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1. Introduction and preliminaries

Let x1,x2,...,x, and p1,p2, ..., pn be real numbers such that x; € [0,1/2], p; > 0 with P, =
>iLipi- Let G, and A, be the weighted geometric mean and arithmetic mean, respectively,
defined by G, = ([T, xf i)l/ P and A, = (1/P,) 3L, pixi = x. In particular, consider the above-
mentioned means G, = ([T, (1-x)")"", and A}, = (1/P,) X", pi(1 - x;). Then the well-
known Ky-Fan inequality is

(1.1)
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It is well known that Ky-Fan inequality can be obtained from the Levinson inequality [1], see
also [2, page 71].

Theorem 1.1. Let f be a real-valued 3-convex function on [0,2a], then for 0 < x; < a, p; >0,

5 3ns ) -1 (5 3m) < g Swsa-x) -5 (3 3nea-m). a2

In [3], the second author proved the following result.
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Theorem 1.2. Let f be a real-valued 3-convex function on [0,2a] and x; (1 < i < n)n points on
[0,2a], then

1

Plnélpif(xi) - f<Pln§Pixi> < P—ngpif(a +;) —f<pln§p,-(a + xi)>, (13)

In this paper, we will give an improvement and reversion of Ky-Fan inequality as well
as some related results.

2. Main results

Lemma 2.1. Define the function

- x°
T N/ AV’ 0/ 1/2/
s-1-2 °7
1
-logx, s=0,
Ps(x) =42 (2.1)
—-xlog x, s=1,
1
\ Eleog X, s=2.
Then ¢ (x) = x573, that is, ¢s(x) is 3-convex for x > 0.
Theorem 2.2. Define the function
1 n
b = 5 2pi(ps(2a - x1) = 9 (x1)) - 9520 = %) + s (%) (22)
ni=1
for x;, piasin (1.2). Then
(1) foralls,t e I CR,
és‘;t Z (53 = (25+t)/2’ (2.3)
that is, & is log convex in the Jensen sense;
(2) és is continuous on I C R, it is also log convex, that is, for r < s < t,
&g (24)
with
1. /GIA,
=_ 2.5
w=5in(2), (5

where G& = (TT,(2a — x;)P)/ P, A2 = (1/P,) 3™ pi(2a - x;).
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Proof. (1) Let us consider the function
flx,u,v,1,51) = f(x) = uz(ps(x) + 2uvp,(x) + vz(pt(x), (2.6)
wherer = (s +1t)/2,u,v,r,s,t are reals.
" (x) = (uxs/zf?)/z 4 vxt/273/2)2 >0 (2.7)

for x > 0. This implies that f is 3-convex. Therefore, by (1.2), we have u?¢s+2uvé, +v*¢; > 0, that
is,

&l 2 ¢ = (25+t)/2‘ (2.8)

This follows that ¢ is log convex in the Jensen sense.
(2) Note that ¢, is continuous at all points s =0, s =1, and s = 2 since

1 /GiA,
@—g%g-§m<cﬂﬁ)

& = hnllés = Pini(xi Inx; - (2a-x;)In (2a - x;)) + (2a - x) In(2a - X) - xInX,

=1

limé, = | S (20 — )10 (24 - %) — P lnx) — (24 -7 In(2a - T) + B InF
gz—lslgggs—zlipnizzlpl((Za %) In(2a-x;) —x7Inx;)) — (2a - )" In(2a x)+x1nx].

(2.9)
Since ¢, is a continuous and convex in Jensen sense, it is log convex. That is,
(t-r)In¢;, < (t-s)Iné, + (s—71)In¢;, (2.10)
which completes the proof. O
Corollary 2.3. For x;, p; as in (1.2),
T<ewp(u’) s Za <o) o)
Proof. Setting s =0, r = -1, and t = 3 in Theorem 1.2, we get & < &>, & or
<&ty (212)
Again setting s =3, r =0, and t = 4 in Theorem 1.2, we get &5 < & ¢; or
0288 (2.13)

Combining both inequalities (2.12), (2.13), we get

Ged<g <ty (2.14)
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Also we have ¢, positive for s > 2; therefore, we have
0<& e’ <bo<&'y™ (2.15)

Applying exponentional function, we get

G2A,
L<exp(2454,%) < i <ep (28757, (2.16)
n n D

Remark 2.4. In Corollary 2.3, putting 2a = 1 we get an improvement of Ky-Fan inequality.
Theorem 2.5. Define the function
1 n
ps = 5 2pi(ps(a+xi) = ps(xi)) — gs(a+X) + (), (2.17)
ni=]
for x;, p,, a as for Theorem 1.1. Then

(1) foralls,t e I CR,

PPt 2 P} = Plornyor (2.18)

that is, ps is log convex in the Jensen sense;

(2) ps is continuous on I C R, it is also log convex. That is for r <s < t,

ps " <ppiT (2.19)
with
1, /G,A
= _1n< n j), (2.20)
=3 GhA,

where G, = ([T (a + x:)P)V P, A, = (1/P) S8 pia + x;).
Proof. The proof is similar to the proof of Theorem 2.2. O

Remark 2.6. Let us note that similar results for difference of power means were recently ob-
tained by Simic in [4].
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