ -1, ((+,-)), and || - II, respectively, and given by

1 1

(u,v) = J u(x)v(x)dx, lu|? = J (u(x))zdx,
0 0

Vdu dv du

o a(x)a x(

(2.1)

((w,v)) = (O)dx,  lul? =

We consider the following assumptions about M:
(M1) M € L2 ([0,00), W->(Q)) and for each L >0, 0M/dA € L¥(Q X (0,L));
(M2) M, dM/dx, 9M/d\, dM/dt are continuous with respect to A, a.e. (x,t) € é;
(M3) there exists a real number m >0 such that M(x,t,1) > mq for all (x,t) € Q and
A=0.
With respect to the noncylindrical domain Q we consider the following assumptions:

(H1) oc,ﬁe C3([0,T]), a(t) < B(t), for all t € [0, T]

(H2) « <0[3 ) >0, forall t € (0,T],and a’(0) = 0 = '(0);

(H3) y W 2, forall t € [0, T], where y(t) = [3( ) — a(t);

(H4) |« () Y (Oyl < 1o/ (t)+y' (H)y*/y(t), forall t € [0,T], y € [0,1].

We observe that when (x,1) Varies in é the point (y,t) of R?, with y = (x — a(£))/y(t),
varies in Q = (0,1) x (0, T, so we define the diffeomorphism 7 : Q - Qby

x —a(t)

7(x,t) = (y,t), wherey= )

(2.2)

We also consider the diffeomorphism 7 : Q X [0,00) = Q X [0,00) defined by 7(x,t,A) =
(y,t,A) with y as above.
Denoting

viy,t) = (uot ') (p,1),
M(y,t,) = (Mo ()71) (y,1,1), (2.3)
gyt =(for ) (n1),
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vo(y) = uo(yoy + ap), and vi = (yoy + ap), where yo = y(0), ap = a(0), and defining
o (1) +y (H)y

b > = - >
=2 () (2.4
_ |+ @y @) +y ()y '
problem (1.3) is transformed into the following cylindrical problem:
Py I 2 bz(y,t)}azv
v'(y,1) [yz(t)M(y,t,y(t) [v(t)] ) b oy (>1) o)
v’ 0 .
HOT O+ T (0 =g, nQ
y=0 on Z, (2.5b)
v(3,0) =v(y), v'(,0) =vi(y), in(0,1), (2.50)

where ’ denotes the derivative with respect to t.
If O = (a(t),5(1)) and Qp = (@, B0), where ap = ®(0) and By = $(0), the main result
of this work is given by the following theorem.

THEOREM 2.1. Let M satisfy (M1)—(M3) and let a(t), 5(t), and y(t) satisfy (HI1)—(H4).
Given ug € Hj(Qo) N H*(Qp), w1 € HY(Qy), and f € L>(0,T,Hy(Qy)) with f' € L?
(0, T,L*(Qy)), there exist Ty > 0 and a unique u satisfying
uel” (0, T(),H(% (Qt) N Hz(Qt)),
u' € L%(0,To, H' (), (2.6)
u'" € L*(0,To, L* (),

and u is the solution of (1.3).

First of all we prove the equivalent result in a cylindrical domain.

THEOREM 2.2. Let a(t), B(t), and y(t) be as in (H1)—(H4) and let M satisfy
(i) M € L2.([0,00), WE*(Q)) and for each L >0, dM/dA € L*(Q x (0,L)),
(ii) M,0M/0\, dM/ot are continuous with respect to A, a.e. (y,t) € Q.

There exists a real number mq > 0 such that

M(y,t,A) =zmgy, V(y,t)€Q, A1 =0. (2.7)

Given vy € H}(0,1) n H?(0,1), v; € H}(0,1), and g € L*([0,T],H;(0,1)) with g’ € L?
([0, T1,L%(0,1)), there exist Ty > 0 and a unique v satisfying

v e L*(0,To,Hi(0,1) N H*(0,1)), (2.8a)
v € L*(0,To, Hi(0,1)), (2.8b)
v e L*(0,Ty,L%(0,1)), (2.8¢)

and v is the solution of (2.5).



306 Local solution of Carrier’s equation in a noncylindrical domain

3. Proof of results

Let (w,)yen be the orthonormal complete set of L?(0,1) given by the eigenvectors of the
operator —d?/dx?, that is,

dZ

d2 =Alw,, w,=0 onl. (3.1

We represent by V,, = [wy,...,ws,] the subspace of H(0,1) n H2(0,1) generated by the
m first vectors w,,.
We consider F : (0,0) — R a function satisfying

F € C'(0, ), F'(§)<0, VE&>o, F(& =1, Vé=1. (3.2)
There exist po, 1, 6 > 0 such that F(§) > g— V& e (0,6]. (3.3)

Let K > 0 such that
lvi|* < K. (3.4)

For each ¢ > 0, we consider the following penalized problem: for each m € N, let v, (f) €
Vi satisfy

rr 1 bz b az em
(vm(t)—[ 5w M(y.ty(®) [vem(D]?) ~ (j t)] a; (t),w>

sm sm B |Vém(t) |2 7 —
(y,t) (t)+h(y,t) 3 (t) 78 Ve (1), w | = (g(t),w),

(3.5)

for all w € V,,,, with the initial conditions
Vem(0) = Vo, — vo  in HY(0,1) N H?(0,1), (3.6a)
Vi (0) = vy — vy in HY(0,1). (3.6b)

As in [9] we prove that we can apply Carathéodory’s theorem to (3.5)—(3.6b) obtaining
the existence of Tgy, >0 and ey, @ [0, Tem) — Vem as a solution of (3.5) satisfying

Vem € C2([0, Tem) )5 | Ve () |2 <K, Vmzmy, te[0,Tem), foreache>0. (3.7)
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LEmMA 3.1. There exist constants Cy > 0 and &y > 0 such that
[V (0)] < Co, (3.8)

forallm=my, 0 <e<e.

Proof. From (3.6) the existence of a constant N > 0 follows, such that

Vi) <N, ||[vem(O)|| <N, |vem(0)] <N, |Aven(0)] <N, Vm=>my.

(3.9)
From (3.4) there exists p > 0 such that
v |*<p<K, (3.10)
)
[viml*<p<K, Vm=my. (3.11)
Then, for each 0 < e < min{1,K — p} = &), we have
%ﬁmﬁ >1, Vmz=my, (3.12)
thus, from (3.2),
F(%) =1, Vm=>=m. (3.13)
Let
M, = |M(y,0,A)]. (3.14)

max
[0,1]x[0,y0N?]

We supposed that &’ (0) = /(0) = 0, then it follows from (H4) that b(y,0) = c(y,0) =
0, so by considering t = 0 and w = v;,,(0) in (3.5), we obtain, from (3.13),

rr 1
|V (0) ] < ?[Mo+y§]N+ lg(0)], (3.15)
0

and the proof of the lemma is complete. O
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LEMMA 3.2. Fix e >0 and m = my. Then
(i) there exists lim,_t, |v., (t)|? such that lim,_r,, |v.,(t)]> <K.

Proof. Taking the derivate with respect to ¢ of (3.5) we obtain

(v;;,;<t>+ [ZV WM (3, ty(0) [ ven(0)]) -

’ 2
yS(t) M ()’»t))/(t)|vsm(t)| )

y*(1)

“(t) oM 2 oM
_ )):ZE?) o (y’t)y(t) | Vem (1) | 2) |V€m(f) |2 - Wﬁ (y,t))/(t) | Vem(t) | 2)
2
X (Vom0 V1 () + 5 (2 (70) ] aa;i“ ®
V(y,t) 1 Ve roo oy OVem
o[ - MOy vt G 0+ 0 G0

rr

P A ov
, b , em b , em —ZF,
+[c(y,t) + (b(y,1)) ] 3 (1) +b(y,1) 5 (1) (

K—lvgm<t>|2>

&

, 2

X (V1 (), Vo () V. (1) +5F(%)vg;n(t),w> = (g (), w).
(3.16)

From (3.7) we obtain that
| Vem ()| > < Koy V£ € [0, Tepn). (3.17)
Let
, oM
Ciem = sup ess IM(y,t,A)|, |[M'(y,t,1)], ﬁ(y,t,k)‘ . (3.18)
[0,1]x[0,T]x[0,y(T)Ke]

We remember that

o' () +y' ()y] <y (1),

\Oc'(t)+)/'(t))/|2 (319)

") , te[0,T], yel0,1],

o (t)+y"(t)y| <
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so we obtain from (H3)

] o\’ )
;l(bz(y,t))"ﬂ(y ) < Movelo

() Yo
y (¢ ) \2m
2= 3(1’) ()/,t )/ t)|Vsm(t | ) =< )’(3) 0C1£m>

My, p(8) [ ven ()| )‘ S%Cum,

~

2(t)
1 oM , ,
2(1) oA (y,t,y(t) | vm(t)|2) [y ) | vem () | >+ 29() (Vem (1), vsm(t))] '

1 [m 2
SKemclem[yz 20+)/0K:|’
0

Q

~

PO L) )] = (10 L cLmc,,]
4 )/Z(t) Ly Vem = y(t) +y lem = + Ciem |»

7m

[c(y,t)+b' (y,0)] < 2)/

(3.20)
Taking w = v_,, (¢) in (3.16) it follows from (3.20) that

PPNT) 2
o e (KO o (K L0 0,0

Ivgm(t)l{[clm(vz?"”12+12,/m°Ksm+2KemK) o2 Nav””(t)‘
Yo Yo YoV 2 Yo Yo dy?

my 1 Ve, ‘ 3mo  2mq
+[%;+%am} ) om0+ (22422 ) it

2)/2
Y | V.

+ g O]+ == v, VoD,
(3.21)

where C, = max{o,1)x[o,1] I¢'(¥,1)]. But in V,, the norms are equivalent, so by using (3.7)
and (3.17) we obtain that there exist constants Cyep, > 0 and Csep, > 0 depending on € and
m such that

, 2
o e (K= LaOL o2

’ 2
—2F (%) (Vi (8), Vi(£) < Coem| [ Vi (8 17+ g (8) ] + Caom.
(3.22)
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Using the hypothesis on F and F’, Lemma 3.1, and Gronwall’s inequality in (3.22) it
follows that

1 (1) < Caems (3.23)

| Vem

where Cyen > 0 is a constant depending on ¢ > 0 and m.
It follows from (3.7) and (3.23) that lim,_r,, |v.,, (¢)|? exists and

Jim [, (¢ n|* <K (3.24)
Suppose that
lim [v%,,(1) > =K. (3.25)

Taking w = v, (¢) in (3.5), we have

, 2
o e (KL 12

2dt
ey, 1 2\ | *Vem
+J |: - 2 M()’at;)/(t”"sm(t” ):| 2 (}/at)V;m()’yt)d)’
o1 4a y2(t) 1 ) /ay (3.26)
+ [ e (vl (1 Ody+ | 02 1), (1)
0 y 0 dy
1
= JO g, (y,t)dy,
but
b2 (y,t) 1 [mo ]
4 - )’ ) (y)ty |Vsm t)| ) )’(% 2 + Ciem |»
3
le(y,t)] < y—%, (3.27)
0
b(y,0)| < Y20,
Yo
so we have
K~ |v,0]
sF($) |V;m(t)|2
&
rr ’ 1 82 em ’
< |v£m(t)||v5m(t)|+F[%+Cum] %(y,t) V. (n8)] (3.28)
0

3 m
+=5 0IIVem Ol [vem () | +
Vo

an

en O [Ven ([ + [g(O) [ [vin (B)]
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then from (3.23), (3.17), and (3.7) and the equivalence of the norms in V,, there exists a
constant Csg,, >0 such that

, 2
sF(%)vgm(t) 1% < Csem. (3.29)

We conclude from (3.25) and (3.29) that there exists §; > 0 such that

2
K—|v,,(t
sF(W) < Csemn /%, for t € (Tem — 01, Tem). (3.30)
But by (3.25) and the hypothesis on F we have
2
K—|v,,(t
lim sF(M) — oo, (3.31)
t—=Tem &
which is a contradiction to (3.30). Then the proof is completed. O

From (3.7) and Lemma 3.2(i) we can extend the solution to [0, T] and
lvem(®) | <Ky e |V, (5)]> <K, Vte[0,T], (3.32)

where K and K are independent of ¢ >0 and m > m;.

LemMa 3.3. There exists a constant K, > 0 independent of € >0 and m = m; such that

2 | 0% :
Ve DI+ | 557 ()| <Ky, VE€[0,T]. (3.33)
9y
Proof. We observe that
avsm y, t) aZ : Ve ov!
c(y, S (s0dy = c(L,) == (1,0) 52 (1,1)
J dy - dy dy
avm 81/8,” ! azvsm avém
0050052 0,0 - | 0G0 5 0y
' oc E)vem Vi
1 A 9 ave,m 2 (3.34)
J, 0520, dy = j b(y.1) 8_<WW)) dy
2 2

1 oV 1 OV,
= 2b(l,t)( (1, t)) - 2b(O,t)( (0,1)

2
1 (' ab W,
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so if we take w = —(9*v/,,,/0y%)(y,t) in (3.5) we obtain

1d , 1 1 bz(y,t) P 2
E&{WW(M%FL [yZ(t)M(y’t’y(t)|Vem(t)|2)_T:| (a—yz(”)) dy}
1 (1 d|b?(y,t) 1 Ve, 2

+2Jodt[ . Z(t)M(myu)wm(r)|2)}( "y t>)

e 0,0) = (1,0 52 (1,0 % (L)
oy

(0 t)

8 om 8v§m
Sy 1)

(y» tydy

1
+L C(y,t) a (1) (y, dy+J 3y

2 2
avm 1 em &m
+1 b(O t)( S0, t)) S, t)( 1, t)) J Ly ( (y t)) dy

=< llgOIH[vem DI

(3.35)

It follows from (H3) and (H4) that

MWVem ov;

c(1,0 (1,02 (1)

V(O (t N1 3ven v,
[ ( )| o
L ( ) /3) (1) + (ﬁ ) aVsm
(@) 2y3(1)

_ B | 9vi 25 (mo\ w1 azvm
0 Lo +2y8<2> ( - )
OVem avm
(0.0 G2 0,052 (0,0
ovl,, 25 (mp\(n+ 921/”,1
=50 0. +R<_> (T) (

1
Jo%[ﬁM(%f’M!vsm(t)Iz) oD ]‘av””( 0

! 2y'(¢) 1 oM
B JO { y3(t) (y’tiy(t)|vem(t)|2)+ yz(t)g(y,t,y(t)|V£m(t)|2)

+ yzl( 5 %—’\f (1Y@ [vem([*) [ (O | vem(D)]* +29(8) (vem (1), Vi (1) ]
2 (@(n)+ Y @Oy [« (&) +y" ()y)yt)—(a' () +y' (1) )y ()]
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1/2 1/2 3/2
S{Ml[z(m()) +i<@) K1+31<K1]+i(@) }
2 3
Yo Yo\ 2 Yo Yo \ 2

2
Ve

0y?

()

>

' 9c OVem oV 2 ,
. @(y,t) 3y ()= (y, )dy yszHVE,‘m(t)”||ng(t)||’
20w %0 2d < 2 (1) o
0 V> y 2 Vem >
! a em gm 3 az em 4
L )= i (y,t) (y, t)dy %m? a;z O] v @Il.

(3.36)

By substituting the above inequalities in (3.35) we obtain
Ve

1yd,, > (Y 1 2 byt ?
ol | [yz(t)M(y,t,y<t>|vm<t>|)— 20|20 o ar}
2my [m MOM} 0 Ve
<M K
[ 1( o A2 ) n ey
+ ‘”"”m\ 2”"°||vm<t>||||vm<t>||+a/ 2| v

5 <m0)3/2(n+1>
+ -
Vo T

0? vgm

(y,t)

2

0|+ g0l 1,0

< G| [V, ()]]* + (t) +—||g<t>||2,
2

(3.37)

where

M; =max  sup ess {M(y,t,/l), |M'(t,y,1)], '%M(y,t,)t)', '(%M(y,t,)t)'}.

[0,T]x[0,1]x[0,y0Ki1]
(3.38)

Integrating inequality (3.37) from 0 to ¢, the result follows from the convergence of the
initial data, Gronwall’s lemma, (H6), and (2.7). O
LemMa 3.4. There exists a constant Kz > 0 independent of € >0 and m = m; such that

|vi ()| <Ks, Vte[0,T]. (3.39)

Proof. Considering w = v,,,(t) in (3.16), using Lemmas 3.2 and 3.3, and by the same
arguments used in the proof of Lemma 3.2, it follows that there exists a constant C4 >0
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independent of € >0 and m > m, such that

’ 2 4 2
v e (KO0 g (KL ) o 0, 0

1d (' 1 2
T2, [yz(t)M(N’Y(t)Ivem(f)|2> 4y

L, , 2 1,002
SC4+5|Vsm(f)| +2|g(t)| :

b>(y,t) || v,
— ‘ W (y,1)

(3.40)

The result follows from this inequality, the convergence of the initial data, and from Gron-
wall’s lemma. O

3.1. Proof of Theorem 2.2. We observe that
(i) if |v.,,(£)|> < K/2, then (K — |v,,,(t)|?)/e = K/2¢, so from the hypothesis on F we
have

2
K— 4
F(%(t)') =1, fore>0such that2e < K; (3.41)

(ii) if |v.,,(t)1?> > K/2, taking w = v.,,,(¢) in (3.5), we have

, 2
EF(K_ |Vsm(t)| )

£

20 , o n PPt || *vem
—f{“@ﬂﬂ”%mm|+L[;%ﬂkd%ﬁym|%Mﬂ|)_ 0 }’ay UJﬂ

1
x Iv;m(t>|dy+J
0
1
)
0

Using the estimates obtained in the above inequality, there exists a constant Ky > 0 such
that

Ve

C(y,l’) 8)/ (y,f)Vém()’al‘)'d)’

0

7 1
b(y,t) ;;’" (s Ve (p5t) ’dy+L lg(ys )V (yst) |dy}-

(3.42)

, 2
€F<K_ |Vsm(t)|
&

) <Ky, fore>0. (3.43)

From the above inequalities, there exists a constant K5 > 0 independent of ¢ >0 and
m > m; such that

2
K_ 7
sF(%) <Ky, Vte[0,T], m=m;,0<e< g (3.44)
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From the lemmas and (3.44) it follows that there exists a subsequence of (v.,), still
denoted by (v ), such that

Vem — v, weakly*in L* (0, T, H}(0,1) n H*(0,1)), (3.45a)
Vi, — v/, weakly*in L* (0, T,H{(0,1)), (3.45b)
v, — v, weakly*in L™ (0, T,L*(0,1)), (3.45¢)
2
K—|v. (t
eF (W) — %, weakly*in L*(0,T). (3.45d)

From (3.45a)—(3.45¢) we conclude that (ve,(t)) and (v,,,(f)) are equicontinuous with
respect to the norms on H (0,1) and L?(0, 1), respectively. So there exists a subsequence
of (Vem), still denoted by (vep), such that

Vem — v, strongly in H{ (0,1), uniformly in [0, T], (3.46)
v.,, — v/, strongly in L?(0,1), uniformly in [0, T]. (3.47)

But M € L2 ([0,00) , W-*(Q)) and for each L > 0, (M/dA) € L*(Q X (0,L)), so

M(t, Y(t) | vem(t) |2> —»M(t, y(t) |v(t) | 2) strongly in L?(0,1), uniformly in [0, T].

(3.48)
Passing to the limit, when m — oo and € — 0, in (3.5), we obtain
) 1 AR v
V() + [— MOy OIO) + =2 | S50+ S0 o)
+b(y,t)ai(t)+x(t)v’(t)=g(t) in L*(0,T,L*(0,1)),

dy

and v(0) = vo and v'(0) = v;.
We have v/ € C°([0,T], L*(0,1)) and [v'(0)|? = |v;|? < K, so there exists Ty > 0 such
that

lv(t)]> <K, Vtelo,Tol. (3.50)
By considering By = max{o,r,] |v'(¢)|? and py = K — o > 0, we have
|v'(t)|2s[30=K—po<K—%, vie[0,To]. (3.51)
From (3.47) there exists m; € N such that
|v;m(t)|2<%+ |v'(t)|2<K—%, vte[0,T]. (3.52)
Then, for 0 < £ < (po/4), we have

K~ |[viu(®)]®

. >1, mx=my, te[0,To], (3.53)
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SO

, 2
sF(%> =& t€[0,Tol. (3:54)

Thus by the uniqueness of the limit it follows that y = 0 in [0, To].
For the uniqueness we consider v and v solutions in [0, Ty], and w = v — ¥. So we have

w"<t>+[— bz(y’t)]az—”ﬂt)

M(y,t,y(t)|v(t)|2)+ 4 oy

1
y*(6)

! 017 1 2\ | 02V
+[yz(t)M(y,t,y(t)|v(t)| )—yz(t)M<y,t,y(t)|v(t)| )]a_yz(t) (3.55)

%W (t)=0 inL>(0,T,L2(0,1)).

ow
) — (¢ b N
+c(y )ay()+ (7,1 )

By defining

2 Jo

1
v -3iwol [ | y

2 2
yzl(t)M(y,t,y(t)|v(t)|2) b (y»t)} (g_»yv(t)> iy (336

and multiplying the equation in (3.55) by w’, we obtain
¥'(t) — C¥(t) <0, (3.57)
for some constant C > 0, and since W(0) = 0 we conclude that w = 0 in [0, T].

3.2. Proof of Theorem 2.1. In this section, we study the noncylindrical problem (1.3).
We represent by ; and Q the intervals (a(t),3(¢)) and (ao,f0), respectively, and we
denote by | - [o, Il = llo, | - I1» Il - Il the norms in L?(Qq), Hg (Q0), L*(Q), Hy (L), respec-
tively.

We consider the change of variables x = a(t) + y(f) ¥, and we define

M(y,t,) = M(a(t) + y(t)y,1,1),
vo(y) = o (a0 +yoy) e vi(y) = ur (g +y0y), (3.58)
gy,t) = f(alt) +y(t)y,t).

We can see that we are in the conditions of Theorem 2.2. It follows that there exist T >
0 and a unique solution v of problem (2.5) satisfying conditions (2.8). By considering
u(x,t) = v(y,t) with x = a(t) + y(t) y we verify that u is the solution of Theorem 2.1.

The regularity and uniqueness of u claimed in Theorem 2.1 are obtained by the regu-
larity and uniqueness of the solution v of Theorem 2.2.
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