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We consider Tf = [, [;* f(t1,t2)dt1dt; and a corresponding geometric mean operator
Gf =exp(1/x1x2) [y Jo log f (t1,t2)dt1dty. E. T. Sawyer showed that the Hardy-type in-
equality || Tf] o <Cll fll I could be characterized by three independent conditions on
the weights. We give a simple proof of the fact that if the weight v is of product type,
then in fact only one condition is needed. Moreover, by using this information and by
performing a limiting procedure we can derive a weight characterization of the corre-
sponding two-dimensional Pélya-Knopp inequality with the geometric mean operator G
involved.

1. Introduction
The following remarkable result was proved by Sawyer in [3, Theorem 1].

TueOREM 1.1. Let 1 < p < q < oo and let u and v be weight functions on R2. Then

(J:O JOOO <K] Joxzf(tl’tz)dtldt2)q”(xl,xz)dxldxz)l/q

S " (1.1)
sC(JO JO f(xl,xz)Pv(xl,xz)dxldxz>

holds for all positive and measurable functions f on R if and only if

0 oo 1/q n o L 1y
sup (J J ”(Xbxz)dxldxz> (L L v(x1,%2) dewlxz) =A<, (12)
12y

y1,y2>0

_y q 1/q
( g g’z( ) gzv(tl,tz)l pdtldtz) u(xl,xz)dxldm)
JAND] I=p’ Vp = A2 <o, (1.3)
y1,y2>0 (0 2 v(x1,x2) dxldxz)
00 00 00 00 P, . l/p’
<fy1 fyz (fxl ) M(tl,tz)dtldQ) V(X],Xz)l P dxlde>
sup — 7 = Aj3 < oo, (1.4)
y1,y2>0 (fyl ), u(xl,xz)dxldxz)
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However in [4] it was proved that to characterize the two-dimensional Pélya-Knopp
inequality

0 oo X1 X2 q 1/q
(I J [exp(L‘[ J logf(tl,tz)dtldtz)] u(xl,xz)dxldxz)
o Jo X1X2 Jo Jo

. /s (1.5)

< C( L Jo fp(xl,xz)v(xl,xz)dxldxz)
for 0 < p < g < oo, only one condition was needed. An interesting observation is that this
inequality can be characterized by just using one integral condition even if the inequality
seems to be a natural limiting inequality of the Sawyer result mentioned above.

The aim of this paper is to find a two-dimensional weight characterization that allow
us to perform a limiting procedure (as in [2, 4]), and receive a weight characterization of
the corresponding two-dimensional Pélya-Knopp inequality (1.5). From the correspond-
ing result in one dimension (see [2, 4]), we know that this requires special homogeneity
properties of the conditions that for instance the condition (1.2) doesn’t have. On the
other hand the fact that (1.5) is equivalent to a one-weighted Pélya-Knopp inequality
makes it possible for us to use an Hardy inequality where we allow one weight to be of
product type and thus characterize the Hardy inequality with only one condition and
with the special homogeneity properties (see Section 2). In Section 3 we will also show
that with that condition and the corresponding estimates of the best constant we will, by
performing a limiting procedure (as in [2, 4]), receive exactly the same condition and es-
timate of the best constant C for the weighted two dimensional Pdlya-Knopp inequality
(1.5) asin [4].

2. A two-dimensional Hardy-type inequality
Our main result reads.

THEOREM 2.1. Let 1 < p < g < o, 51,5 € (1,p), let u be a weight function on R2 and let v,
and v, be weight functions on R.. Then the inequality

(J: JOOO <J:l J?f(tl’tz>dtldt2>q”(xl,xz)dmdxz)Uq

(” 1/p (2.1)
sC(L JO fP(XI,xz)Vl(xl)vz(xz)dxldxz)
holds for all measurable functions f = 0 if and only if
AW(Sl,Sz) = sup Vl(tl)(sl‘l)/PVZ(tz)(Sz—l)/p
t1,£>0
(" ((p=s1)/p) ((p=s2)/p) 1/q
. (J J u(x1,6) Vi (x) TPV () T de1dx2) < 00,
o Jt,
| (2.2)

where Vi (1)) = [3' vi (%)) P dxy and Vy(ty) = [ v2(x) P dx,.
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Moreover, if C is the best possible constant in (2.1), then

(p/(p—s1))" P (p/(p—s2))" Vp
1<§11,l£<p<(p/(p—sl))p+l/(sl—1)) <(p/(p—sz))p+l/(sz—l)) Aw(s1,52)

o 1/p’ o 1/p’
<C< inf Aw(sl,sz)<p 1) (p—l) .

1<s1,5<p p —S1 p—52

(2.3)

For the proof of Theorem 2.1 we need the following Minkowski inequality (see [4]).

LEMMA 2.2, Letr>1, —co <a; <b; <00, —c0 <a, < by < o0 and let © and ¥ be positive
measurable functions on [ay,b1] X [az,b,]. Then

by by r 1/r
(I q) xl,X2 (I J \Ij t1,f2)dt1dt2> dxldxz)
b] bz 1/r
J J tl,tz <J (D xl,X2 dx1d2> dtldtz.

Proof of Theorem 2.1. Let fP(x1,x2)v1(x)va(x2) = g(x1,%2) in (2.1). Then (2.1) is equiva-
lent to the inequality

0 oo X1 (X1 B B q 1/q
<J() .[0 (J() JO g(tl,tz)l/‘pvl(tl) l/pVZ(tz) Updﬁdtz) u(xl,xz)dxldxz)
© roo 1/p
sC(J J g(xl,xz)dxldxz) )
0 Jo

Assume that (2.2) holds. By applying Holder’s inequality, the fact that (d/dt;)Vi(t)) =
() = v ()PP, (d/dt) Va(ty) = v2 (1) P = v,(t,) PP and Lemma 2.2 we have

00 oo X1 (X2 ~ B q l/q
(Jo Jo (Jo Jo g(tbtz)l/Pvl(tl) I/PVZ(tZ) I/PdtldQ) u(XlaXZ)Xmd)Q)
N (L L (JO JO g(t,6) Vi (8) TPV () TP (1) ST P (1) TP
~(s2=1)/p ~1/p 1 1/
X V2(t2) Vz(t2) dtldtz u(xb-xZ)d.xldxz

© oo X1 X2 511 51 q/p
= (I J (J J gltb)Vi(h)" Va(t) dtldt2>

0 Jo o Jo

o —(s1—=1)p" o q/p’
X(JO Vl(tl) (s1 Up/PV](t]) p/pdtl)

X2 , o q/p’
X (Jo Vz(tz)_(sz_l)p/pV2(t2) p/pdtz) u(xl,xz)dxldx2>

()T ) T st e )

1/q

(2.4)

(2.5)

1/q

s1)/, —$2)/
XVl( ) alte )P)V( )q((p )P)“(xl)xZ)dxldx2>



390 Two-dimensional Hardy inequality

= (I{)—Sﬁ)l/p (11;_52)1/}7 (J J gtb)Vi(t)"™ Wy ()

) (oY) p/q l/p
X (I V]( ) alp- S’)/P)V (xz)q((Pfsz)/p)u(xl,xz)dxldxz) dtldtz)
3|

153

= (5__511 ) ’ (11))__512 ) UP,AW(S“Sz) (Lw ng(tlatZ)dtldtz) UP.

(2.6)

Hence (2.5) and, thus, (2.1) holds with a constant satisfying the right-hand side inequality
in (2.3).
Now we assume that (2.1) and, thus, (2.5) holds and choose the test function

st - (1) (2

X Vi(t) v () P Vi) s () X (X1) o) (%2)

p , . .
+ (pi)SI) Vl(t1)751V1 (xl)lip Vz(xz) Vz(Xz)l p)(((),tl)(xﬂ)((tz’oo)(xz)

P , . .
* (Pfs) Vi) i () Vi) () e () g0 (22)

+Vi(x1) vy () =y, (x2) 2 (x) l_p'X(tl,oo) (%1) X(t2,00) (x2),
(2.7)

where t), t, are fixed numbers > 0. Then the integral on right-hand side of (2.5) can be
estimated as follows:

(Jm ng(xl,xz)dxldm) v

(‘[0 <P ) Vin) SIVI(xl)l_P’dxljgz(Pfsz)pvz(tz)_szw(m)l_ﬂdxz

h -p’ * —$21 -p
+J ( ) V1 tl) SIV1(X1)1 pdxlj Vz(Xz) Vz(xz)l pdxz

ty
00 t
+ V1 xl)l r dx1 J (

» . .
p—Sz) Vz(tz) V2(X2)1 PdJQ

o ) 1/p
+| Vi) () P dx, L Va(x) v (x)'? dx2>

AT R

—$ Sy — 1
(2.8)
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Moreover, the left-hand side of (2.5) is greater than

(L L [(Jo p—si l(tl)_SI/PVl()’l)l_P’d)’l)( :pfszVz(tz)_SZ/Pm(yz)l_pydyz)

(I, pf Vi) ) ) ([ Va0n) s ) )
< 1()’1)171)’01)/1) (Ltz P fsz Vs (t) "y, (yz)lfpldyz)
([ om0
(

o q 1/q
X Vz )/1 2/P ( 2)1 dez)] u(x1,xz)dx1dx2)

+

0 oo . o l/q
__P p (L L u(xl,xz)vl(xl)q((p 1)/p)V2( 2) ((p- dxldx2> '

p—s1ip—%
(2.9)
Hence, (2.5) implies that
4((p=s1)/p) ((p=2)/p) va
(J J .X'1 Xz ) p=srp Vz(Xz)q p=2)’p dxldJQ)
- 51 p—s2\Jy Jy
1/p p 1/p
T )
p—s1 s1—1 p—5 $H—1
(2.10)

that is, that

(P/(P—sl))P 1/p (P/(P _52))1’ 1/p -1V A
<(p/(p51))p+1/(511)> ((P/(Psz))p-f-l/(szl)) Vl(tl) Vz(tz)

1/q
(J J X1X2)V1( )q(PSI)/P)V( ) ((p=sa)/ )dxldx2> <C.
t t
(2.11)

We conclude that (2.2) and the left-hand side of the estimate of (2.3) hold. The proof is
complete. O

3. A two-dimensional P6lya-Knopp inequality

Here, we will give another proof of two-dimensional Pélya-Knopp inequality (1.5) proved
in [4] by proving that this theorem is just the natural limit result of our theorem
(Theorem 2.1).
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THEOREM 3.1 [4]. The inequality (1.5) holds for all positive and measurable functions on
R? if and only if

0 oo 1/q
_ _ =S q/p 5 q/p
Dyy(s1,52) 1= supys /P yle WP(J J ! ’ (x1,xz)dx1dxz) < 00,
»1>0 1y
y2>0

(3.1)

where sy, > 1 and

w(x1,x;) = [exp(xlxzj J t1,t2 dtldtzﬂq/pu(xl,xz) (3.2)

and the best possible constant C in (1.5) can be estimated in the following way:

sup< e (o= 1) )1/1»( (e 1) )UPDW(SI)SZ)

ass1net(s1—1) +1 e2(s2— 1) +1 (3.3)
<Ccx< inf e(sl+52_2)/pDW (51,52).
S1,52>1

Remark 3.2. For the case p = g = 1, a similar result was recently proved by Heinig, Ker-
man and Krbec [1] but without the estimates of the operator norm (= the best constant
Cin (1.5)) pointed out in (3.3) here.

Proof of Theorem 3.1. 1f we in the inequality (1.5) replace f?(x1,x2)v(x1,x2) with fP(x1,
x;) and let w(x;,x;) be defined as in (3.2), then (1.5) is equivalent to

00 00 1 X1 X2 q l/q
(J J [exp(—J I logf(yl,yz)dyldyz)] w(xl,xz)dxldxz)
o Jo X1X2 Jo Jo

0 oo 1/p
sC(J J fp(xl,xz)dxldx2> )
0o Jo
-q.-9

Further, by using Theorem 2.1 with the special weights u(x,x2) = w(x1,x2)x; "x, " and
v1(x1) = »2(x2) = 1 we have that

© oo 1 X1 (X2 q 1/q
(J J <7J1 I f(l’l,tz)dtldt2> W(Xl,X2)dxldx2)
0 Jo \X1X2 Jo Jo
0 oo 1/p
< C(J J fP (xl,xz)dxldx2>
0 0

holds for all f = 0 if and only if

(3.4)

(3.5)

1/q
1/ 1/ /b —saq/
Aw(51,52):SHPtls1 )p(sz p(J J (x20) %1 PPy " P dx dx2> < o,
tn Jo

t1,t,>0
(3.6)
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where 51,5, € (1,p). We note that Ay (s;,s2) coincides with the constant Dy (s1,s2) =
Dy (s1,52,9, p) defined by (3.1). Moreover, if C is the best possible constant in (3.5), then

(p/(p—s1))” v (p/(p—s2))" VP
1<Z‘,‘§<p< 0/ (p—s))P +1/(s1 - 1)) ((p/(p—sz))P+ /(s — 1)) Dy (s1,52)

<cs inf pwlsns(21)" (221)7

I<sp,82<p pP—s p—5

(3.7)

Now, if we replace f in (3.5) with f*, 0 < & < p and after that replace p with p/a and ¢q
with g/« in (3.5), (3.6), and (3.7), then we find that, for 1 < s1,s; < p/a,

[ [ 1 X1 (X2 q/zx 1/q
(J J (—J J fa(tl,tz)dtldtz) w(xl,xz)dxldx2>
o Jo \Xx1x2 Jo Jo
© roo 1/p
< C“<J J fp(xl,xz)dxldxz)
0 Jo

holds for all f = 0 if and only if Dy (s1,$2,9/, p/a) = D3 (51,82, p) < co. Moreover, if
C, is the best possible constant in (3.8), then

(3.8)

(p/(p—as1))”* Ve (p/(p—as,))”"
T >) ( (p/(

1/p
Da b bl bl
1<sl,s2<p/a<(p/(p—cxsl))p+1/(51—1 p—as))P +1/(s - 1)> i (s1,52,4.p)

p_OC )(ptx)/ap< p —a >(ptx)/ocp

<Cy< inf DW(sl,sz,q,p)<p_a51 > as,

1<sy,5<p/a

(3.9)

We also note that

1 Jxl sz o )l/oc 1 Jxl sz
<x1x2 o Jo fi(t,n)dhdt Pl Jo nf(t,t)dtdh, asa .
(3.10)

We conclude that (3.1) holds exactly when limsup,, ., Cy < o and this holds, according
to (3.9), exactly when (3.6) holds. Moreover, when o — 0 (3.9) implies that the upper
estimate in (3.3) holds. For the lower estimate we apply the following testfunction (c.f.
[4]): For fixed t; and t,, t1,1, >0, let

g(x1,x2) = go(x1,x%2) = 1785 0. (%1) X0, (%2)

ety !
+1  xo) (1) O (x2)

6*51t§'71 - (3.11)
+ O Xitr,eo) (1) 85 1)((O,tz) (x2)
1
—(s1+s2) 511 s,—1
e SR
Xy X(tr,00) (X1) X(t2,00) (%2).

The proof is complete. 0
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Remark 3.3. This proof shows that the Pélya-Knopp inequality (1.5) characterized in
Theorem 3.1 may be regarded as a natural limiting inequality of the (Sawyer type) Hardy
inequality characterized in Theorem 2.1.
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