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For one class of hyperbolic systems of second order, we consider multidimensional ver-
sions of the Darboux problem in conic domains. A priori estimates of solutions of these
problems are obtained. The existence of a solution of the Darboux problems is proved
under the supplementary conditions imposed on the coefficients of the system, when the
data support of the problem is of temporary type.

1. Statement of the problem

In the Buclidean space R"*! of the variables x = (x1,...,x,) and t we consider a system of
linear differential equations of the kind

n n
Lu=uy— Z Aijux[xj+ZBiuxi+Cu:F, (1.1)
ij=1 i=1

where A;j (Aij = Aji), B;, and C are given real (m x m)-matrices, F is a given and u is an
unknown m-dimensional real vector, n > 2, m > 1.

Below, the matrices A;; will be assumed to be symmetric and constant, and for any
m-dimensional real vectors #;, i = 1,...,n, we have the inequality

n n
Z Aijnitj = Coz |7 ®, ¢ = const >0. (1.2)
hj=1 i=1

It can be easily verified that the system (1.1) by virtue of the condition (1.2) is hyper-
bolic.

Let D be the conic domain {(x,t) € R"*!: |x|g(x/|x]) < t < +oco} lying in the half-space
t >0, and bounded by the conic manifold S = {(x,t) € R"!: t = |x|g(x/|x])}, where g is
an entirely definite, positive, continuous, piecewise smooth function given on the unit
sphere of the space R”. For 7 >0, by D, := {(x,t) € R"!: |x|g(x/|x]) < t < 7} we denote
the domain lying in the half-space ¢ > 0, bounded by the cone S and the hyperplane ¢ = 7.
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Let Sy = dD;, N S be the conic portion of the boundary of D, for some 7y > 0. Sup-
pose that Si,..., Sk, > Sk +15- - - » Sk, +k, are nonintersecting smooth conic open hypersurfaces,
where Si,...,Sk, are the characteristic manifolds of the system (1.1), and Sy = Uf:[kz Si,
where §; is the closure of S;.

Consider the following boundary value problem: find in the domain D, a solution

u(x,t) of the system (1.1) satisfying the conditions

uls, = fo, (1.3)

Tiugls, = fi, i=1,....k +k, (1.4)

where f;, i =0,1,...,k; + ky, are given real s;;-dimensional vectors, I, i = 1,...,k; + k2,
are given constant (s¢; X m)-matrices with »¢qp = m, 0 < 3; <m, i = 1,...,k; + k,. Here, the
number 37, 1 < i < m, shows to what extent the part S; of the boundary 0D, is occupied;
in particular, s; = 0 denotes that the corresponding part S; in the boundary condition
(1.4) is completely free from the boundary conditions. Below we will see that for the
problem (1.1), (1.3), (1.4) to be correct, we must choose the number 5; in a well-defined
way, depending on the geometric properties of the hypersurface S;.

It will be assumed that the elements of the matrices B; and C in the system (1.1) are
bounded, measurable functions in the domain D, and the right-hand side of that system
F e Ly(Dy).

Note that a particular case of the problem (1.1), (1.3), (1.4) is the Cauchy charac-
teristic problem (or the Goursat problem with data support on a characteristic conoid)
[7, 9, 18, 24] and also multidimensional analogues of the first and the second Darboux
problems [1, 2, 5, 13, 14, 15, 21, 22, 23, 25]. In the case of a second-order hyperbolic sys-
tem with the same principal part the question on the unique solvability of Goursat prob-
lem with data on a characteristic conoid has been investigated in [6]. In [3, 4] we can find
general statement of characteristic problems for second-order hyperbolic systems, as well
as examples of systems for which the corresponding homogeneous characteristic problem
has nontrivial solutions (a finite set of linearly independent solutions in one cases and an
infinite set of these solutions in other cases). The works [11, 12] are worth noticing in
which the problem (1.1), (1.3) is considered for the case when the conic hypersurface Sy
is of temporary type. The same problem in a dihedral angle of temporary type has been
considered in [16].

2. The methods of selecting the numbers 5; and matrices I in the boundary
conditions (1.4), depending on geometric properties of S;

By virtue of the condition (1.2), the symmetric matrix Q(¢’) = szzl Aii&i&i, & = (&,
&) € R"\ {(0,...,0)} is positive definite. Therefore there exists an orthogonal matrix
T = T(&') such that the matrix T-1(§")Q(&")T(¢') is diagonal, and its elements p1, ..., Um
on the diagonal are positive, that is, y; = X?(f’) >0, X,» >0,i=1,...,m. Note that with-
out restriction of generality we may assume that Im(f’) > > Xl(s') >0 V& e R"\
{(0,...,0)}. Below it will be assumed that the multiplicities ¢;,..., & of these values do not
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depend on &, and we put

ME)V =L (E) = =X () < (&) = A1 (E) = - - - = A1y (1)

<AE) = A1 (E) = -+ = Au(&), & €R™\ {(0,...,0)}.

(2.1)

Note that according to (2.1) and owing to the continuous dependence of roots of the
characteristic polynomial of a symmetric matrix on its elements, A (§'),...,As(¢") are con-
tinuous homogeneous functions of degree 1 [10, page 434].

It is easily seen that the roots with respect to &,,1 of the characteristic polynomial
det(EE2,, — Q(&')) of the system (1.1) are the numbers &, = +1;(&1,...,&,), i = 1,...,s,
with the multiplicities ki,...,ks, where E is the unit (m X m)-matrix. Therefore the cone
of normals

K=1{&=(é,....60,6041) € R"™ ! det (EE2,, — Q(E')) =0} (2.2)

of the system (1.1) consists of its separate connected components
K ={{e (&.6n) eR™ 6 FA(E) =0}, i=1..,s (2.3)

Denote by D; = {& = (&,&,41) € R"™ : &1 + Li(€') < 0} the conic domain whose
boundary is the conic hypersurface K;*, i = 1,...,s. By (2.1) we have Dy DD, D --- D
D;.Let G;= Dy, \D; for 1<i<s,and G, = R""'\ Dy, R"™! = {£ € R : {41 <0},
while G5 = Dy .

Since for the unit vector of outer normal a = (a1,...,a,,®,+1) at the points of the cone
S different from its vertex O(0,...,0), we have

ago/ax,- . -1
o= ——t — i=1,...,n, Apy] = ———— (2.4)
V14| Vego|? 1+ | Vegol?
with V, = (d/0x,...,0/0x,), go(x) = |x]g(x/|x]), it holds
ni1lsr0 <0. (2.5)

According to our supposition, the smooth conic hypersurface S; for 1 <i<k; is a
characteristic one. Therefore, taking into account that S; C Sy C S and the inequality (2.5)
is fulfilled, for some index m;, 1 < m; < s, we have

als, €Ky = 1.5k (2.6)
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Since the hypersurface S; for k; +1 < i < k; + k; at none of its points is characteristic,
by virtue of S; C Sy C S and (2.5) as well as by definition of the domains Gj, there exists
an index n;, 1 < n; < s+ 1, such that

(X|51 EGni, i=k1+1,...,k1+k2. (2.7)

Without restriction of generality we assume that m; < - -+ < my, and ng4 < - -+ <
nk1+k2‘

By Qo(§) = E&2,, — Q(¢') we denote the characteristic matrix of the system (1.1) and

consider the problem on reduction of the quadratic form (Qy(§)#,#) to the canonic form,
when & = « is the unit vector of the normal to the hypersurface S;, i =1 <i < k; +k,
outer with respect to the domain D,,. Here # € R” and (-, -) denotes the scalar product
in the Euclidean space R™.

As far as
o) QW) T(«')
= diag [ (o)., 1} (@), A2@), o A2@) [ 0 = (e 0), (28
& t
for 5 = T{, we have
(Qo(@),7) = (T QuT)(@),¢) = (B, = (T7'QT)()),0)
= (@ = M@)o+ (@2 = X)) 3
(2.9)

+ ( L] /12(0‘ )(éﬂ t---t <“i+1 _A%(a,))(gﬁrf.’z
+- "+( Wy — A3 (o )) m—e1 T +(“3z+1_/\§(0‘,)>(31'
For 1 < i <k, that is, in (2.6), since a2, — )Lfni((x’) = 0, by virtue of (2.1), we have

[aZ,, — )L2(0c)]|1%>0, j=L...,m—1; [api — A7 () |K;ni=0,
(2.10)
(o1 — A5 ()] |K, <0, j=mi+1,...,s

If ky +1 < i < k) + ks, that is, in (2.7), by the definition of the domain G,, it follows
from (2.1) that forn; < s

[oZ,, — )Lz(oc)]|Gni>0, j=Ll..,m—1,
[oZ,, — Az(oc |Gnv<0, j=ni...,s, and forn; =s+1, (2.11)

[agy) — Az(tx {Gni>0’ j=1...s
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Denote by s and s the positive and negative indices of inertia of the quadratic
form (Qo(@)n,7) for « € K, when 1 <i < ki, and for a € G,, when ky +1 <i < ki +k;.
For 1 <i < k;, by (2.9) and (2.10), we have

o=+l s =l + -+ L, (def)m, = €, (2.12)

where (def),, is the defect of that form, and > = 0 for m; = 1. When k; +1 <i < k; +k;,
by virtue of (2.9) and (2.11), we have

o=l 4+, g =Ly + -+, (2.13)

and s =0 for n; = 1.

If now { = C'n is any nondegenerated linear transformation reducing the quadratic
form (Qo(«)n,1) in case (2.12) and (2.13) to the canonic form, then owing to the in-
variance of indices of inertia of a quadratic form with respect to nondegenerated linear
transformations, we have

=4

> 2

i

(Qo(e)n, 1) Z (oc 71) Z Ajj(a, ;1) l1<i<k +k,. (2.14)
j=1 j=1
Here
Afi(ann) = Z co@ny  Ajlan) = Z ¢y p (@1,

(2.15)
C'=C'(a) = (c] (oc))Jpl, l<i<k +k.

According to (2.15), in the boundary conditions (1.4) we take as the matrix I the
matrix of the order (3 X m), where 5 = 3¢, 1 <i < k; + k;, whose elements I"jp are
given by the equality

Ty =cipla), j=1..,%5p=1...,m, (2.16)

wherea € K, for1 <i<kj,anda € Gy, fork; +1 <i<k; +k,.

Below it will be assumed that in the boundary conditions (1.4) the elements l“; » of
matrices I' on S; are the bounded measurable functions. It will also be assumed that the
domain Dy, is a Lipschitz one [19, page 68].
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3. Derivation of an a priori estimate for a solution of problem (1.1), (1.3), (1.4)

Below, if it will not cause misunderstanding, instead of u = (uy,...,u,) € [Wé‘(DTO)]'”
we will write simply u € Wé‘(DTO). The condition F = (F,...,F,) € L,(Dy,) should be
understood analogously. Let u € W3 (D, ) be a solution of the problem (1.1), (1.3), (1.4).
Multiplying both parts of the system of (1.1) scalarly by the vector 2u; and integrating the
obtained expression with respect to D;, 0 < T < 7y, we obtain

ZJ (F - ZBiux,. - Cu) usdxdt
Dy i=1

o(up,u “ S
= J M +2 Z Ajjtiy Uy, dxdt—ZJ Z Ajjurtiy;o;ds
p.| ot ij=1 Sontt=Thjo
n
= we+ > Ajjug Uy, | dx
JaD,\so ( ,-,jz:1 o x’)
n n
+J [(utut-k Z Aijuxiuxj)o(n+1 -2 Z Aijutuxj(xi:| ds
Sonft<t} ij=1 i,j=1
n
= J (ututJr Z A,-jux,.ux))dx
dD;\Sy i,j:1
(3.1)
n
+ J ‘X;;il [ Z Ajj (a1t — Oiliy) (‘Xn+1UxJ - “j”t)
Son{t=t} i,j:1
n
+ (E(xﬁﬂ - Z A,-joc,'ocj)utut] ds

ij=1

n
= Ul + Ajjuyuy, |dx
JBD,\S()( Z S xj)

ij=1

n
-1
+J o, [ Z Ajj (i1 th, — titty) (@1 — ocjut)}ds
Son{t<t} ij=1

+J ot (Qola)uy, uyp)ds.
Son{t<t}

Since (aty+1(0/0x;) — a;(9/0t)) is an inner differential operator on the conic hypersur-
face Sy, according to (1.3) and the boundedness of |052+11 | on Sy, we have

n

‘ J ant [ D Aij (e, — aithe) (ot vy, — ‘Xj”t)j| ds
Son{t<t}

ij=1

(3.2)

2
= C1||fo||wé(50m{tg}), ¢ = const > 0.
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On the other hand, by virtue of (2.14), (2.15), (2.16), and (1.4), (2.5), we get

J “;il (Qolet)us, uy)ds
Sonft=<t}

ky+k;

3 [ e S e e

RY
"

i=1 i
ki+k; e 2
+ Z Jm{tq} { @1 | J; [A,-j((x, uz) | }ds s

X
'

ki +k, 5
= ety 2 (g o s
in{t<t}

j=1

ky+ky ) ki+k,
2o | { gt s = e 3 Ul
in{t<t} i=1

where 0 < ¢; = supg, la, | < +oo.
Suppose

n
w(r) = LD y (utut + Z A,'juxiuxj>dx, Ui = Oy Uy, — Ol (3.4)
7 \90

ij=1

Then by the boundedness and measurability of elements of the matrices B; and C in the
system (1.1), as well as by (3.1), (3.2), and (3.3), we obtain

w(T) <c3 L w(t)dt+ca J;) ”“dxdt"'CS!|f0||%/v21(som{tsr})

ki+ka (3.5)
e 2 W AllLsnpen T e lIF IR,
i=1
Here and in what follows, all the encountered values ¢;, i > 1, are positive constants,
independent of u.
Let (x,7y) be the point of intersection of the conic hypersurface S and the line parallel
to the f-axis and passing through the point (x,0). We have

T

u(x, 1) = u(x,1y) +J u(x,t)dt, T=T1, (3.6)

Tx

whence with regard for (1.3) we find that
J u(x, T)u(x, 7)dx
oD \Sy

< ZJ u(ox, ) u(x, 7)) dx + 2| 7 — 7 | dxj ur(x, Due(x, t)dt (3.7)
0D \Sy 0D \Sy Tx

T

T
<c uuds+cjwtdt:c 2 - +cjwtdt.
L wdsres | wide = alL Al e +e | W)
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Introduce the notation

n
wo(T) = LD 5 <uu+u,ut+ Z Aijuxiuxj)dx. (3.8)
7 \90

ij=1
Summing up the inequalities (3.5) and (3.7), we arrive at

k1+kz

wo(T) SCIO[J wo(t) d“‘HfOHW2 (Sonft=rh) T Z ||f||L2(Sn{z<r} +||F”L2 ]) (3.9)

from which by Gronwall’s lemma we find that

ky+ky
wo(T) <cn <||f0||w2 (Sonit<rh) T Z ||f||L2 (sinft<rh) T ||F||L2 (Dy) ) (3.10)
i=1

Integrating both parts of the inequality (3.10) with respect to 7, we can easily get the
following a priori estimate for the solution u € W3 (Dy,) of the problem (1.1), (1.3), (1.4):

ki+k,
lullwip,,) SC<||f0||W21(SO)+ > fill s + ”F”Lz(Dm)) (3.11)

i=1

with a positive constant ¢ independent of u.
Here we introduce the notion of a strong generalized solution of the problem (1.1),
(1.3), (1.4) of the class W;.

Definition 3.1. Let f, € Wi (So), fi€ Ly(Si),i=1,...,k; +ky, and F € Ly(Dy, ). The vector
function u = (uy,...,u,) is said to be a strong generalized solution of the problem (1.1),
(1.3), (1.4) of the class W, if u € W, (D,,) and there exists a sequence of vector functions
{ur} i, from the space W22(DT0) such that

Yim [l — llyypy =0 lim llilsy = follwysyy = 05
a .
ILOO I gtk ~fi =0, i=1,..,ki+ks, (3.12)
Si Ly(S)

%ljg Lo — F||L2(DTO) =0.

Below we will prove the existence of a strong generalized solution of the problem (1.1),
(1.3), (1.4) of the class W3 in case the conic hypersurface S is of temporary type, that is,
when the characteristic matrix of the system (1.1) is negative definite on Sy \ 0. The latter
can be written as follows:

([Eocfﬁrl - z Aijociocj}n,n> <0 VneR"\{(0,...,0)}, (3.13)

ij=1

where the vector a = (ay,..., 0y, ay41) is the outer unit normal to the cone Sy at the points
different from its vertex 0.
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In the case of the inequality (3.13), by virtue of (2.12), (2.13), (2.14), (2.15), and
(2.16) and by our choice of matrices I, i = 1,...,k; + ky, the numbers in (1.4) »; = 0,
i=1,...,k; + ks, that is, the boundary conditions (1.4) in the problem (1.1), (1.3), (1.4)
are missing, and the a priori estimate (3.11) of the solution u € W3(D;) of the problem
(1.1), (1.3) takes the form

lullwip,,) < C(||f0||wg(sg> + ||F||L2(Dro)>- (3.14)

Note that in [11] we have elucidated the geometric meaning of the condition (3.13),
and for the solution u € W#(D,) of the problem (1.1), (1.3) in that case we have obtained
the a priori estimate (3.14), although in the above-mentioned work we have not proved
the existence of a strong generalized solution of the problem (1.1), (1.3) of the class W}
whose uniqueness follows directly from the estimate (3.14).

4. Proof of the existence of a strong generalized solution of
the problem (1.1), (1.3) of the class W;

Let us consider the problem on the solvability of the above-mentioned problem, when the
conic hypersurface Sy is of temporal type. For the sake of simplicity we restrict ourselves
to the case where the boundary condition (1.3) is homogeneous, that is,

uls, = 0. (4.1)

After the change of variables

~ | R

y=—-, z=t or x=zy, t=z (4.2)
with respect to the unknown vector function v(y,z) = u(zy,z), the system (1.1) takes the
form

n

1 & 1 ~
Liv=v,, — —22 Vyy, — z}’t"zy, ;Z vy, +Cv=F. (4.3)

Here
Aij=Eyyj+Ay,  Bi=Bizyz), C=Clepz), F=Flzpz. (44)

By G we denote an n-dimensional domain which is the intersection of the conic do-
main D : t > |x|g(x/|x]) and the hyperplane t = 1 in which the variable x is replaced by
y. Obviously, 0G = {y € R": 1 = |y|g(y/Iy])}. Under the transformation (x,t) — (y,2)
in accordance with (4.2), the domain D; transforms into the cylindrical domain Q, =
Gx(0,7) =1{(y,2) € R7+1 1y € G, z€ (0,7)} in the space of the variables y, z. Denote by
I'; = dG x [0, 7] the lateral surface of the cylinder Q;. The boundary condition (4.1) with
respect to the vector function v takes the form

V|r10 =0. (4.5)
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We divide the exposition of the proof of existence a strong generalized solution of
problem (1.1), (1.3) of the class W into several items.

(1°) In this item we will derive an a priori estimate for the solution v = (v1,...,v,,) of
the problem (4.3), (4.5) from the space W3(Q,, ), which is equal to zero in the domain Q.

Let v be a solution of the problem (4.3), (4.5) from the space W3(Q,,), such that for
some positive §

vlg, =0, 0<d<rT. (4.6)

Under the assumption that (0,...,0) € G and diamG is sufficiently small, by virtue of
(1.2) and (4.4), for any m-dimensional real vectors #;, i = 1,...,n, the inequality

n n
z Aij(y)nin; ZEOZ |17i|2, ¢ =const >0, Vy € G, (4.7)
i,j=1 i=1
is valid.
Ifv=(¥1,...,Vn,Vus1) is the unit vector of the outer normal to the boundary 0Q, of

the cylinder Q,, at the points (y,z), where it exists, then taking into account (4.6) we can
easily see that

Vurilr, =0, Vilog, niz=r} =0, i=1,...,m, velr,, = 0. (4.8)

Suppose G; = Q,, N {z = 1}.

Multiplying both parts of the system (4.3) scalarly by the vector 2v, and integrating
the obtained expression with respect to Q;, § < 7 < 79, with regard for (4.4), (4.5), (4.6),
and (4.8) we obtain

n
ZJ (ﬁ— 1 E,-vy,. - 61/) v.dydz
4 i=1

2 <~ 4
= J;) 2V, — =) Z Aij(Y)Vyy vz — E zyivzyivz:| dydz
ij=1 i=1

B '8(1/21/2) 2 & A ( 2 VZVZ
_JQ oz ZA,](y Vet 4 ay] Ezl ] dz

T = 111 i,j=1 Vi

— _a(VZVZ) ]. a e ~ 2 n ayl
_JQ | 0z +z28z<ZA y)vy,vy)) ZEylvy,Vz Z,-:zla)’ivzvz dydz

1]1

= JG Vv, + Z A,](y vy‘vy}]dy

L 1]1

2 =~ 2n
+JQT\05 [;i’jzzlA,-j(y)vy[vy} Z Eyv, v, + - vzvz] dydz.

1]1

(4.9)
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Since the domains of variation of the variables y; in G are bounded, that is, sup | y;| <
d,i=1,...,n, by virtue of (4.4) and (4.7) for some ¢; = const > 0 the inequality

n n

> Ay < Z > VgeR, VyeG (4.10)

ij=1 i=1

holds.
Denoting

w(t) = J [vzvz + Zvy,.vyl dy,
G,

(4.11)

wo(T) = JG [vv +v,v, + Z vy,.vy,.] dy,

i=1

due to (4.7), (4.9), and (4.10) we have

~

min (1,%)%(1)

ZC] dnn 2]’1
V.V VoV, +V,,) + —vov, |dydz
JQ\95|: lzly’ Vi ZZZ(yx i Vz) S VeV y

i=1

o 1& ~ ~
+ L) " [FF+vzvz + . Z |1Bill,_ (vy,vy, +vzv2) +IClIL, (vv + VZVZ)]dde
5

i=1

28 dn 1 $
< (§+ 52 Ty m max||B||L )I o (;vyivyi)dydz

d 2n
+ ((S—nz + 5 +1+ ||C||L ) LMQB Vv dydz

vvdydz+J FFdydz
Qr\Qs

N ||6||ij
Q

\ Qs

< Cz((S)J [vv+vzz+2vyivyi}dydz+J ﬁﬁdydz
T QT

i=1

:cz(a)J Wo(a)dG+J Fidydz,
0 Q;
(4.12)

where ¢,(8) = const >0, § < T < 19, while IIENBiHLm and IIGIILW are the upper bounds of

norms of the matrices §i and C in the domain Q-
By (4.6) we have

v(y,T) = LT v.(y,0)do, (4.13)
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whence

JGTV(%T)V(%T)d)’ < JG [J: [v:(y,0)| da]zdy

(e (L) Ty

STI J vg(y,a)dodyzrj vidydz.
GJo o

T

Taking into account (4.14), from (4.12), we have
o) < c3(5)J fo(0)do + c4(5)J FRdydz, (4.15)
0 Q;

where ¢;(8) = const > 0, i = 3,4. This, on the basis of Gronwall’s lemma, enables one to
conclude that

o) < c((?)[ FRdydz, 0<r=<m, (4.16)
Q.

with the constant ¢(8) > 0.
In its turn, from (4.16) it follows that

IVllwica,) < EONFlq,),  &(8) = const > 0. (4.17)

Remark 4.1. To construct a solution v of the problem (4.3), (4.5) from the space W3 (Q;,)
for

Flg, =0, 0<8<1, (4.18)

satisfying automatically according to (4.16) and (4.18) the condition (4.6), we take ad-
vantage of Galerkin’s method (see [17, pages 213-220]). Note that unlike the equations
and systems of hyperbolic type considered in [17], in the system (4.3) we have terms
involving mixed derivatives v,y,.

(2%) First we present the proof of the existence of a weak generalized solution of the
problem (4.3), (4.5), (4.6) of the class W,. Let {¢k(y)};>, be an orthogonal basis in

the separable Hilbert space [IX/%(G)]’". As elements of the basis {¢@i(y)};, in the space
[W1(G)]™ we can take the proper vector functions of the Laplace operator: Agi = Arpr,

¢rlac = 0 (see [17, pages 110, 248]). Note that in the space [W1(G)]™ we can, as an equiv-
alent norm, take

n
vl :f ( vnh)d :
wie Jg ,:Zl ¥ 4

V=(VsoisVm), v, e WHG), i=1,...,m.

(4.19)
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An approximate solution vV (y,z) of the problem (4.3), (4.5) will be sought in the form
of the sum

2

Z CYN(2)i(y (4.20)

in which the coefficients C,Ij (z) are defined from the following relations:

~

BZVN ) 1 J' { " |:~ aA,]
—, += Aij(0)VN @y + =V d
( oz2 ¥ L@ 296 i,jz:1 YV P dy; ey

2 n n (4.21)
+;JG{Z[yiv§’<Pey,-+V§’¢e }dy+f [ Z vige+Cv <P€}d)’

i=1 i=1

= (ﬁ,gog)Lz(G), 0<z<1¢=1,...,N,

d N
jzck (2)

=0, CY(2)l;=6=0,k=1,...,N, (4.22)
)

-
CN(z)=0, 0<z<d8,k=1,...,N. (4.23)

The equalities (4.21) make a system of linear ordinary differential equations of second
order with respect to z and to unknown functions C,Ij ,k=1,...,N, with constant ma-
trix elements, which in their turn are the coefficients of the derivatives of second order
d’CY(z)/dz*, and with the different from zero determinant, since by itself it represents
Gram’s determinant with respect to the scalar product in L,(G) of the linearly indepen-
dent system of vector functions ¢;(y),...,¢n(y). The coefficients of every equation of that
system are bounded measurable functions, and the right-hand sides g;(z) = (13 »Pe)1,(G) €
L1((0,79)).

As is known (see [17, page 214]), the system (4.21) has a unique solution which
satisfies the initial conditions (4.22), as well as the condition (4.23) by (4.18), where
d*CY (z)/dz*€L1 ((0,19)).

Let us now show that for v = vV the estimates (4.16) and (4.17) are valid. Indeed, mul-
tiplying each of the inequalities (4.21) by the corresponding (d/dz)C) (z) and summing
up with respect to £ from 1 to N, we obtain the equality

anN aVN 1 i agl] N. N
( o022 > oz )LZ +22 G{iz |: ( )V Z}’] a)/] V}’ivz dy

,j=1

J {Z PNV ) ]}dy (4.24)

+IG [2_2 ZBivﬁv5+Cva§']dy = (F,vY) L6
i-1

which after integration with respect to z from 0 to 7y, with regard for (4.23) and further
transformations allow us to derive the inequalities (4.16) and (4.17). Note that by (4.23)
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it becomes obvious that
Wlg, =0, N=12,.... (4.25)

Thus the estimate

JG [v Vv +vaN+Zv ]dy < 65(8)||13||%2(QT), 0<7<19, N>1,
0

i-1 (4.26)

||VN||W21(QTU) < 66(5)||ﬁ||L2(Qm), N=1,

is valid, where the positive constants ¢5(&) and ¢6(8) do not depend on N.

Owing to (4.26) and to weak compactness of the closed ball in the Hilbert space
W3 (Q,,) we can choose from the sequence {v"} the subsequence (denoted as above),
converging weakly in W3 (Q,,) to some element v € W3 (Q,,). Note that by virtue of
(4.25), the equality (4.6) will be valid for that element v. It should be also noted that
since vN |rr0 =0, N > 1, by the compactness of taking the trace: v — v\rm from the space
W1 (Qy,) into Ly(T4, ), the element v satisfies the homogeneous boundary condition (4.5)
(see [17, page 71]).

Let us now show that v is a weak generalized solution of the system (4.3), that is, the
identity

n n
J [—1/sz+zl2 Z vy, Al]w += sz Viw %Z w+6vw]dydz
Qr, ii= i=
j=1 (4.27)
=J Fwdydz
O

holds for any w € V, where V is the closure with respect to the norm of the space W3 (Q,)
of vector functions = (wy,...,w,,) of the class C*(Qy, ), satisfying the following homo-
geneous boundary conditions:

W|r10 =0, Wlz=g, = 0. (4.28)

Towards this end, we first multiply each of the equalities (4.21) by its own function
de(z) € C?[0,79], de(T9) = 0, then sum the obtained equality with respect to € from 1 to
N and integrate with respect to z from 0 to 7. Next, integration by parts in the first term
results in the identity

n

J ~ 2 &
JQ [—V5WZ+Z—ZZV§V,(AUW y —Z vy (yiw) —Z Now+ Cy w}dydz
0 ij=1 i=1 —

—_

zZ:

N

= J ﬁwdydz,
Oy

(4.29)

which is valid for any w of the type 3}, de(2)@¢(y). The union of such v is denoted
by V. If we pass in (4.29) to the limit by the above-chosen subsequence for fixed w
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of the class Vy, then we will arrive at the identity (4.27) for the limiting function v €
W3 (Qy,), valid for any w € Uy_; V. Now we can show that [Jy_; Vi is dense in V.

Indeed, let w € C?(Q),,) and let the equalities (4.28) be fulfilled. Then there exists
an extension wy of the vector function w to the greater cylinder Qs = {(y,z) € R"*!:
Yy € G, z € (—10,70)} of the class C?(Q.), such that wo|aq, =0, wola,, = w (see [8, page
591]). Consequently, wy € W° 1(Q4), and since the system of functions

[}

{fpe( y)sin M} (4.30)
k=1

ZT()

is fundamental in the space W°1(Q.) (see [20, pages 112, 165]), for any € > 0 there exists
a linear combination 25;1 a;w; of vector functions from the system (4.30) such that

because HWIIWeé(Q*) = ||W||W21<Q*). By virtue of (4.28) and the fact that wylq, = w, we
have

<& (4.31)

k
wo — Z aiwi
i=1 WZI(Q*)

<

<& (4.32)
W3 ()

k k n
Hw—Zaﬁi :Hw—Z(xiWi wo — D ai;
i=1 Vv i=1 i=1

W3 (Qq)

But zle a;w; € Uy-; V. Therefore from (4.32) and the fact that the set {w € C*(Q,,) :
wlr, =0, wl,—q, = 0} is dense in the space V, we find that Jy_, Vv is dense in V. Since
v € W3 (Qy,), this in its turn implies that the identity (4.27), which is valid for any w €
Ux -1 Vv, will be valid for any w € V as well. Thus the limiting vector function v = v(y,z)
is a weak generalized solution of (4.3) satisfying the equalities (4.5) and (4.6).

(3%) Let us show that if the following additional conditions

0GeC%  Bi,Bit,Cy,C € Lo(Dyy), ij=1,...,m, (4.33)

Fe W) (D), Flp,=0 (4.34)

are fulfilled, then the above-obtained limiting function v is a solution of the problem
(4.3), (4.5), (4.6) from the space W3(Q,), where L« (D;,) is the space of measurable
bounded on D, functions.

We multiply by (d?/dz*)CY(z) the expression obtained after differentiation of the
equality (4.21) with respect to z and then sum with respect to £ from 1 to N. As a result
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we obtain

~

2 “ 0Ajj
<V5”’V£VZ)L2<G> ZJG{ z: [ Oy vg” +WV5VZ]}M

1 : Ajj
k[ 2[R, S
i,j=1

2
2 n n
-4 G{Z[y,v vﬁjzy)+vN }dy+ {Z é\]zy,""’N ]}dy
i=1 i=1
1 &y 1< 0B aC
+IG|:ZZZBW)IXVZ+ZZBI vVl + = ZBI glg+£vaN+Cv }dy
i=1
N
(FZ’VZZ)L (G)
(4.35)
It can be easily verified that
1d
<VZZ’VZ)L2(G> - 5%(&&)“(6)’ (4.36)

z3

> Ay ﬁ’yj]dy (4.37)

(4.38)

n 4 n
dz J [ZW sz,] } = L; [Xyivwfyi]dy (4.39)
=1 i=1

2 C N . N

;J [zyivzzvzzyi]dy
(1 NNy _ L
Z Ea_ YiVeZV vzz) = Z(VZZVZZ) dy (4.40)
i=1

-1 g o NN
J [22 vz ] ds chvzzvzzdy .[szzvzzdy’
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where v = (v1,...,7,) is the unit vector of the outer normal to dG. In deriving (4.40), we
have taken into account that by the construction v |56 =

Substituting (4.36), (4.37), (4.38), (4.39), and (4.40) into (4.35), integrating the latter
with respect to z from 0 to 7 and taking into account that vV |, = 0, § < 7 by (4.25), we
have

%(VZ’VZ)LAGT)

2 n n
_;JG [Z l]() Zy’]dy 6J \Q,;Z4|:Z i ny]dydz

i,j=1 i,j=1
w2 S Xy (vt |dydz
000 2° ij=1 P en g
1
of 4
QN Zs[
" 9A

U 1 ij
+sz\05 23[ZA TGOIAR ]dydz+ 7\052[ > ay'vyyivﬁjz]dydz

i,j=1

T[Z% ]dy 4JQ,\05 23[2% Zy’]dydz
J \Qézz[zyl o Z},X]dydz ZL)T\ 5—1/ vWdydz

1
—nJ —szvzzdydz+2j Evzzvzzdydz
Q\Q5 2 \Qs Z

Q:\Qs

" QA
> —]1/)1,\171/?;]dydz+L2 [
=1 ay] 21 )G,

=

Aijj ()’)sz, zy]:| dy
L]

1

~

BN 9B, AN 1 S 9C NN, FNN
+L2,\Qa[ Z2,-§ ly, Z 5, Ve Z; N+ 5" NyY + Cvvl |dy dz
= (Fov)
L (Qr)
(4.41)
Owing to the well-known inequalities
12 12
| eowody| <([ ear) (| vay)
o o o (4.42)

1
lab| < elal> + E|b|2, € = const >0,

the two summands

I = [ Z Ay Zyj]dy [Zy, zy,] (4.43)
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from the left-hand side of (4.41) admit the following estimates:

C7(5) N. N
|1 | <e—J Vi, vy, d = JG Vi Vy, Ay,

|12|S€§2J v v, dy + Cg() NN dy,

(4.44)

in which the positive constants ¢s and ¢ depend only on the coefficients A;; of the system
(1.1) and on the finite domain G, while ¢7,¢9 = const > 0 depend only on «.

By (4.44) and (4.25), for a sufficiently small positive ¢ = €(§), reasoning just in the
same way as for the inequality (4.16) and using the estimate (4.16), from (4.41) we get

fo(r) < cm(a)f (BE+BE)dydz,  c10(8) = const >0, (4.45)
where Wo(7) = [g [VEVE + 3L, vE, vY, 1dy, which in its turn results in
n ~ ~
|Iv2, o, +Z£||V£]}/,»||L2(QTO) 5Cll((s)[”FHLZ(Q,O)+||FZ||L2(QT0)]’ (4.46)

where c11(8) = const > 0.

By the estimates (4.26) and (4.46), some subsequence {yNk} converges weakly in L,
together with the first-order derivatives v2*, v}, i = 1,...., 1, and the derivatives v, vay;,
i=1,...,n, to the above-constructed solution v and, respectively, to v;, vy,, Vzz, Vi, i =
1,...,n. It should be noted that for v the inequality

n
||VZZ||L2(QTO) +> ||VZ}’1'||L2(Q,0) < cn2(6) [||F||L2(Q,0) + ||FZ||L2(QT0)]’ (4.47)
i1

where c1,(8) = const > 0, is valid.

By (4.17) and (4.47), the vector function v will belong to the space W3(Q,,), if we
show that v has generalized derivatives Vyy, from Ly(Qy,), 6, = 1,...,n

Denote by V the space of all vector functions w = (wy,...,w,) € L,(Qy,) having gen-
eralized derivatives Wy bj = 1,...,m, from L,(Q,,) and satisfying the homogeneous
boundary condition (4.5), that is, wlr, =0.

Just in the same way as we obtained (4.27) from (4.21), it follows from (4.21) that the
above-constructed vector function v satisfies the integral identity

n n
J [vzzw+zl2 Z v},x vazy,y, %Z w+5vw} dydz
Oy i,j=1 i=1 (448)

= I Fwdydz VweV.
Qq
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If in (4.48) we take as w € V the vector function w(y,z) = w(z)¥(y), where the scalar
function y(f) and the vector function ¥(y) are arbitrary elements respectively from

L,((0,79)) and W }(G), then the equality (4.48) by Fubini’s theorem can be rewritten
in the form

L w(z){IG [VZZ‘I’+Z—12 Z vy,(A,]‘{’ ——szyly,‘l’+ ZB v},‘I’+Cv‘I’]dy}dz

ij=1 Zia
= J:O w(z)[JGz ﬁ\de] dz,

which, due to arbitrariness in choice of y(z) € L,((0,7)), for almost all z € (0,7y) yields

(4.49)

J [ z vy (Aij¥), +zzB v, ¥ +z Cv‘P]dy

i=1

(4.50)
n ~ o
- J (— Ve +22) Vi yi +22F>‘de V¥ e WiG).
G- i=1
Since for such z € (0, 1) the vector function
F= |:—z2vzz+2z2vzy,yi+zzﬁ] e L,(G), (4.51)
i=1

the identity (4.50) implies that the vector function v = (v1,...,v,,) is the generalized so-
lution from the space W 3(G) for the following elliptic system of equations:

n

n
- z K,»jv},i},j +zZ§iv},{ +2°Cv=F. (4.52)

ij=1 i=1
According to (4.7), the system (4.52) is strongly elliptic. Therefore under the assump-
tion that dG € C?, that is, the appearing in the definition of conic domain D function

g € C?, in the system (1.1) the coefficients B;,C € C'(D,,) and thus in the system (4.52)
the coefficients B;,C € C'(Qy,), the generalized solution v of the system (4.52) from the

space V(i/'é(G) belongs also to the space W3(G) for such z € (0,79) (see [19, page 109]),
and

Ivllwza,) < C13||ﬁ||L2(GZ)

n ~ (4.53)
<4 |:||VZZ||L2(GZ) + Z 1VayllL, 6. + ||F||L2(GZ)}, 13,14 = const > 0.
i=1

Thus for such z € (0,7) the vector function v has generalized derivatives Vygps bj =
1,...,n, from L,(G;), and by (4.47) and (4.53) we have gi;(z) = V39, 111262y € L2((0,70)).
Hence it remains to notice that the function g(y,z) € L,(Q,) has the generalized deriv-
ative g,,(y,2z) € L2(Qy,), 1 < i < n, if and only if for almost all z € (0,79) the function g
has the generalized derivative g, € L>(G;) and ¢i(2) = I8y, || 1,(c.) € L2((0,79)).
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Getting back from y, z to the initial variables x, ¢, we see that by the equalities (4.2) the
vector function u(x,t) = v(x/t,t) is a solution of the system (1.1) from the space W3 (Dy, ),
satisfying the homogeneous boundary condition (4.1) and by virtue of (4.34) we have
M|D5 =0.

Thus we have proved the following.

LemMma 4.2. Let g € C?, B;,C € C'(Dy,), i = 1,...,n, F € W3 (Dy,), Flp, =0, 0< 8 < 10,
and let the condition (4.7) be fulfilled. Then the problem (1.1), (4.1) has a unique solution
from the space W3 (D.,), and u|p, = 0.

In the case where F € L(Dy, ), since the space of infinitely differentiable finite func-
tions Cy’ (D) is dense in L, (Dy, ), there exists a sequence of vector functions Fy € Cy’ (D)
such that Fy — F in Ly(D,,). Since F € C§ (Dy,), we have F; € W1(Dy,), and for suffi-
ciently small positive &k, Ok < 7o, we have Fy| Dy, = 0.

Therefore by Lemma 4.2, there exists the unique solution uy € W22(DT0) of the prob-
lem (1.1), (4.1). By (4.1), from the inequality (3.14) we find that

||”k_”p||w21(D,O) SCHFk_FpHLZ(D,U)) (4.54)

from which it follows that the sequence {u}}, is fundamental in Wzl (Dy,), since Fx — F
in L,(Dy,). Due to the fact that the space W3 (D,,) is complete, there exists a vector func-
tion u € W3(Dy,) such that uy — u in W3 (D,,) and Luy = Fy — F in Ly(Dy,). Conse-
quently, u is a strong generalized solution of the problem (1.1), (4.1) of the class W, for
which by (3.14) we have the estimate

lullwip,,) = clFllLm,)- (4.55)

Thus the following theorem is valid.

TuEOREM 4.3. Let g € C%, B;,C € C'(Dy,), i = 1,...,n, and let the condition (4.7) be ful-
filled. Then for any F € Ly(Dy,) there exists a unique strong generalized solution of the prob-
lem (1.1), (4.1) of the class W3 for which the estimate (4.55) is valid.
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