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This study focuses on anisotropic Sobolev type spaces associated with Banach spaces Ej,
E. Several conditions are found that ensure the continuity and compactness of embedding
operators that are optimal regular in these spaces in terms of interpolations of Ey and E.
In particular, the most regular class of interpolation spaces E, between E, E, depending
of o and order of spaces are found that mixed derivatives D* belong with values; the
boundedness and compactness of differential operators D* from this space to E,-valued
L, spaces are proved. These results are applied to partial differential-operator equations
with parameters to obtain conditions that guarantee the maximal L, regularity uniformly
with respect to these parameters.

1. Introduction

Embedding theorems in function spaces have been elaborated in detail by [5, 28]. A
comprehensive introduction to the theory of embedding of function spaces and histor-
ical references may be also found in [28]. In abstract function spaces embedding the-
orems have been studied by [3, 18, 22, 23, 24, 25, 26]. Lions-Peetre [18] showed that,
if u € L,(0,T;Hp), u™ € L,(0,T;H) then u®) € L,(0, T;[H,Holi/m), i = 1,2,...,m — 1,
where Hy, H are Hilbert spaces, Hy is continuously and densely embedded in H and
[Ho, H]p are interpolation spaces between Hy, H for 0 < 0 < 1. In [22, 23, 24, 25, 26] the
similar questions were investigated for anisotropic Sobolev spaces W;,(Q;HO,H ), Q CR".
Moreover, boundary value problems for differential-operator equations have been stud-
ied in detail by [16, 27, 30, 32]. The solvability and the spectrum of boundary value prob-
lems for elliptic differential-operator equations have also been refined by [1, 2, 4, 8, 10, 11,
13, 22, 23, 24, 25, 26]. A comprehensive introduction to the differential-operator equa-
tions and historical references may be found in [16, 32]. In these works Hilbert-valued
function spaces essentially have been considered. In the present paper, are to be intro-
duced a Banach-valued function spaces WII,(Q;EO,E), where | = (I1,,...,l,) and Ey, E are
Banach spaces such that E; is continuously and densely embedded in E. The properties
of continuity and compactness of embedding operators in these spaces are obtained. We
prove that the generalized derivative operator D* is continuous from these Banach-valued
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Sobolev spaces to E,-valued L, spaces, where E, are interpolation spaces between Ey and
E depending on the order of differentiations D*. By applying these results, the maximal
Lp-regularity of certain class of anisotropic partial differential-operator equations are de-
rived.
Let a1, a2,...,a, be nonnegative integer numbers and
o [0 alx
D*=D“D%...D% = — 1.1
1 2 n axtlllaxgz .. axgn ( )
Under certain assumptions to be stated later, we prove that the operators u — D*u are
bounded from space W},(Q;E(A),E) to space Ly (Q; E(A'*)), that is, embedding

D*W,(Q;E(A),E) C Ly(QE(AT7)) (1.2)

is continuous. More precisely for 0 < y < 1 — 3 we prove the estimate
—(1-
ID*ully, (upcar-y) < Cu (h””“”W},(Q;E(A)E) +h ”)HullLP(Q;E)) (1.3)

forallu € WII,(Q;E(A),E) and 0 < h < hy < . The constant C, in the above equation is
independent of u € W},(Q;E(A),E) and of the choice of h. Further, we prove compact-
ness of this embedding operator. Furthermore, we consider certain applications of these
theorems. This kind of embedding theorems arise in the investigation of boundary value
problems for anisotropic partial differential-operator equations

Zaktkau+Au Z nt Wl 4 «(x)D*u = f, (1.4)
lal|<1 k=1

depend on parameters t = (t,t,...,t,), where A is a positive operator on the Banach
space E, Ay(x) is an operator such that A,(x)A~~1%! is bounded on E, where a =
(1,02, 50), I = (1, b5 1n), la: 1l = ¢ (aw/lk). In general, this equations possess
different derivatives and different parameters with respect to the various variables. Taking

Iy = b= --- =l, = 2l in the above equations we obtain elliptic equation with parameters
Zaktka u+Au+ Z n /21 4 Du = f(x). (1.5)
lal<2l k=1

We prove the maximal regularity of this differential-operator equations in L,(R";E)
uniformly with respect to parameter t. In this direction we should mention the works
[10, 22, 23, 24, 25, 26, 31].

2. Notations and definitions

Let R be the set of real numbers, C be the set of complex numbers. Let E and E, be Banach
spaces and L(Ey, E) denotes the spaces of bounded linear operators acting from E; to E.
For Ey = E we denote L(E,E) by L(E), I denotes the identity operator in the Banach space
E. Let A be a linear operator in E. We will sometimes use A + & or A¢ instead of A+ &I
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for a scalar & and (A — &€I)~! denotes the inverse of the operator A — &I or the resolvent of
operator A.
Let

Sp=16¢€C, largé —n| <m—9plU {0}, O<g=m. (2.1)

A linear operator A is said to be positive in a Banach space E, if D(A) is dense on E and

1A= &7y < MO+ 1) (2.2)

with & € S, where M is a positive constant [28].
E(A%) = {u, u€ D(A?), llullgar, = |A%[ |+ lull < 0, —0 <f< 0. (23)

We denote by L, (€); E) the space of strongly measurable E-valued functions on ) C R"
with the norm

1/p
||u||LP=||u||Lp<Q;E)=(jﬂnu(x)ll,‘;dx) , l=p<o. (2.4)

Let I = (I1,h,...,1,), where [;, i = 1,2,...,n positive integers and D,lf = alk/axff, k=
1,2,...,n.
We introduce a Ey-valued anisotropic function space W;, (Q; Eo, E) that consist of func-

tions u € L,(Q;Eg) such that have the generalized derivatives Diku € L,(;E) with the
norm

n
I
H””W;(Q;EO,E) = llullL, k) +kZ ||Dkku||Lp(Q;E) <0, l=p<oo. (2.5)
-1

Let be t = (f1,t2,...,t,), where fx, k = 1,2,...,n are nonnegative parameters. Let us
define in the space W},(Q;EO,E) parameterized norm

n
I
”u”W}‘,(Q;E(),E) = ”u”Lp(Q;Eo) + Z ||tkaku||LP(Q;E)‘ (26)
k=1

The Banach space E is said to be &-convex [7] if there exists on E X E a symmetric
function &(u,v) which is convex with respect to every one of the variables and satisfies
the condition

£(0,0) >0, E(u,v) < llu+vll for [lullg = lIvllg = 1. (2.7)

It is shown in [7] that a Hilbert operator

(Hf)(x) = lim ) 4 (2.8)

e—0 lx=yl>e X — )

is bounded in the space L,(R;E), p € (1,), for those and only those Banach spaces
E which possess the property of &-convexity. The £-convex Banach spaces is often called
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UMD spaces. UMD spaces contains L, lp spaces and the Lorentz spaces Lpg, p>q € (1,00)
for instance.

CP(Q;E) denotes the space of E-valued continuously differentiable functions of Ith
order. Let E; and E, be Banach spaces. A function ¥ € C”(R";L(E},E,)) is called a mul-
tiplier from L, (R";E;) to Ly(R"; E,) if there exists a constant M > 0 such that

IF="(E)Fully, (g, < CllullL,rese,) (2.9)

for all u € L,(R";E;), where F and F ~1 are Fourier and inverse Fourier transformations,
respectively.

We denote the set of all multipliers from L,(R";E;) to Ly(R";E;) by Mg(El,Ez). For
Ei = E; = E we denote M} (E1, E>) by MA(E). Let

Hi = {¥y € M} (E1,Ey), h = (h1,hs,...,h) € Q} (2.10)

be a collection of multipliers in M%(El,Ez). We say that ¥ = ¥,(£) is a uniformly
bounded multipliers with respect to h if there exists a constant C > 0, independent of
h € B(h), such that

IF~"YnFully, ok, < Cllull, e, (2.11)

forall h € K and u € L,(R";Ey).

The exposition of the theory of L,-multipliers of the Fourier transformation, and
some related references, can be found in [28, Sections 2.2.1, 2.2.2, 2.2.3, and 2.2.4]. On
the other hand, in vector-valued function spaces, Fourier multipliers have been studied,
for example, by [3, 6, 12, 15, 20, 21, 29].

A set K C B(Ey,E,) is called R-bounded [6, 29] if there is a constant C such that for all
T1,Ts,..., T, € K and uy,up,..., U, € E;, m € N.

1
)
where {r;} is a sequence of independent symmetric [—1, 1]-valued random variables on
[0,1].

A set K(h) C B(E,E,) depending on parameters h = (hy,h,...,h.) € B(h) € Rt is
called uniformly R-bounded with respect to / if there is a constant C such that for all
Ty (h), T>(h),..., T,n(h) € K and uy,us,..., U, € E, m € N.

1

)

where a positive constant C is independent of parameters h.
Let

m 1| m
er(y)Tjuj dysCJ er(y)uj dy, (2.12)
j=1 E, 0 j=1 E,

dy, (2.13)

Ey

D i Ti(h)u;
j=1

1| m
dysCJ > ri(y)u;
E 01lj=1

U, = {ﬁ = (ﬁlrﬁb“-yﬁn), ﬁi e (0,1), i= 1,2,...,1’1},
Vn = {f: (€1>€2>--->£n) ERn’ gi 9& 0) i= 1,2,...,71}, (214)
a= (a0, o0),  §¥=E0ET 8 (8T = M ]
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Definition 2.1. The Banach space E is said to be a space satisfying a multiplier condition
with respect to p,q € (1,0), p < g when for ¥ € C"(R"; B(E)) if the set

W(E): {EFPaDlY () E € V,, fE Uyl (2.15)

are R-bounded, then ¥ € MZ(E).

A Banach space E has a property («), (see, e.g., [12]) if there exists a constant & such
that

N N
| |
Z i€ Xij dy <a Z Ei€jXij (2.16)
ij=1 Ly (QxQ1E) ij=1 Ly(QxQ1E)

forall N € N, x;; € E, a;; € {0,1}, i,j = 1,2,...,N, and all choices of independent, sym-
metric, {—1,1}-valued random variables ¢1,¢,,...,eN, €},£,...,&y on probability spaces
Q, ). For example, the spaces L,(€2), 1 < p < o has the property («).

Remark 2.2. If E is UMD space with property («) then these spaces are satisfy the multi-
plier condition with respect to p € (1, c0) (see [12]).

Definition 2.3. The ¢-positive operator A is said to be a R-positive in the Banach space E
if there exists ¢ € (0, 7] such that the set

La={(1+[§)A-ED": €Sy} (2.17)

is R-bounded.

Note that in the Hilbert spaces every norm bounded set is R-bounded. Therefore,
in the Hilbert spaces all positive operators are R-positive. If A is a generator of a con-
traction semigroup on Ly, 1 < g < oo [17], A has the bounded imaginary powers with
Il(—A")||pe) < Ce”'*l, v < /2 in E € UMD [8, 9] then those operators are R-positive.

It is well known (see, e.g., [19]) that any Hilbert space satisfies the multiplier condition.
By virtue of [21] Mikhlin conditions are not sufficient for operator-valued multiplier
theorem. There are however, Banach spaces which are not Hilbert spaces but satisfy the
multiplier condition, for example, UMD spaces (see, e.g., [29]).

By 0w (E) will be denoted a space of compact operators acting in E.

Example 2.4. 1f y € Ap, § € C*(R) with §(y) =0 for all y >0, §(y) =0 for |y| < 1/2
and 8(—y) = —8(y) for all y, then § € M‘g,’;(R). Really it clear to see that §(y) satisfies
multiplier conditions [28, Section 2.3.3].

3. Embedding theorems

LEMMA 3.1. Let A be a positive operator on a Banach space E and r = (r1,12,...,1,) where
re € 10,0}, Let t = (t1,t2,...,ty), where t, k = 1,2,...,n are nonnegative parameters, 0 <
fe < tg < 00, &= (a1,0,...,0,) and I = (I1,1p,...,1,), Ik >0 such that »c= |(a+71):I| < 1.
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Let & be a multiplier of the form described in Example 2.4. Then for 0 < h < hy < o and
0 < p < 1 — s the operator-function

E) ‘Ptrhy f)
- (3.1)
_ nt]((akﬂ)/lkfr(ig @ pl-se—pp- H|:A+Ztk ) +h :|
k=1 k=1

is bounded operator in E uniformly with respect to & € R", h and t, that is, there is a constant
C, such that

1 e (Ol e) < Cu (3.2)
forall&, t and h.

Proof. Since —[>f_; tx(8(E)&)% + h~'] € S(¢) for all ¢ € [0,7) then by virtue of the pos-
itiveness of A, operator B(§) = A+ > 7_, tx(8(& )& ) +h~" is invertible in the space E. Let
u=h+#B (&) f. Then

W) fllp = [T & || A w |
. (3.3)

o+ Qptty
= [[(ha) = Hul|gh= 0| (e) ", | (ht) ",

Using the moment inequality for powers of a positive operators, we get a constant C,
depending only on g such that

o)+ Qptty

> > I
W)l = G AU [ull = (ht) " &

| ()&,

(3.4)
Now, we apply the Young inequality, which states that g;¢, < gf'/ ki + g§2/ k, for any posi-
tive real numbers g1, ¢» and ky, ky with 1/k; + 1/k, = 1, to the product

ap+ry

hAwl' =+ Il | (b)) " & - (ht) " | (3.5)
with ky = 1/(1 — 3¢ — p), ky = 1/(5¢+p) to get
19l < Cuh™#1(1 = 3¢ = ) lhAull o)
3.6
+ (%+‘Ll) htl |£ | 0c1+r1 %+y) I’ltn | Enl (oc,,+r,, %+‘u).
Since
Z o+ i _ 1 Z(X,"f—f’,‘: V4 <1 (3.7)
= (se+p) wtu s I; w+p
there exists a positive constant M, independent of &, such that
|m“www~wmwwwwst+Zmﬂ) (3.8)
k=1



Veli B. Shakhmurov 335

for all £ € R™. It is clear that Iyll < (6()/)}/)1 for all |y| > 1/2. Therefore

n

|€1 | (or+r)/Getp) |£n | (antra)/ (3e+p) < M1|: Z fk Ek ] (3.9)

for a suitable M; >0 and all £ € R". Substituting this on the inequality (3.6) and absorb-
ing the constant coefficients in C,, we obtain

||wz<ff||<cyhﬂ[mu|+(ztk (E)B)" + )|u||] (3.10)

k=1

Substituting the value of u, we get

@11 = GlIAB1( f)f||+[Ztk AL ]IIB Ol 6D

Since A is positive operator in the space E, we have

<M[1+Ztk (&) &) + 1} Ifl - (3.12)

k=1k

[A+Ztk (&) &)™ }lf

for all f € E. Combining those with the inequality (3.11) we obtain

1) fllz < Cull flIE (3.13)

forall f € E, hand t. The inequality (3.13) implies the estimate (3.2). O

THEOREM 3.2. Suppose the following conditions hold:

(1) E is a Banach space satisfying the multiplier condition with respect to p and q, where
I<p=g<oo;

(2) t = (t1,t2,...,tn), where ty, k = 1,2,...,n are nonnegative parameters 0 < ty <ty < 00
and 0 < h < hy < oo;

(3) a= (a1, 02,...,00), L = (I, lp,...,1,), where Iy are positive and oy are nonnegative real
numbers such that = [(a+1/p—1/q): 1| <1, andlet 0 <y < 1 — 3z

(4) A is a R-positive operator on E.

Then an embedding

D*W) (R";E(A),E) C Ly(R";E(A'™#)) (3.14)

is continuous and there exists a constant C, > 0, depending only on y, such that

=

(a+1/p—1/q)/1 (11—
[1a" k||Dau||Lp(R";E(A1*%*!‘)) =G [hH”u"W;I;,z(R";E(A),E) +h ”)||u||LP(Rn;E)]

) (3.15)

forallu e W;,(R";E(A),E), t and h.
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Proof. We have

1/q
|ID"ul |Lq(R";E(A'*"*l‘)) = ( JRn |ID%ul |Z(Al,,{,ﬁ)dx)

1/q
([ narepruax) (210
RYI

-~ ||A17%7”Dau||Lq(R”;E)

for all u such that

1D Ul (Rospar-se—uy) < 0. (3.17)
On the other hand we have
Ale#DSy = FTFA'" ¥ #D%y = F~'A!~* #FD%
3.18
= F AV H(iE)* Fy = F~'(iE)* Al #Fy, (3.18)
Hence denoting Fu by ii, we get from relations (3.16) and (3.18)
ID*ull, rospar--syy > 1T GOSAT* A || poy- (3.19)
Moreover, we have
% I
||“||W;,,,(RH;E(A),E) = ||“||LP(R";E(A)) + Z ||tkaku||Lp(R";E)
k=1
- I
=||F ' Ly(R%E(A)) +kz Hth“ [(l‘fk) kﬁ] ‘LP(R";E) (3.20)
=1

~|IFtAd

n
Ly(RHE) +1§1 Ht"Fﬂ [(igk)lkﬁ] HL,,(R";E)

forall u € W},(R“;E(A),E). Thus proving the inequality (3.15) for some constants C,, is
equivalent to proving

n

(ax+1/p—1/q)/1 iy ey n
Htkk k||F l(lf)aAl S Ly(R",E)
k=1

+h W] F '

LP(R",E)>

(3.21)

<G, (h”||F'Aﬁ||LP(Rn,E) +§ |[tF~[ (i8) " 2 (LP(Rn’E)

for a suitable C,. Now if § is a multiplier of the form described as in Example 2.4, by
virtue of multiplier there is constants C > 0 for each k = 1,2,...,n such that

[Pt g ha (3.22)

RN N
< Ck||F~'(i u
Ly (RE) kH ( Ek) Ly(R%E)
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for all £ € R". Thus the inequality (3.15) will follow if we prove the following inequality

=

1_[ t](((XkJrl/p*l/q)/lk | |F_‘ [(lf

(3.23)
scﬂH [h#<A+Ztk (&) &) ) - fﬂa
k=1 Ly (R™E)
for a suitable C, > 0, and for all u € W,(R"; E(A), E).
Let us express the left-hand side of (3.23) as follows
(@t =)l e,
ntkk+ p—1/q k||F [ RiE)
} . (3.24)
= LTV B e A Q) Q) oy
where
Q¢ ( Z 8 (&) &) >+h-<1—ﬂ>. (3.25)

(Since A is the positive operator in E so it is possible.) By virtue of definition of mul-
tiplier it is clear that the inequality (3.23) will follow immediately if we can prove that
the operator-function ¥y, = (i§)*A'~*7#Q~!(£) is a multiplier in L,(R™E), which is
uniform with respect to parameters ¢ and h.

Firstly by using Lemma 3.1 we obtain that the operator function ¥, (&) is bounded
uniformly with respect to / and t. That is,

||‘{lt,h,y(£)||3(5) <C (3.26)

By virtue of the R-positivity of operator A and by virtue of the homogenous properties
of R-bounds with respect to product by scalar and the triangle inequality (see, e.g., [8,
Proposition 3.4]) by using (3.26) for 0 <ty < T, 0 < h < hy and & € (— o0, %) we obtain

R({¥inu():E€Vy}) =M,

R({EFVPVaDiW 4, (8) : € Uy E € Vil) < Mj. (327

By virtue of (3.27) we obtain that the operator-valued functions ¥, , () are uniformly
R-bounded multipliers with respect to ¢, h and R-bounds are independent of ¢ and h.
Then in view of Definition 2.1 it follows that the operator-valued function ¥, ,(£) are
uniformly bounded Fourier multipliers from L,(R";E) to L,(R";E). This completes the
proof of Theorem 3.2. O

It is possible to state Theorem 3.2 in a more general setting. For this, we use the concept
of extension operator.
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Condition 3.3. Let be the region Q) C R" such that there exists a bounded linear extension
operator P acting from Ly(Q; E) to Ly(R™; E) also from W},(Q;E(A),E) to W;,(R”;E(A),E),
for1<p=<g<oo.

Remark 3.4. 1If Q C R" is a region satisfying the strong I-horn condition (see [5, page
117]) and I = (L,...,1), i, i = 1,2,...,n are nonnegative integers numbers, E = R, A =
I, then there exists a bounded linear extension operator from W;,(Q) = W;,(Q;R,R) to
W,(R") = W,(R";R,R).

THEOREM 3.5. Suppose all conditions of Theorem 3.2 and Condition 3.3 are hold. Then an
embedding

D*W,(QE(A),E) C Ly(QE(AT*7#)) (3.28)

is continuous and there exists a constant C, depending only on u such that

n
1_[fz(cak+l/p71/q)/lk||Da”||Lp(QE(Al ey = Cu PNl g+ 10 il um

(3.29)

for allu € W,(Q;E(A),E), t and h.

Proof. Tt is suffices to prove the estimate (3.29). Let P is a bounded linear extension oper-
ator from L,({;E) to L,(R";E) and from WIZ,(Q;E(A),E) to WII)(R”;E(A),E), and let Pq
be the restriction operator from R"” to Q. Then for any u € W},(Q;E(A),E) we have

n
(s +1/p—1/q)/]
AR k||D“”||Lq(Q;E(A1w—p))

k=1
= ﬁ tl(cakﬂ/pil/q)/lk||DuPQPu||Lq(Q;E(A1”"?‘))
-c ﬁ ak+1/P_l/q)/lk||D“Pu||Lq(R“;E(A1*%*M)) (3.30)
Cul P IPUll vy o+ B 1Pl o |
<:Cy[h”HuHWz()HA +h 0l . O

Result 3.6. Let all conditions of Theorem 3.5 holds. Then for all u € W},(Q;E(A),E) we
have multiplicative estimate

HDwmegy<cwn (3.31)

Wh(OE(A) E)”””L (E)

Indeed setting h = ||M||LP(QE 2] 2L in estimate (3.29) we obtain (3.31).

Wh(QE(A),E)

THEOREM 3.7. Assume that all conditions of Theorem 3.5 are satisfied. Let Q) be a bounded
region on R" and A~ be compact operator in the space E. Then for 0 < pu < 1 — 3c an embed-
ding D“WII,(Q;E(A),E) C Ly(3E) is compact.
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Proof. By virtue of [22, Theorem 1] an embedding WIZ,(Q;E(A),E) C Ly(%E) is compact.
Then by the estimate (3.31) we obtain the assertion of Theorem 3.7. O

THEOREM 3.8. Suppose all conditions of theorem A, are satisfied.
Then for 0 < y < 1 — 5z an embedding

D*W,(E(A),E) C L, (0 (E(A),E).,) (3.32)

is continuous and there exists a positive constant C, such that

B

1_[ ock+1/p l/q)/lk||D(x H
Ly(

(E(A)E) sctup)

(3.33)

n

I —(1—
< C,A |:h/‘< |Au||LP QE) z |tkaku||LP(Q;E)) +hu 0 .‘”)HMHLP(Q;E)]

forallu € Wy(Q;E(A),E) and 0 < h < ho < 0.

Proof. Let at first to show the theorem for the case O = R". Then it is sufficient to prove
the estimate

=

(ax+1/p=1/q)/Ix —(1-
[ 14 1Dl o)) < G| P 18l oseiarey + O Nl o |

) (3.34)

forallu e W;,(R”;E (A),E), t and h. By the definition of interpolation spaces (E(A), E) ,+y
(see [28, Section 1.14.5]) the estimate (3.34) is equivalent to the inequality

n
(ax+1/p=1/9)/] 1l _ N
Htk(xk+ p-1/q k||F 1y1 . 1/p[Ax+M(A+y) 1]£au||Lq(R";LP(R+;E))

(3.35)
< Cu||F

[h“<A+Ztk (&) &) ) = ”)}l

k=1

Lp(R%E)

By virtue of the definition of the multiplier it is clear that the inequality (3.34) will
follow immediately from (3.35) if we can prove that the operator-function

n
. va /=Yl 1oy -
Wy = (if) ﬂfzi“kﬂ p—1/q) kyl m l/p[A)(+[4(A+y) 1]

! (3.36)

[w(mztk fkfk)) ‘“’r

k=1

is the multiplier from L,(R" E) to Ly(R";L,(R4;E)). This fact is proved by the same man-
ner as in Theorem 3.2.

Therefore, we get the estimate (3.35). Then by using the extension operator we obtain
(3.33). 0
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Result 3.9. Let all conditions of Theorem 3.5 holds. Then for all

u€ W,(QE(A),E) (3.37)
we have a multiplicative estimate
D6l 0 1) = Coll#l a1 (3.38)
Indeed setting
B= Nl - 1l s (3.39)

in the estimate (3.33) we obtain (3.38).

THEOREM 3.10. Assume that all the conditions of Theorem 3.8 are satisfied. Let Q be a
bounded region in R" and A~ is a compact operator in the space E. Then for 0 <y <1 — s,
1 < p < o0 an embedding

D*W}(O;E(A),E) € Ly (05 (E(A),E) ) (3.40)
is compact.
Proof. By virtue of [22] an embedding
W, (QE(A),E) C Ly(E) (3.41)
is compact. Then by the estimate (3.38) we obtain the assertion of Theorem 3.10. O
Result 3.11. Ifl, =, = - - - = I, = [ then we obtain continuity of embedding operators in
isotropic class
W, (Q,E(A)E). (3.42)
Remark 3.12. fE=Hand p=q=2,Q=(0,T),1=h=---=[,=1,A=A">cl then

we obtain the result of Lions-Peetre [18] and even in the one dimensional case the result
of Lions-Peetre are improving for in general, non self adjoint positive operators A.
If E =R, A = I then we obtain embedding theorems

D*W,(Q) C Ly(Q) (3.43)
proved in [5] for numerical Sobolev spaces W},(Q).

4. Applications

4.1. Embedding in vector-valued spaces. Lets € R, s > 0. Let us consider the space [28,
Section 1.18.2]

0 1/0
lgz{u;uz{ui},izl,z,...,oo, u; € C, (ZZiPS|ui|J> <oo}, (4.1)
i=1
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with the norm

s 1/0
||u||13:<22ips|u,-|") <o, 1l<o<oo, (4.2)

i=1

Note that [9 = I,. Let A is infinite matrix defined in the space I, such that D(A) = [,
A= [(SijZSi], where 8;; = 0, when i # j, 8;j = 1, when i = j, i,j = 1,2,...,00. It is clear to
see that, this operator A is positive in [,. Then by Theorem 3.5 we obtain that for 0 < /,t <
1 -3, 3= S (ax + 1/p — 1/q)/l the embedding D*W,(Q,E,L,) € Lyl ) is
continuous and also an estimate of type (3.29) is satisfied.

It should be noted that the above embedding has not been obtained with classical
method until now.

4.2. Maximal regular differential-operator equations. Let us consider differential-
operator equations

n
(~V*aDfu+Au+ > [ Au(x)Du = f (4.3)
1 le:2l|<1 k=1

M=

Lu=
k

in the space L,(R";E), where, Ay = A — A, A and A,(x) are in general, unbounded oper-
ators in Banach space E, f, k = 1,2,...,n parameters, [ = (I}, b,...,1,), l;-positive integers.

THEOREM 4.1. Suppose the following conditions hold:
(1)0<tr<ty<oo,k=12,...,n0<¢<m
(2) E is a Banach space satisfying multiplier condition with respect to p, 1 < p < co;
(3) A is a R-positive operator in E and

Ag(x)A-U-le2l=0 e L (R"L(E)), O<p<1—|a:2. (4.4)

Then for all f € L,(R";E) and for sufficiently large |A| >0, A € S(¢) (4.3) has a unique
solution u(x) that belongs to space WEI(R”;E(A),E) and the estimate hold

n

> tk||D1%lkM||LP(Rn;E) + I Aullz, ke < Cllfllz, resE).- (4.5)

k=1
Proof. At first we will consider principal part of (4.3), that is, differential-operator equa-
tion

n
Lou= > (~1)kt,D*u+ Ayu = f. (4.6)
k=1

Then we apply Fourier transform to (4.6) with respect to x = (x1,...,x,) and obtain

Z 1 EU(E) + Arin(E) = f (&) (4.7)

k=1
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In view of (1) condition, Zzzltkf,flk >0 for all & = (&,...,¢,) € R™. Therefore, A—
Do tkfzh‘ € S(n) for all £ € R". That is, an operator A — [A — >} ltkf 11 is invertible
in E. Hence from (4.7) we obtain that the solution of (4.6) can be represented in the form

u(x)=F [ ()t ztfz’k>] : (4.8)

It is clear to see that operator-function ¢ (&) = [A — (A — >} 1tkf M)I1~! is multiplier
in L,(R"E) uniformly to A and t. Actually, by virtue of ¢-positiveness of operator A for
allé € R" and A € S(¢) we get

-1
@l <31(1+ [1- S|} <o @9)
k=1
Moreover, since Diy (&) = [A— (A= 3} ll‘klek 221ktk‘fzz" ! then

&k Drprel |y = Zlktkflilk

[a-(-So)]
A— ztk ZIk)_st.

k=1
Using the estimate (4.10) and the R-positiveness of operator A for operator-functions
I
i) = E%ors k=1,2,...,nand gors = Agy; we have

R(&Pprps(), B Up:E € V,) < Cg,
R(&Ppops(§), BE Uy E € V,) < M.

(4.10)
< Zlktkfflk (1 +

(4.11)

Then by virtue of condition (2) and estimates (4.11) we obtain that operator-functions
®)t> Pkrts o are multiplier in the space L, (R"; E). By using the representation of (4.8)
we have

1D aly, = [|F~ (50 o) f]],
|y, = IF Apr(@) 1y,

By the definition of multiplier we obtain that for all f € L,(R";E) there is unique solution
of (4.6) in the form (4.8) and holds estimate

(4.12)
lAull, = ||F-

n

z tlIDE ull,, + 1Az, < ClIfllL,. (4.13)

In the space L,(R";E), we consider the differential operator Ly — A that is generated by
the problem (4.6), that is

n

D(Lo—)) = W(R,E(ALE),  (Lo-MNu=> (~1)*tDu+Au. (4.14)
k=1
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The estimate (4.13) implies that the operator Ly — A has a bounded inverse acting from
L,(R";E) into WEI(R”;E(A),E). We denote by L — A the differential operator in L,(R";E)
that is generated by the problem (4.3). Namely,

D(L-)) = W;'(R",E(A),E), (L-Nu=(Lo—Nu+Liu, (4.15)
where
Liu= Z 1_[ t,f"/ZI"Aa(x)D"‘u. (4.16)
|a:2l)<1 k=1

In view of condition (3) and by virtue of Theorem 3.5 for u € ng(R”;E(A),E) we
have

n
L]y, = 30 [T [|Aa(x)D%]|,,
la:2l|<1 k=1

n
< Z 1_[tZk/Zlk||Alf\a:21|*}4Dau||LP (4.17)
la:2l|<1 k=1

n
< C[h“ ( Z tk||D,§lku||Lp + ||Au||Lp) +h 170 ||u||LP:|-
k=1
Then from estimates (4.13) and (4.17) for u € WI%Z(R”;E(A),E) we obtain
ILaul,, < C[A#II (Lo - A)adl, +H0-)ul, ] (418)

Since [lullz, = (1/M)1[(Lo — A)u+ Loully, for u € W;l(R”;E(A),E) we get

lullz, < 7 11(Lo = Mully, +I[[Loull,,

b
Al

1 1| <&
< —|[(Lo = A)ul|, +—[Ztk||D,§’ku||L +||Au||LP].
[A] AL ?

(4.19)

From estimates (4.13) and (4.17), (4.18), and (4.19) for u € WEI(R”;E(A),E) obtain
[ILyull,, < CHEII(Lo = A)ull + Co A h= [ (Lo — A) . (4.20)
Then choosing h and A such that Ch* < 1, C;|A|"'h=07#) < 1 from (4.20) obtain

-1
21 (Lo - 1) HL(E) <1. (4.21)
Using relation (4.15), estimates (4.13) and (4.21) and perturbation theory of linear op-
erators [14], we establish that the differential operator L — A is invertible from L,(R";E)
into ng (R";E(A),E). This implies the estimate (4.5). O
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Remark 4.2. There are a lot of positive operators in the different concrete Banach spaces.
Therefore, putting instead of E, concrete Banach spaces and instead of operator A, con-
crete R-positive differential, pseudo differential operators, or finite, infinite matrices on
the differential-operator equations (4.3), by virtue of Theorem 4.1 we can obtain the dif-
ferent class of maximal regular partial differential equations or system of equations.
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