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We consider the following system of differential equations ugm)(t) = Pi(t,u; (t),ur(t),...,

u,(t)), t € [0,1], 1 < i < n together with Hermite boundary conditions u,(])(tk) =0,j=
0,....mr—1,k=1,...,r,1<i<nwhere0=t,<th<---<t,=1,m=1fork=1,...,r,
and Yj_, mx = m. By using different fixed point theorems, we offer criteria for the exis-
tence of three solutions of the system which are of “prescribed signs” on the interval [0,1].

1. Introduction

Let tx, k = 1,2,...,r be given such that 0 = t; <t, < - - - < t, = 1. In this paper, we will
consider a model comprising a system of differential equations subject to Hermite type
boundary conditions at multipoints t, k = 1,2,...,r. To be exact, our model is

ul™ (1) = Pi(t,ur (£),un (1), un(t)),  t€[0,1],
u () =0, j=0,.,m—1,k=1,..,r (H)

i=1,2,...,n,

where my > 1 for k = 1,...,r and >;_, my = m. Assume that for each 1 <i<n, P;:
[0,1] X R" — R is a L!-Carathéodory function (see Definition 2.6 later).

A solution u = (uy,uy,...,u,) of (H) will be sought in (C[0,1])" = C[0,1] X - - - X
C[0,1] (n times). We say that u = (u1,u,...,U,) is a solution of fixed sign if for each
1 <i<mn, wehave

(=1)%Qui(t) =0 fort e [tityri], 1<k<r—1, (1.1)

where 8k = My + Mg + - - - +m, and 0; € {1,—1} is fixed. Note that in the practical
situation, with &, 1 < k < r — 1 already known, we can choose 0; so that (—1)%6; = 1. In
this way our fixed-sign solution u becomes a positive solution, that is,

ui(t)=0 forte[0,1],1<i<n. (1.2)
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We remark that in most practical problems, it is only meaningful to have positive solu-
tions. Nonetheless our definition of fixed-sign solution gives extra flexibility.

We will establish criteria so that the system (H) has at least triple fixed-sign solutions.
In addition, the criteria developed will also provide estimates on the norms of these so-
lutions.

The present work is motivated by the fact that multipoint boundary value problem
of the type (H) models various dynamic systems with m degrees of freedom in which m
states are observed at m times, see Meyer [25]. In fact, when m = r = 2 the boundary value
problem (H) describes a vast spectrum of nonlinear phenomena which include gas diffu-
sion through porous media, nonlinear diffusion generated by nonlinear sources, thermal
self ignition of a chemically active mixture of gases in a vessel, catalysis theory, chemically
reacting systems, adiabatic tubular reactor processes, as well as concentration in chemical
or biological problems, for example, see [8, 14, 15, 16, 21, 22, 27]. It is important to note
that in most of these models, only positive solutions are meaningful. As boundary value
problems model many physical phenomena, it is not surprising that they have received
almost all the attention in the recent literature, see the monographs [1, 2, 4, 5] and the
references cited therein. Many papers have discussed single, double and triple positive so-
lutions of boundary value problems [3, 6, 7, 10, 9, 12, 13, 17, 18, 19, 20, 24, 28, 29, 31, 32,
33]. In dealing with single and double solutions, the main tool has been Krasnosel’skii’s
fixed point theorem, whereas in the case of triple solutions, either fixed point theorem
from Leggett and Williams [23] or that from Avery [11] has been employed.

In the present work, both fixed point theorems of Leggett and Williams as well as Avery
are used to derive criteria for the existence of triple fixed-sign solutions. Not only that new
results have been obtained, we have also generalized a single-dependent-variable bound-
ary value problem, the usual consideration in the literature, to a system of boundary value
problems, which is a much more appropriate model for many physical phenomena.

2. Preliminaries

In this section, we will state some necessary definitions and the relevant fixed point theo-
rems. Let B be a Banach space equipped with the norm || - ||.

Definition 2.1. Let C (C B) be a nonempty closed convex set. We say that C is a cone
provided the following conditions are satisfied:

(a) ifu e Cand a > 0, then au € C;

(b) ifu e Cand —u € C, then u = 0.
The cone C induces an ordering < on B. For y,z € B, we write y < zifand onlyifz— y €
C.1If y,z € Bwith y < z, we let (y,z) denote the closed order interval given by

(y,z2) ={ueBly<u=<zl. (2.1)

Definition 2.2. Let C (C B) be a cone. A map v is a nonnegative continuous concave func-
tional on C if the following conditions are satisfied:

(a) y: C — [0,00) is continuous;

b)) y(ty+(1-1)z) = ty(y)+ (1 —t)y(z) forall y,ze Cand 0 <t < 1.
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Definition 2.3. Let C (C B) be a cone. A map f is a nonnegative continuous convex func-
tional on C if the following conditions are satisfied:

(a) f: C — [0,00) is continuous;

(b) Blty+(1—1t)z) <tB(y)+ (1 —t)B(z) forall y,ze Cand 0 <t < I.

Let y, 3, be nonnegative continuous convex functionals on C and «, ¥ be nonnegative
continuous concave functionals on C. For nonnegative numbers w;, 1 <i < 3, we will
introduce the following notations:

C
C

1) ={ueClllull <w},
y,wi,wa) = {u € Cly(u) = w and [lull < w,},
ywi1) ={u € C|y(u)<w},
y,0,wi,ws) = {u € C | a(u) = wy and y(u) < w,}, (2.2)

"

(w
(
(
(

"

Q(y,Bowi,wa) ={ue C|B(u) <w; and y(u) < w},
P( < ws},

1,0,a,wi, w2, w3) = {u € Cla(u)=w, Ou) <w, and y(u)
Q(y, B v, wi,wa,ws) = {u € Cly(u) = wy, f(u) <wy and y(u) < ws}.

The following fixed point theorems are needed later. The first is usually called Leggett-
Williams’ fixed point theorem, and the second is known as the five-functional fixed point
theorem.

TaEOREM 2.4 [23]. Let C (C B) be a cone, and w4 > 0 be given. Assume that y is a nonneg-
ative continuous concave functional on C such that y(u) < ||ull for all u € C(wy), and let
S: C(wy) — C(wy) be a continuous and completely continuous operator. Suppose that there
exist numbers wi, wa, w3 where 0 < wy < wy < w3 < wy such that

(a) {u € C(y,wa,w3) | w(u) >wr} + @, and w(Su) > w, for allu € C(y, wy, ws);

(b) ISull < wy for allu € C(wy);

() w(Su) >w, for all u € C(y,w,, ws) with [|Sull > ws.
Then, S has (at least) three fixed points u', u?, and u® in C(wy). Furthermore, we have

ul € C(wy), u? € {ue Cly,wr,ws) | y(u) >ws},

€ Clwa)\ (Clywarwa) UT(w)). 29

THEOREM 2.5 [11]. Let C (C B) be a cone. Assume that there exist positive numbers ws,
M, nonnegative continuous convex functionals y,3,® on C, and nonnegative continuous
concave functionals o,y on C, with

a(u) < B(u), llull < My(u) (2.4)

for all u € P(y,ws). Let S: P(y,ws) — P(y,ws) be a continuous and completely continuous
operator. Suppose that there exist nonnegative numbers wi, 1 <i <4 with 0 < wy < w3 such
that
(a) {u € P(y,0,a,w3,wa,ws) | a(u) >ws} + &, and a(Su) > ws for all u € P(y,0,aq,
W3, Wy, W5 );
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(b) {u e Qy,B,w,wi,wa,ws) | B(u) < wa} + &, and B(Su) < w; for all u € Q(y,B, v,
W1, Wa, W );
(¢) a(Su) > ws for all u € P(y,a, w3, ws) with ©(Su) > wy;
(d) B(Su) < w, for allu € Q(y, B, wa, ws) with y(Su) < wy.
Then, S has (at least) three fixed points u', u> and u® in P(y,ws). Furthermore, we have

B(u') <way,  a(u?) >ws, P(u®) >wy witha(u’) < ws. (2.5)

We also require the definition of a L1-Carathéodory function.

Definition 2.6 [26]. A function P:[0,1] X R" — R is a Li-Carathéodory function if the
following conditions hold:
(a) The map t — P(t,u) is measurable for all u € R".
(b) The map u — P(t,u) is continuous for almost all t € [0, 1].
(c) For any r > 0, there exists 4, € L1[0,1] such that |u| < r implies that |P(t,u)| <
pr(t) for almost all t € [0,1].

3. Main results

For each k = 1,...,r — 1, define the constant §x and the interval I by

4 + +

5 Z . I [3tk k1 ’ tre + 3tk ] (3.1)
. 4 4

j=k+1

Throughout we will denote u = (uy,us,...,u,). Let the Banach space

B={ulue(clo,1])"} (3.2)
be equipped with norm
llull = max sup |u;(t)| = max |u;],, (3.3)
I<i<n te[0,1] l<i<n
where we let
|uilo= sup |ui(t)] = max sup |uwi(t)], 1<i=<n. (3.4)
te[0,1] L<ksr—lie[t, b ]

To apply the fixed point theorems in Section 2, we need to define an operator S: B — B
so that a solution u of the system (H) is a fixed point of S, that is, u = Su. For this, let G(¢,s)
be the Green’s function of the boundary value problem

ym(t)=0, te[0,1]

, 3.5
Yy () =0, j=0,..,m—1,k=1,.,r (3:)

If u is a solution of (H), then it can be represented as

wi(t) = Ll G(t,5)Pi(s,u(s))ds, t€[0,1],1<i<n. (3.6)
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Hence, we will define the operator S: B — B by
Su(t) = (Su1(t),Sus(t),...,Su,(t)), te]0,1], (3.7)

where
Sui(t) = Jol G(t,s)P;(s,u(s))ds, te[0,1],1<i<n. (3.8)

It is clear that a fixed point of the operator S is a solution of the system (H).
Our first lemma gives the properties of the Green’s function G(t,s) which will be used
later.

Lemma 3.1 [30]. It is known that
(a) G(t,s) €C[0,1], t[0,1] and the map t — G(t,s) is continuous from [0,1] to C[0,1];
(b) (=1)%G(t,5) =0, (£,5) € [tistxr1] X [0,1], k=1,...,r = 1;
(©) (=1)%G(t,s) >0, (t,5) € (tirtrs1) X (0,1), k=1,...,r = 1;

(d) foreachk=1,...,r—1,

(=D)%G(t,s) = Li||G(-,9)|,  (5,5) € Ik x [0,1], (3.9)
where
IGC9)ll = sup |G(ts)| = max  sup (~D)¥G(s), (3.10)
te(0,1] I=jsr—1telt;ti]

the constant 0 < Ly < 1 is given by

L; = min {min {R( Stk bt ) ,R( fi + Stk ) } max R(t),

4 4 te[0,1]
(3.11)
. 3tk+tk+1) (tk+3tk+1>}
b t bl
mm{Q( I R S max Q1)

and the functions R and Q are defined as

r—1

RO =[]lt-¢|™a-pm™", Q=T |t-4]"; (3.12)
j=1 j=2

(e) (_1)6kG(t>S) = ||G()S)H; (t,S) € [tk’tk+l] X [0)1]) k= L...,r—L
LemMa 3.2. The operator S defined in (3.7) is continuous and completely continuous.

Proof. From Lemma 3.1(a), we have G(t,s) € C[0,1] = L*[0,1], t € [0,1] and the map
t — G(t,s) is continuous from [0, 1] to C[0,1]. This together with P;: [0,1] X R" — R isa
L!-Carathéodory function ensures (as in [26, Theorem 4.2.2]) that S is continuous and
completely continuous. 0
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For clarity, we will list the conditions that are needed later. Note that in these condi-
tions 0; € {1,—1}, 1 <i < n are fixed, and the sets K and K are given by

K= {u €B|foreach 1 <i<n, (~1)*Gu;(t) = 0fort € [ti,tir1], k=1,2,...,7 — 1},
K= {u e K | for some j € {1,2,...,n}, (—1)6k9juj(t) >0 for some t € [0,1]} = K\{0}.
(3.13)

(C1) For each 1 < i < n, assume that

0:Pi(t,u) >0, ueck, ae te(0,1),

3.14
0;Pi(t,u) >0, uck,ae. te(0,1). ( )

(C2) There exist continuous functions f, b and a;, 1 <i < n with f: R" — [0,00) and
b,a;:(0,1) — [0,00) such that foreach 1 <i < n,

9iPi(t,M)<
fw —

(C3) For each 1 < i < n, there exists a number 0 < p; < 1 such that

a;i(t) < b(t), uek,aete(01). (3.15)

ai(t) = pib(t), ae.te(0,1). (3.16)

Next, we define a cone in B as
C= {u e€B|foreachl <i<mn, (=1)%Qu;(t) = 0fort € [t tyr1 ], k=1,2,...,r — 1

and rtniln(—l)‘ske,-ui(t) > Lipi|uil g k=1,2,...,7 — 1},
S0
(3.17)

where Ly and p; are defined in Lemma 3.1(d) and (C3), respectively. Note that C < K.
Moreover, a fixed point of S obtained in C will be a fixed-sign solution of the system (H).

If (C1) and (C2) hold, then it follows from (3.8) and Lemma 3.1(b) that for u € K and
tE€ [tter), 1 <k<r-—1,

Jl(_1)5kG(t)5)ai(5)f(u(5))d5
0 (3.18)

1
< (=1)%6;Su;(t) < J (—1)5‘<G(t,s)b(s)f(u(s))ds, l1<i<n.
0
LemMa 3.3. Let (C1)—(C3) hold. Then, the operator S maps C into itself.
Proof. Letu € C. From (3.18) we have for 1 <i<mandt € [ty tir], 1 <k <r—1,
1

(—1)%0;Su;(t) > J (= 1)%G(t,5)ai(s) f (u(s))ds = 0. (3.19)

0
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Next, using (3.19), (3.18) and Lemma 3.1(e), we obtain for 1 <i <nand t € [, tx+1],
l<k=<r-1,

1 1
(=1)%G(t,5)b(s) f (u(s))ds < Jo [|G(+,9)[|b(s) f (u(s))ds.
(3.20)

1Su()| = (=1)%6,Suit) < L

Therefore, we have

1
|Suil,= max sup |Su,~(t)|SL||G(-,s)||b(s)f(u(s))ds, l<izn  (321)

sksr—lie(t, ]

which immediately gives

1
[ISull = max | Sui|, < L [|G(+,9)||b(s) f (u(s))ds. (3.22)

Now, applying (3.18), Lemma 3.1(d), (C3) and (3.21), we findfor | <i<mnandt € I,
l<k=<r-1,

(=) 6,5u(1) > f(—l)@kG(t,s)ai(s) Fu(s))ds
0

= [ LlIGC, 9l ) £ s)ds (.23
= Lipi | Sui | -
This leads to
rtréiil(—l)‘skeiSu,'(t) > Lipi| Suily, l<i<n, 1<k=<r-1 (3.24)
With (3.19) and (3.24) established, we have shown that Su € C. a

Remark 3.4. From the proof of Lemma 3.3, we see that it is possible to use another cone
C’ (c C) given by

C = {u €B|foreachl1 <i<n, (~1)%@u;(t) =0fort € [ti,tir1], k=1,2,...,r — 1

and min(=1)%6,u;(1) = Lipillull, k= 1,2,...,7 - 1}.

tely

(3.25)

The arguments used will be similar.
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For subsequent results, we define the following constants for each 1 < i < n and fixed
numbers Tk, Tok, T34, Tak € [0, 1], 1 <k <r—1:

g = max max Jl(—l)‘s"G(t,s)b(s)ds,

1<k<r—1 t€ti,tks1] JO

ri— min minj (—15G(t,5)ai(s)ds,
Ix

I<k<r—1 t€l

T3k
dy; = min min J (—1)%G(t,s)a;(s)ds,

1<k<r-1 tE[szk,Tgk] Tok

T4k
d = max max max J (—1)% G(£,5)b(s)ds,

I<k<r-11<jsr—1te[rpmax]N[tjti] 1k

Tk 1
d; = max max max [J (—1)51G(t,s)b(s)ds+J

I<k<r—11=<j=sr—1te[rkTak]N[t}5tj41] 0 Tak

(—1)5J'G(t,s)b(s)ds],

T4k

dy= max max (—=1)%G(t,5)b(s)ds,

I<k<r—1te[ripmax] Jr

Tk 1
ds= max max H (—1)5kG(t,s)b(s)ds+J (—1)5kG(t,s)b(s)ds],

I<k<r—1te[T 5 Tak]
r
[T(e=t)"

= sup 1—[ t—t] R A= max R
tef0,1] | j= te[T1Tak] i=1
T
Br = max 1_[ (t— tj)mj
tE[T24T3k] i=1

(3.26)

Lemma 3.5. Let (C1)—(C3) hold, and assume
(C4) foreach 1 <k <r—1andeacht € [ty,tk+1], the function G(t,s)b(s) is nonzero on a
subset of [0, 1] of positive measure.
Suppose that there exists a number d > 0 such that for |u;| € [0,d], 1 < j <n,

f(ur,uz,s.. . uy) < g (3.27)
Then,
S(C(d)) = C(d) c C(d). (3.28)

Proof. Let u € C(d). Then, it is clear that luj| € [0,d], 1 < j <n. Applying (3.18), (C4),
(3.27) and (3.26), we find for 1 <i<mnandt € [tx,tks1], 1 <k <r—1,

|Sui(t)| = (~1)%0;Sui(t) < Jl(—1)5"G(t,s)b(s)f(u(s))ds
0

) Jl(—l)’s"G(t,s)b(s)éds (3.29)
0 q
< qé =d.

q
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This implies [Su;lo < d,1 <i <n and so [|Sull < d. Coupling with the fact that Su € C
(Lemma 3.3), we have Su € C(d). The conclusion (3.28) is now immediate. O

The next lemma is similar to Lemma 3.5 and its proof is omitted.
LEMMA 3.6. Let (C1)—(C3) hold. Suppose that there exists a number d >0 such that for
lujl €[0,d],1<j<n,

(3.30)

f(ur, 12500 un) sg

Then,
S(C(d)) < C(d). (3.31)

We are now ready to establish existence criteria for three fixed-sign solutions. Our first
result employs Theorem 2.4.

THEOREM 3.7. Let (C1)—(C4) hold, and assume
(C5) foreach 1 <i<mn, each 1 <k <r—1, and each t € I, the function G(t,s)a;(s) is
nonzero on a subset of Iy, of positive measure.
Suppose that there exist numbers wy, wa, ws with
w2

0<w) <wy < — s < W3 (332)
MIN| <j<p, MiNg<k<—1 Lgpi

such that the following hold:
(P) f(ui,up,...,uy) <wi/q for |ujl € [0,w1], 1< j<n;
(Q) one of the following holds:
(Q1) hmsupw1| sl w_wf Ui, Uy,... un)/lujl < 1/q for some j € {1,2,...,n};
(Q2) there exists a number 1 (= ws) such that f(uy,us,...,u,) < n/q for lu;l €
(0,7, 1 <j<m
(R) foreach 1 <i<mn, f(ui,uy,...,uy) >w/ri for lu;| € [wa,ws], 1 < j <n.
Then, the system (H) has (at least) three fixed-sign solutions u',u?,u®> € C such that

[|u!|] < wis |u?(t)| >wy, tel, l<k<r—1,1<i<n;

|[12]] > wi; min min min |u(t)| <w,. (3.33)
1<i<n l<k<r-1 t€l

Proof. We will employ Theorem 2.4. First, we will prove that condition (Q) implies the
existence of a number wy where wy > ws such that

S(C(wy)) < Cwy). (3.34)

Suppose that (Q2) holds. Then, by Lemma 3.6 we immediately have (3.34) where we pick
wy = . Suppose now that (Q1) is satisfied. Then, there exist N >0 and € < 1/q such that
for some j € {1,2,...,n},

fuy,ua,.. . uy)

<€, Jurl,|ualse.s |ua| >N. (3.35)
|ujl
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M= max fuy,uzse. . uy). (3.36)

|uil€[0,N], 1<i<n

In view of (3.35), it is clear that for some j € {1,2,...,n}, the following holds for all
(ur,ua,..., u,) € R",

funup,..u,) < M+e€|ujl. (3.37)

Now, pick the number w; so that

-1
Wy > max{W3,M(é - e) } (3.38)

Let u € C(wy). Then, using (3.18), (3.37) and (3.38) we find for 1 <i <nandt € [t, tk+1],
l<k=<r-1,

[Sui(t)| = (=1)%6;Su;(t)
< Ll(—1)‘3kG(t,S)b(S)f(u(S))ds
< Ll(—l)‘skG(t,S)b(S)[MH |uj(s)|]ds (3.39)
< Ll(—nﬁkc(t,s)b(s)(M+ew4)ds
<q(M+ewy) < q[me - e) +ew4] = Wy

This leads to |Su;|g < ws, 1 < i < n. Hence, ||Su|| < wy and so Su € C(w,) € C(wy). Thus,
(3.34) follows immediately.
Let y: C — [0, 00) be defined by

y(u) = min min min(—1)%6;u;(¢). (3.40)
l<i<n 1<k<r—1 t€l
Clearly, v is a nonnegative continuous concave functional on C and y(u) < [lul| for all
uecC.
We will verify that condition (a) of Theorem 2.4 is satisfied. First, we claim that

uw* = (uf,u¥,...,u}) € {ue Cly,wa,ws) |y(u) >w}, (3.41)
where
« wy+e€ 4 m; .
ul(t) = Himinlsfsnminlgzsr—lLzPZAjl:ll(t_tj) o1<is<n (3.42)
and € > 0 is chosen such that
ware < ws. (3.43)

minj<e<, MiNj<z<r—1 Lpe
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Note that it is possible to pick such an € since w; (minj<p<, minj<;<,—1 L.pe) ™' < ws.
From [30] it is known that for k = 1,2,...,r — 1,

r

—D%[J(t=)" 20, t€ [ttin], min(-D* [ [(£—¢;)" = LyA.  (3.44)

j=1 tely i=1
Hence, it can be easily seen that u*(t) € C. We also have
¥ = A 22 - Wate <ws,
Minj <<, MiN<z<p—1 LzpeA MiNj<p<, MiNy<z<r -1 Lpe
*) i : : Ok *
u*) = min min min(—1)%6;u" (¢
V/( ) 1<i<n I<k<r-1 telk( ) P ( )
r (3.45)

wy+ € ;
= min min(—1)%[ [ (t—¢;)"
MINj <p<y MiN|<z<r—1 L;peA 1<k<r-1 tel -1

wy+€

v

min LA > w,.
MiNj<¢<, MiNj<z<,—1 LpeA 1<k<r-1

Thus, u* € {u € C(y,w2,ws) | y(u) >w,} # @. Next, let u € C(y,ws,ws). Then, w, <
y(u) < [lull < w; provides

(=1)%0ju;(s) = |uj(s)| € [wa,ws], s€l, 1<k<r-1,1<j<n (3.46)
Applying (3.18), (3.46), (C5), (R) and (3.26), we find

¥(Su) = min min mln( 1)%0; (Su;) (t)

l<i<n 1<k<r—1 te€l

> min min minJl(—1)5"G(t,s)a,-(s)f(u(s))ds

l<i<n l<k<r—1 t€lx Jo

> min min minL (=1)%G(t,5)a;(s) f (u(s))ds (3.47)

l<i<n 1<k<r—1 tely

. . . w
> min min mlnj (—1)5"G(t,s)a,~(s)—2ds
1<i<n I<k<r-1 t€l JI; L4

. w»
=minr,— = Wwy.
I<isn = 1;

Therefore, we have shown that y(Su) > w, for all u € C(y, wa, w3).
Next, condition (b) of Theorem 2.4 is fulfilled since by Lemma 3.5 and condition (P),
we have S(C(w;)) € C(wy).
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Finally, we will show that condition (c) of Theorem 2.4 holds. Let u € C(w, w2, w4)
with [|Sull > ws. Using (3.18), Lemma 3.1(d), (C3) and (3.22), we get

¥(Su) = min min min(—1)%6;(Sw;)(t)

1<i<n 1<k<r—1 tel)

> min min minJl(—I)SkG(t,s)a,-(s)f(u(s))ds
0

I<i<n 1<k<r—1 t€l}

v

min min JlLk||G(-,5)||p,-b(5)f(u(5))d5 (3.48)

I<i<n l<k<r—

> min min LkplllSull > mln min Lkp1W3
1<isn 1<k<r— 1<isn I<k<r—
w2
>min min Lipi—; : =ws.
I<isn 1<k<r—1 MIN| <j<, MIN <k<r—1 Lrpi

Hence, we have proved that y(Su) > w, for all u € C(y, w,, wa) with [|Sull > ws.

It now follows from Theorem 2.4 that the system (H) has (at least) three fixed-sign
solutions u',u?,u® € C(wy) satisfying (2.3). It is easy to see that here (2.3) reduces to
(3.33). O

We will now employ Theorem 2.5 to give other existence criteria. In applying Theorem
2.5 it is possible to choose the functionals and constants in many different ways. We will
present two results to show the arguments involved. In particular the first result is a gen-
eralization of Theorem 3.7.

THEOREM 3.8. Let (C1)—(C3) hold. Assume there exist numbers Ty, To k> T3 > Taj, 1 < k <
r—1, with

OS TS T ST << ——— <1y <1 (3.49)

such that

(C6) for each 1 <i<mn, each 1 <k <r —1, and each t € [Tk, T3x], the function
G(t,s)a;(s) is nonzero on a subset of [Tok, T3k ] of positive measure;

(C7) for each j,k € {1,2,...,r — 1} such that [Ty, Tax] O [tj,tjn1] # &, and each t €
[Toks Tak] N0 [E5Ej41]s the function G(t,s)b(s) is nonzero on a subset of [Ty, Tak] of
positive measure.

Suppose that there exist numbers w;, 2 < i <5, with

w3

0<wy<w;< < Wy < Ws (3.50)

MiN| <j<, MiN|<k<,—1 Lkpi

such that the following hold:
(P) f(u1,up,...,uy) < (1/dy)(wy — wsds/q) for |uj| € [0,w2], 1 < j <m;
(Q) f(ur,u,...,uy) <ws/q for |ujl € [0,ws], 1 < j<n;
(R) foreach 1 <i<n, f(ui,us,...,uy) >ws/dyfor luj| € [ws,wy], 1 < j<n.
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Then, the system (H) has (at least) three fixed-sign solutions u',u?,u®> € C(ws) such that

lul(t)| <wy, te€[tiptax], 1<sk<r—1,1<i<mn;

[u2(t)| >ws, t€[mpmpl 1<k<r—11<i<mn (3.51)
max max max |ul(t)| >w; min min  min |} (t)] < ws.
I<i<n 1<k<r—1 t€[r1k,Tak] 1<i<n 1<k<r-1 t€[rk, 73]

Proof. In the context of Theorem 2.5, we define the following functionals on C:

y(u) = llull,

u) = min min min |u;(t
y(u)=min min min|u(0)],

B(u) =O(u) = max max max |u(t)], (3.52)

1<i<n 1<k<r—1 t€[r1k,Tak]
a(u) = min min  min |u(t)].

1<i<n 1<k<r—1t€[r2k,13k]

First, we will show that the operator S maps P(y,ws) into P(y,ws). Let u € P(y,ws).
Then, we have |u;| € [0,w5],1 < j < n. Using (3.18), (Q) and (3.26), wefind for 1 <i<n
andt € [t te ], 1 <k <r—1,

1
|Sui(t) | = (—1)%0;Su;(t) < L (—1)5"G(t,s)b(s)f(u(s))ds

1

sj (—1)5’<G(t,s)b(s)%ds (3.53)
0

< qWS w

<g— = Ws.
q

This implies |Su;lg < ws, 1 <i <n and so p(Su) = [|Sull < ws. Coupling with Su € C
(Lemma 3.3), it follows that Su € P(y,ws). Hence, we have shown that S: p(y,ws) -
P(y,ws).

Next, we will prove that condition (a) of Theorem 2.5 is fulfilled. We claim that

uw* = (uf,ul,...,ul) € {ue P(y,0,a0,w3, wa,ws) | a(u) >ws}, (3.54)
where

r
w3+ € m; .
() = 0,— - t—t;)7, 1<i<mn, 3.55
ui (1) 1m1n1§€5nm1nlszsr71L2P€Ajl:ll( i) = (3:35)

and € > 0 is chosen such that

w3+ €
p p < Wy. (3.56)
Minj<p<, MiNj<z<,—1 Lzpp

Such an € exists since w3 (mMinj<p<, Min<z<,—1 Lzpe) ™' < wy. It is clear from (3.44) that
u* € C. Further, in view of the assumptions on ws, ws, ws, and the fact that [1ok, 73] S Ik,



376  Triple fixed-sign solutions

1 <k <r— 1, we obtain the following:

ws+ € w3+ €

y(u*) =A— . =— .
Minj<p<, MiNj<z<,—1 LzppA  MiNj<p<, MiNj<z<—1 Lzpe

a(u*) = min min  min (=1)%0u (t)
I<i<n 1<k<r—1t€[1),T3k]
;
w3+ € . . mj
S _ min  min (-D*]](t—¢)"
MiN|<p<,y MIN <z, 1 LoppA 1<ks<r-1te[r5,31] -1
r
w3+ € . . mj
> — - min min(—D%[ [ (t—1¢;)"
MiNj<p<, MiNj<z<r—1 LppA 1<k<r-1 tel j=1
w3+ € .
> min LiA > ws,

Minj<p<, MiNj<;<,—1 L;ppA 1<k=r-1

(:} = max 1aX max ( 1 6k0iu?k t
u 1
l<i<n l<k<r-1te ll,k;M.k]

r

w3 +€ m;
= — . max max (—D%[](t—t;)"
MIiN|<p<,y MIN|<z<,—1 LzpeA 1<k<r—1 te[r f,7a4] i1
w3+ €
= . . max Ak
MiNj<p<, MiNj<z<r—1 LpeA 1<k<r-1
w3+ €
< < W4.

MiN|<p<, MiNj <z<,—; LzPE B

< Wws,

(3.57)

Hence, u* € {u € P(y,0,a,ws,ws,ws) | a(u) > ws} # &. Now, let u € P(y,0,a,ws,

Wy, ws). Then, by definition we have a(u) > w3 and ©(u) < wy which imply

(—1)5k9juj(s) = |uj(s)| € [ws,ms], s€[momi), 1<k<r—-1,1<j<n

Applying (3.18), (3.58), (C6), (R) and (3.26), we obtain

a(Su)= min min  min (—1)%6;(Su;)(t)
I<i<n 1<k<r—1te[tk13k]

v

min min  min Jl(—1)5kG(t,5)ai(s)f(u(s))ds

1<i<n 1<k<r-1te[tmk13k] JO

\

> min min min J'm(—1)8"G(t,s)a,-(s)f(u(s))ds

I<isn 1<k<r—1te[np k] Jop

T3k
. . . g w
min min  min J (—1)5"G(l‘,s)ai(s)—3 ds
I<i<n l<k<r—1t€[rpt5k] J1op dl,i

\

l<i<n

_ ind w3 _
= min Lid— = Ws.
1,i

Hence, a(Su) > ws for all u € P(y,®,a, w3, ws, ws).

(3.58)

(3.59)
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We will now verify that condition (b) of Theorem 2.5 is satisfied. Let w; be such that

O<w;<w;- min min L,p,. (3.60)
1<f<n l=<z=r-1

We claim that
u* = (uikyuik:'..;u:) € {u S Q(Y)ﬁ)W;Wl,Wz,Ws) |ﬁ(1,{) < W2}> (3.61)
where
w1 r . '
F(t) =0,— - t—t;)’, l<i<n 3.62
U; (1) mlnlsgsy,mmlgzgjszeA n( 1) 1<n ( )

j=1

As before, we have u* € C. Moreover, using (3.44) and the assumptions on wy, w,, ws, we
obtain the following:

y(u*) = A “ u“

" ; = — ; =< Ws,
miNnj<p<, MiNj<;<,—1 L;ppA  MiNj<p<, MiNnj<z<,—1 Lype

y(u*) = min  min min(—1)%0u} (t)
I<i<n 1<k<r-1 tel
r
w1 . . )
= — . min min(—D%[ [ (t—1¢;)"
MINj<p<y MiN|<z<r—1 LzpeA 1<k<r-1 tel -1
wi .
> min LA > wy,

MiN| <p<, MiN <z<,—1 LppA 1<k<r-1
(3.63)

=max max max (—1)%8uf(t)
I<i<n 1<k<r—1 t€[Tk,Tak]

=
=
<
*
—
I

r

w1 m
= — . max max (—D%[](t—¢)"
Ming<¢<, MiNy<z<; 1 L ppA 1sksr—1 te[r ] i1
w1
= — : max Ay
MIN|<p<; MIN <z<7—1 szgA 1<k<r—1
w1
< < Ws.

minj<e<, Minj<z<r—1 Lzpe

Hence, u* € {u € Q(y,, v, w1, wa,ws) | B(u) < wp} # &. Next, let u € Q(y,8,y, w1,
wa,ws). Then, we have S(u) < w, and y(u) < ws which imply

(=1)%0;u;(s) = |uj(s)| € [0,wm2], s€[tipoman), 1sk<r—1,1<j<n

(=1)%0;u;(s) = |uj(s)| € [0,ws], se€[0,1],1<j=<n
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Noting (3.18), (3.64), (C7), (P), (Q) and (3.26), we find

B(Su) = max max max | (Su;)(t)]
I<i<n 1<k<r—1t€[T 4,Tsk]

= max max max max (=1)%6;(Su;) (1)
I<isn l<k<r—11<j<r—1te[rk,Tak]N[t},tjs1]

< max max max max Jl(—1)5J'G(t,s)b(s)f(u(s))ds

I<isn l<k<r—1 1<j<r—1t€[r 1,14k]0[t)stj1] JO

= max max max [J‘m(—1)5J‘G(t,s)b(s)f(u(s))ds

I<ksr—11=jsr=1te[r k,Tak]N[t}5tj+1] Tik

+ Jm(—1)5fG(t,s)b(s)f(u(s))ds

0

1
+J (—1)51G(t,s)b(s)f(u(s))ds]

T4k
T4k
< max max  max J (=15 Gt 5)b(s)ds - i(WZ— W5d3)
I<k<r—11<jsr—1te[r pmx]n[tjtin] J 1, dz
+ max max max [J (—=1)% G(t,s)b(s)ds
I<ks<r—11<sjsr—1te[r kmax]N[t)5tj+1]
1
+j (—1)5fG(t,s)b(s)ds]ﬂ
T4k q
1
_d2_< 2_W5_d3) d Ws = w,
dz q
(3.65)

Therefore, f(Su) < w, for all u € Q(y, 8, w, w1, w2, ws).
Next, we will show that condition (c¢) of Theorem 2.5 is met. Using Lemma 3.1(e), we
observe that for u € C,

O(Su) = max max max | (Su;)(t)]
I<i<n 1<k<r—1 t€[r4,1ax]

= max max max max (—1)%6;(Su;) (t)

I<i<n 1<k<r—11<j<r—1t€[rf1ak]N[tj,tj11]

< max max max max %HJ (~1)%G(t,5)b(s) f (u(s))ds (3.66)

I<isn 1sksr-11<j<r—1te[r41ak]N[t),

< max max max JH ,9)[[6(s) f (u(s))ds

I<i<n I<k<r-11<j<r—1te[ry, ‘r4k]n tistin] Jo

- JO 1G(-,5)[[b(s) f (u(s)) ds



P.J.Y. Wong and Y. C. Soh 379
Moreover, (C3) and Lemma 3.1(d) yield for u € C,

a(Su) = min min  min (—1)%6;(Su;)(t)
I<i<n 1<k<r—1 t€[Tok,T3k]

min min  min Jl(—1)5kG(t,s)a,-(s)f(u(s))ds

>
I<isn 1<k<r—1t€[nk13%] JO
) (3.67)
. . . _ 5,( .
= i, pin, i |, (-5 G900 ()
1
> min min Lkp,f [|G(+,9)||b(s) f (u(s))ds.
l<i<n l<k<r-1 0
A combination of (3.66) and (3.67) gives
a(Su) = 1m.in 1 Izlin 1Lkpi@)(Su), uecC. (3.68)
<i=n l<k<r—
Let u € P(y,a, w3, ws) with @(Su) > wy. Then, it follows from (3.68) that
Su) > mi in Lip;®(Su) > mi in Lgp;
a(Su) = min, | min Lipi®(Su) > min, | min Lipws
ws (3.69)

>min min Lip;— - = ws.
l<i<n l<k<r—1 MIN| <j<, MiNy <k<r—1 Lip;

Thus, a(Su) > ws for all u € P(y,a, w3, ws) with @(Su) > wy.

Finally, we will prove that condition (d) of Theorem 2.5 is fulfilled. Let u € Q(y,$5,
wa,ws) with w(Su) < wy. Then, we have (1) < w, and y(u) < ws which give (3.64). Using
(3.18), (3.64), (C7), (P), (Q) and (3.26), we get as in an earlier part 5(Su) < w, for all
u € Q(y, 3, w2, ws) with y(Su) < wy.

It now follows from Theorem 2.5 that the system (H) has (at least) three fixed-sign
solutions u',u?,u® € P(y,ws) = C(ws) satisfying (2.5). It is clear that (2.5) reduces to
(3.51) immediately. O

Foreachl <k<r-1,if

3ttt

> _—, 3.70
1 P 2 (3.70)

Tk =0, Tak = 1, T2k
then
dij=r, l<is<n, d, =q, d; =0. (3.71)

In this case Theorem 3.8 yields the following corollary.

COROLLARY 3.9. Let (C1)—(C3) hold, and assume

(C6)' foreach 1 <i<mn, each 1 <k <r—1, and each t € I, the function G(t,s)a;(s) is
nonzero on a subset of Iy, of positive measure;

(C7) foreach 1 <k <r—1andeacht € [ty,tk+1], the function G(t,s)b(s) is nonzero on a
subset of [0, 1] of positive measure.



380 Triple fixed-sign solutions
Suppose that there exist numbers wi, 2 < i < 5 with

w3
0<wy <wz < —; N < W4 < Ws (3.72)
MiN| <j<, MIN <k<r—1 Lipi

such that the following hold:
(P) f(u1,uz,...,un) <wy/q for |ujl € [0,wy], 1 < j<n
(Q) f(ur,u,...;u,) < ws/q for |ujl € [0,ws], 1< j<n;

(R) foreach 1 <i<mn, f(ui,u,...,u,) >ws/ri for [uj| € [ws,wy], 1 < j <n.
Then, the system (H) has (at least) three fixed-sign solutions u',u?,u® € C(ws) such that
[|ud|] < was |u?(t)| >ws, te€l, l<k<r—1,1<i<n;
(3.73)

[|62]] > was min min min |4} (¢)| < ws.
I<i<n 1<k<r-1 t€l

Remark 3.10. Corollary 3.9 is actually Theorem 3.7. Hence, Theorem 3.8 is more general
than Theorem 3.7.

The next result illustrates another application of Theorem 2.5.

TueoreM 3.11. Let (C1)—(C3) hold. Assume there exist numbers Ty k, Toj, T34, Tax 1 < k <
r— 1 with

3t + 1 t + 3t
% STk < Tk < T3k < T4k < % (374)

such that (C6) holds and
(C8) foreach 1 <k <r—1and each t € [11,Tak], the function G(t,s)b(s) is nonzero on
a subset of [11,k, Tak] of positive measure.
Suppose that there exist numbers wi, 1 <i < 5 with

w3

O<w; <wy-min min Lip; <wy < w3 <

. . < W4 < Ws
I<i<n 1<k<r—1 MiN| <j<, MiNg <k<r—1 Lrpi

(3.75)

such that the following hold:
(P) flur,ug,... u,) < (1/dy)(wa — wsds/q) for luj| € [wi,wy], 1 < j<n
(Q) f(ui,u,...;un) < ws/q for |ujl € [0,ws], 1 < j<n;
(R) foreach 1 <i<n, f(ui,u,...,u,) >ws/dy; for luj| € [wi,wy], 1 <j<n.
Then, the system (H) has (at least) three fixed-sign solutions u',u?,u®> € C(ws) such that

lul ()| <wy, t€[mipmax], 1<k<r—-1,1<i<n;

[u?(t)| >ws, te€|[npmil, l<k<r—1,1<i<n; (3.76)
max max max |u}(t)]| >wy min min  min |ul(¢)] <w;.

I<i<n 1<k<r—1 te[T1k,Tak] I<i<n l<k<r—1t€[tk,T3k]
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Proof. In the context of Theorem 2.5, we define the following functionals on C:

y(u) = |lull,

y(u) = min min  min (—=1)%0u;(t),
I<i<n 1<k<r—1 t€[11k,Tak]

%)= max max ma —1)%0,u,(t),
ﬁ( ) lsisnlsksr—lte[rl,k,)ri‘k]( )% Biui(t) (3.77)

a(u)=min min  min (=1)%*6u,(t),
I<i<n 1<k<r—1 t€[t2k,T3k]

O(u) = max max max (—1)%6u;(t).
I<isn 1<k<r—1 t€[1k, T3]

First, using (Q), as in the proof of Theorem 3.8, we can show that S: P(y,ws) — P(y,ws).
Next, we will verify that condition (a) of Theorem 2.5 is fulfilled. We claim that

uw* = (uf,uf,...,ul) € {ue P(y,0,a,w3, ws,ws) | a(u) >ws}, (3.78)
where

,
w3+ € m; .

F(t) = 0i— , t—t;), l<i<n, 3.79

u) lm1n1§€snm1nlszsr—1LzP€A11:[1( 2 e 579)

and € > 0 is chosen such that

w3+ €
- : < Wy, (3.80)
Minj<p<, MiNj<z<,—1 Lzpe

Such an € exists since w3 (minj<p<, Min<;<,—1 Lpe) " < wa. As in the proof of Theorem
3.8, we can show that u* € C, y(u*) < ws and a(u™) > ws. Further, in view of the as-
sumptions on ws and wy, we have

O(u*) = max max max (—1)%0uf(t)
I<isn 1<k<r—1 t€[1k,T3k]

r

w3+ € ;
= — e max  max (—1)5’<n(t—tj)m’
MINg <p<p MIN|<z<p—1 LzpeA 1<k=r—1te[npms] j-1 (3.81)
w3+ € '
= — : max By
MINj <p<, MiNy<z<—1 LzpeA 1<k<r-1
wsz+ €
< < W4.

T minjce<, Minj<z<r—1 Lope

Hence, u* € {u € P(y,0,a, w3, ws,ws) | a(u) > w3} # &. Using (R) and a similar argu-
ment as in the proof of Theorem 3.8, we can show that a(Su) > ws for all u € P(y,0,q,
W3, Wy, Ws).
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Now, we will check that condition (b) of Theorem 2.5 is satisfied. We claim that

*

u = (uik)uika---iu:) € {u € Q(%ﬁ)lllawl)WZ)WS) |ﬂ(u) < WZ}’ (382)

where

r

w1 .

uf(t) = )", 1<i<n (3.83)
m1n1<e<n minj<;<,—1 L;peA U

As in the proof of Theorem 3.8, we see that u* € C, y(u*) < ws and f(u™*) < w,. Further,
we have

u*)=min min  min (—=1)%6u’(¢)
14 i
I<i<n 1<k<r—1 t€[t1k,Tak]

= "1 min  min (-D*[](t—1;)"

MiN|<p<, MINj <7<, 1 LppA 1sks<r-1 telr ]

(3.84)

w1 m
min min(—D%[ [ (t—1¢;)"
MiNj<p<, MiNj<z<,—1 LpeA 1<k<r-1 t<l

2

Wi

%

min LiA > wy.
MiNj<p<, MiNj<;<,—1 LpeA 1<k=r-1

Thus, u* € {u € Q(y,B v, wi, w2, ws) | B(u) < wo} # . Let u € Q(y,B, v, wi, w2, ws).
Then, we have y(u) = wy, f(u) < w, and y(u) < ws which imply

(- )5"9 ui(s) = luj(s)| € [w,wa], selrpmil, 1<k<r-1,1<j<n (3.85)
3.85
(-1 )Skejuj(s =|uj(s)| €[0,ws], se[0,1],1<j=<n

Using (3.18), (3.85), (C8), (P), (Q), and (3.26), we find by a similar technique as in the
proof of Theorem 3.8 that 3(Su) < w, for all u € Q(y, 5, v, w1, w2, ws).

Next, we will show that condition (c¢) of Theorem 2.5 is met. We observe that, by (3.18)
and Lemma 3.1(e), for u € C,

O(Su) = max max max (—1)%0;(Su;) ()

I<i<n 1<k<r—1 t€[1k,13k]

<max max  max Jl(—1)5kG(t,s)b(s)f(u(s))ds

I<i<n 1<k<r—1 t€[tok,T3k]

(3.86)
< max max J [|G(-,9)||b(s) f (u(s))ds

l<i<n 1<k<r-1 te[rzk T3]
=[Gt sl s o

Moreover, using (3.18), (C3) and Lemma 3.1(d), we obtain (3.67) for u € C. A combi-
nation of (3.67) and (3.86) yields (3.68). Following a similar argument as in the proof of
Theorem 3.8, we get a(Su) > ws for all u € P(y, o, w3, ws) with O(Su) > wy.
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Finally, we will prove that condition (d) of Theorem 2.5 is fulfilled. As in (3.86), by
(3.18) and Lemma 3.1(e), we see that for u € C,

B(Su) = max max max (—1)%6;(Su;)(t) < J||G |[6(s) f (u(s))ds.  (3.87)

I<i<n 1<k<r—1 t€[r1k,Tak]
On the other hand, it follows from (3.18), (C3) and Lemma 3.1(d) that for u € C,

w(Su) = min min  min (—=1)%6;(Sw;)(t)

I<isn 1<k<r—1te€[1)k,Tak]

%

min min  min r(—1)8kG(t,s)ai(s)f(u(s))ds

1<i<n 1<k<r—1te€[t1674k] JO

min min minJ:(—1)5"G(t,s)p,-b(s)f(u(s))ds

1<i<n I<k<r—1 tel}

1
> min min Lkp,J [|G(-,9)||b(s) f (u(s))ds

1<i<n 1<k<r-—

(3.88)

%

A combination of (3.87) and (3.88) gives

y(Su) > mm min Lkp B(Su), uecC. (3.89)

1<i<n l<k<r—
Let u € Q(y, 3, wa, ws) with y(Su) < wy. Then, (3.89) leads to

1 1

. . y(Su) < — . w1
ming <<, MiN<k<,—1 Lgp; MmNy <j<, MiNg <k<;—1 Lgpi
1 (3.90)

< — - wy - min min Lgp; =
MIN; <j<p MIN <k<,—1 Lipi I<i<n 1<k<r—1

B(Su) <

Thus, S(Su) < w, for all u € Q(y, 3, w2, ws) with y(Su) < w.

It now follows from Theorem 2.5 that the system (H) has (at least) three fixed-sign so-
lutions u',u?,u®> € P(y,ws) = C(ws) satisfying (2.5). Furthermore, (2.5) reduces to (3.76)
immediately. O
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