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1. INTRODUCTION; FORMULATION OF THE MAIN RESULTS

Let T be a closed subset (so called a time scale or a measure chain) of the
real number R.

DEFINITION  If there exists a positive number A € R such that t +nA € T
forallte T andn € Z, then we call T a periodic time scale with period A.

Suppose T is a A-periodic time scale. For the sake of simplicity we
will assume that 0 € T. Consider the second order linear A-differential
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equation given by

(Y2 (0] + q(t)y(o(t)) =0, t€T, (1.1)

where o is the forward jump operator and the coefficients p(f) and g(z)
are real valued A-periodic functions defined on T,

p(t+A)=p@), q(t+A) =q(p), teT. (1.2)
Besides we assume that
p(1) >0, p(1) € Cyl0,Al, g(z) € Cral0, A), (1.3)

where [0, A]={reT:0<t<A}.
For the definition of the A-derivative and other concepts related with
time scales we refer to[5,10,15,17,18]. Further resultsinclude [2,3,7,11,12].
Equation (1.1) is said to be unstable if all nontrivial solutions are
unbounded on T, conditionally stable if there exist a nontrivial solution
which is bounded on T, and stable if all solutions are bounded on T.
Main results of this paper are the following two theorems.

THEOREM 1.1 If¢(t) <0 and q(t) #0, then Eq. (1.1) is unstable.
By definition, put

_ x o(t) —t

07 ooty pf) q+(1) = max{q(2), 0}, (1.4)

where p is the backward jump operator.

THEOREM 1.2 If

A
(i) / dOAI>0, g(t) £ 0; (1.5)
N A AL A
(i) [po+ I ;(T>] [ etrar<a (1.6)

then Eq. (1.1) is stable.
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We dwell on the three special cases as follows:

1. If T=RR we can take as A any w€R, w>0. Equation (1.1) takes
the form

[p(x)y' ()] +q(x)y(x) =0, x€R, (1.7)
and the periodicity condition (1.2) becomes
plx+w)=px), q(x+w)=4q(x), xeR.

The conditions (i) and (ii) of Theorem 1.2 transform into

o /0 “gx)dx >0, ¢x) £0;

(i), [fow;d(%} -/owq+(x)dx <4,

We note here that the last conditions lead to a well-known result. In [19]
Lyapunov has proved that, if a real, continuous and periodic function
q(x) of period w > 0 satisfies the conditions

(1)  q(x) >0, g(x)#0;
@ [ awax<s,
then the equation
y'(x) +q(x)y(x) =0, xeR (1.8)

is stable. In [6] Borg extended Lyapunov’s result to functions g(x) of
variable sign, showing that if

() /qu(xmxzo, 4(x) £ 0;
@ wf “law)ldx <4,

hold, then Eq. (1.8) is stable. Then in [16] Krein improved Borg’s result
replacing in condition (2') |g(x)| by ¢.(x) =max{g(x), 0}.
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Notice that Eq. (1.7) can be transformed into an equation of the type
(1.8) by the change of variable. For direct investigation of Eq. (1.7) we
refer to [14].

2.If T =Z we can take as A any integer N > 0. Equation (1.1) takes the
form

A[p(n)Ay(n)] +gq(n)y(n+1) =0, neZ,

where A is the forward difference operator defined by Ay(n)=
y(n+ 1) — y(n). The periodicity condition (1.2) can be written as

p(n+N)=p(n), qn+N)=gq(n), nek.

The conditions (i) and (ii) of Theorem 1.2 become

N-1
@, D _am) 20, gn) #0;

n=0

1 N1 N-1
ii -+ —| - n) <4,
where p=min{p(0),p(1),...,p(N—1)}, ¢.(n)=max{q(n),0}. This
result was established in [4].

3. Let w be a positive real number and N be a positive integer. Setting
A =w+ N consider the time scale T defined by

T=|J{xeR: kA < x < kA +w}
keZ

U{kA+w+nn=12,...,N—1}].

Evidently the set T defined in such a way is a A-periodic time scale.
Equation (1.1) takes the form

[p(x)y'(X)] + g(x)y(x) =0, x€ U{x € R: kA < x < kA +w},
keZ

Alp()Ay()] + q(0)y(t +1) =0,

te | J{kA+w+nn=0,1,...,N-2},
keZ
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which incorporates both differential and difference equations. In this
case, the conditions (i) and (ii) of Theorem 1.2 can be written as

w N-1
0 [ adr+ Y gm0, ql)#0
0 n=0
.. vde 1 & 1
(s [/0 RS
w N-1
. [/0 q+(x)dx+2q+(w+n)] <4,
n=0

where p = min{ p(w), p(w+ 1), ..., p(w+ N — 1)}, q.(¢) = max{q(?), 0}.

As a conclusive remark we note that the assumption 0 €T is not
necessary. Instead we can take any fixed point ¢, € T in place of zero and
in that case, the integrals in the conditions (i) and (ii) of Theorem 1.2 will
be considered from ¢y to 7o+ A.

2. AUXILIARY PROPOSITIONS

Consider Eq. (1.1), where T is a A-periodic time scale containing zero,
with the coefficients p(f) and ¢(¢) being real valued and satisfying the
conditions (1.2) and (1.3). Floquet theory applies for Eq. (1.1). For the
details of Floquet theory we may refer to, for example, [8,20] for
differential equations, and [13, pp. 113-115, 4, 9, pp. 144-149] for
difference equations.

Let us denote by y/2(7) = p(1)y*(¢), the quasi-A-derivative of y(z). For
arbitrary complex numbers ¢y and ¢1, Eq. (1.1) has a unique solution y(7)
satisfying the initial conditions

y©0)=co,  YA(0) =ci.

Denote by () and () the solutions of Eq. (1.1) under the initial
conditions

600)=1, 620)=0;, (0)=0, YMO)=1. (2.1)
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There exist a nonzero complex number 3 and a nontrivial solution v(¢)
of Eq. (1.1) such that

Y(t+A)=py(t), teT. (2.2)
The number 3 is a root of the quadratic equation
f*—DB+1=0, (2.3)
where
D =6(A) + plAl(A). (2.4)
The roots of (2.3) are defined by
B2 =3 (D+VDT-4).

Since the coefficients of Eq. (1.1) and the initial conditions (2.1) are
real, the solutions 6(7), ©(f) and hence the number D defined by (2.4)
will be real.

PROPOSITION 2.1 Eguation (1.1) is unstable if |D|>2, and stable if
|D] < 2.

Proof 1If the discriminant D? — 4 is nonzero, then (2.3) has two distinct
roots (3; and (3,, and hence there exist two nontrivial solutions v(f) and
,(?) of Eq. (1.1) such that

Vit +A) = Bihi(t), Ya(t+A) = Bopa(t), teT. (2.5)

It is easy to see that 1 (¢) and 1,(¢) are linearly independent. From (2.5)
it follows that, for all k € Z,

Yi(t+kA) = BEi (1), ot +kA) = Bfa(r), teT. (2.6

If |D| > 2, then the numbers 3; and 3, will be distinct and real. There-
fore from theequality 5,3, = litfollows that |3;| # 1 and | 3,| # 1, since if
this were false, we would get 8; = 3,==1. Obviously, if |8;| > 1, then
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|B2| < 1, and if |3;| < 1, we have |3,| > 1. Consequently from (2.6) as
k — *oo it follows that every nontrivial linear combination of (z)
and ,(¢) will be unbounded on T, that is Eq. (1.1) is unstable.

If |D| < 2, then the numbers 8, and 3, will be distinct, nonreal and
such that |3,| =|8,| = 1. Therefore, from (2.5) we have

[t + M) =], |2t + M) = [ga(s),  1€T.

Consequently, 1,(?) and 1,(¢) and hence every solution of Eq. (1.1) which
is a linear combination of v(¢) and 1),(¢) will be bounded on T, that is
Eq. (1.1) will be stable. This completes the proof of the proposition.

Remark 2.1 If|D|=2, then Eq. (1.1) will be stable in the case 8/2)(A) =
©(A) =0; but conditionally stable and not stable otherwise.

The following mean value result (for the case T = Zsee[1, p. 24, 4]) will
play a significant role in Section 4.

PROPOSITION 2.2 Let a < b be any two points in the time scale T, and let
f(¢) and g(£) be two real functions continuous on the segment [a,b] = {t € T
a <t < b} and A-differentiable on (a,b) = {t € T: a < t < b}. Suppose the
Sfunction g(t) is increasing on [a, b). Then there exist £, T € (a, b) such that

f2) f(B) —f(a) _f2(8) 27)
£ = 5(0) — 5@ ~ £ '

where (a, b) = (a, b) if o(a) = a, and (a, b) =[a, b) if o(a) > a.

Proof We prove the right-hand side of (2.7), with the proof of the left-
hand side being similar. Assume, on the contrary, that

f(®) —f(a) >fA(t)
g(b) —gla) = g2(1)

for all z in (a, b). Since g(?) is increasing on [a, b], g*(f) > 0 on (a, b). So
we have

—f(a) A
(b) g(a)gA ) > f2(1), Vte€ (a,b).
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Integrating (in the sense of A-integral) both sides from a to b, we arrive at
the contradiction

f(b) —f(a) > f(b) - f(a),

thereby establishing the result.

We will also make use of the following formulae which can easily be
verified.

PROPOSITION 2.3  Leta,be T, a < band let f(t) be a continuous function
onla, p(b)] C T. Then

b p(b)
/fMM=/'fmm+w—mm¢@@x

/fa @—df@+/Af

where o and p are the “forward” and “backward” jump operators,
respectively.

3. PROOF OF THEOREM 1.1
Let 6(¢) and ¢(¢) be solutions of Eq. (1.1) satisfying the initial condi-

tions (2.1). Our aim is to show that, under the hypotheses of the theorem,
the inequalities

oA >1,  oAA)>1
hold. Then D =6(A)+ o™ (A) > 2 will be obtained and therefore by

Proposition 2.1, Eq. (1.1) will be unstable.
Firstly we show that

o) >1, 6041 >0, o@1)>0, P >1, WVieT, t>0.
(3.1)



ON LYAPUNOV INEQUALITY ON TIME SCALES 611

For this purpose we apply the induction principle developed for Time-
Scales (see, for example, [5,18]), to the statement,

A(1):0(t)>1 and 64()>0 forallzeT and > 0.

(I) The statement A(0) is true, since §(0) = 1 and §"4(0) =0.

(II) Let ¢ be right-scatteredand A(f) be true, i.e., 6(f) > 1 and 612(r) > 0.
We need to show that 6(o()) > 1 and 6!*Y(o(¢)) > 0. But, in view of
the induction assumptions, the required result are immediate from the
relations

6(o(1)) = 0(x) + u*(1)6° (1),
61%(0(1)) = 61(2) — u* (1)q(1)0(o (1)),

the first one following from the definition of A-derivative and the second
from Eq. (1.1) for 8(¢). Here u*(f) = o(2) — ¢.

(I1II) Let ¢y be right-dense, A(t;) be true and t€[ty, t;]={te€T:
to<t<t}, where t; € T is such that ¢; >ty and is sufficiently closed to
to. We need to prove that A(?) is true ¢ € [to, 1]

From Eq. (1.1) with y(¢) = 6(¢), the equations

091 = 6990) ~ [ a()8(o(6))s 62)

00) = 6(10) + 68(10) - [ 27— [ [ ss)0(0(s))as| Ar
t p(T) 1) P(T) 1)
(3.3)

follow. To investigate the term 6(f) appearing in (3.3), we consider the
equation

y(t) = 6(to) + 8 (1o) - tt 1% - /, t ,7(1?) [ /, ’ q(s)y(a(s))As] Ar,
(3.4)

where y(f) is a desired solution. OQur aim is to show that for ¢, sufficiently
close to to, Eq. (3.4) has a unique, continuous (in the topology of T)
solution y(¢) satisfying the inequality

(1) > 8(t0) + 61 (10) - / t;—}(‘:—), <1<t (3.5)
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We solve Eq. (3.4) by the method of successive approximations, setting

3ol) = 0(n) + 01 - | %

(1o (3.6)
yi(t) = —/tom[/h) q(s)y,-_1(o(s))As] AT, j=1,2,3,...

If the series Z}ﬁo () converges uniformly with respectto z € 1o, 1], then
its sum will be, obviously, a continuous solution of Eq. (3.4). To prove
the uniform convergence of this series we let

co=0(to)+0[A](t0)-/h:l£Tl), o =/:I%[/t: |q(s)|As]A7-

Then the estimate
0<y(t)<coe] (0<t<t), j=0,1,2,... (3.7)
can easily be obtained.

Indeed, (3.7) evidently holds for j=0. Let it also hold for j=n. Then
from (3.6), applying Proposition 2.3, we get

0y < [ e [ [ (9 (a6)As] Ar

=[5 [ wiieonasan

p(t1)
+ [0 - plan)]- p(p(, s [ loneas

< 0061"{/10 i 0 [/ lg(s) |As] AT
+ [ = p(tn)]- ]m : / " |q<s)|As}

h 1 T
=cc”/ —[/ s As]A7=cc"+1
oo [ o o

Therefore by the usual mathematical induction principle, (3.7) holds for
allj=0,1,2,...
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Now choosing #; appropriately we obtain ¢; < 1. Then Eq. (3.4) will
have a continuous solution

y(t) = iyj(t) for t € [to, t1].

=0

Since y;(7) > 0, it follows that y(f) > yo(¥) thereby proving the validity of

inequality (3.5).

Uniqueness of the solution of Eq. (3.4) can be proven in the usual way.
From (3.3) and (3.4) in view of the uniqueness of the solution we get

that 6(¢) = y(¢), to < t < t;. Therefore

AT

0(2) > 6(t0) + 6™ (2o) - ok

to<t<t.

Hence by making use of the induction hypothesis A(#y) being true, we
obtain from the above inequality

0(t) >1 fort € [to,11].

Taking this into account, from (3.2) we also get
08 (1) >0 for t € [to, 11].

Thus, A(?) is true for all ¢ € [ty, t1].

(IV) Let t € T, t > 0 be left-dense and such that A(s) is true for all s < ¢,
ie., 8(s) > 1, 8'%)(s) >0, Vs < . Passing here to the limit as s — ¢ we get
by the continuity of 8(s) and 8'“)(s) that 6(r) > 1 and 6'2)(r) > 0, thereby
verifying the validity of A(?).

Consequently, by the continuous type induction principle on a time-
scale, (3.1) holds for 6(z) and 8'*)(z), Ve e T, t > 0.

Proof for (f) > 0 and () > 1 is similar.

From (3.1), in particular, we have 68(A) > 1, go[A](A) >1. Actually
©2)(A) > 1. Indeed, consider the equations

A0 =1 [ g6)olo6)as (3.8)
0

o= [ 2 [ [ asrtenadan, @9)
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which follow from Eq. (1.1) with y = ¢ using initial conditions (2.1). If
BN (A) =1, (3.8) gives rise to

A
/0 4()p(0(5))As = 0. (3.10)

On the other hand, since () >0 by (3.1), from (3.9) it follows that
@(® >0, Vt > 0. Therefore, (3.10) yields ¢(s)=0, Vs €[0, p(A)]. Hence
employing the A-periodicity of g(¢) it follows that g(f)=0, ¢ €T, con-
tradicting the hypothesis of the theorem. Hence ¢'“Y(A)>1 and
Theorem 1.1 is proven.

4. PROOF OF THEOREM 1.2

To prove Theorem 1.2 it is sufficient by Proposition 2.1 to show that
D? < 4. Assuming on the contrary that D? > 4 will lead to contradiction.

DEFINITION  We say that a function f:T — R has a generalized zero
(a node) at to €T if either f(to) =0 or f(p(ty)) - f(t6) <0, where p is the
backward jump operator.

Next we develop the proof of Theorem 1.2 in the form of two lemmas.

LEMMA 4.1 If D*> 4, then Eq. (1.1) has a real, nontrivial solution yxt)
possessing the following properties: there exist two points a and b in'T such
that 0 <a< p(A), b>a, b—a< A, Y(t) has generalized zeros at a and b,
and (1) >0 fora<t<b.

Proof If D*> 4, it then follows from Section 2 that Eq. (1.1) has a non-
trivial solution y(¢) having the property y(¢ + A) = By(¢) (¢ € T), where 3
is a real nonzero number. Since Re y(¢) and Im y(?) are also solutions of
Eq. (1.1) with the same property, we may assume that Eq. (1.1) hasa real,
nontrivial solution (¢) satisfying

Y+ A)=pyY@t), teT, 4.1)

where (3 is a real nonzero number.
Firstly we show that 1(¢) must have at least one generalized zero a in
the segment [0, p(A)]={t € T: 0< ¢ < p(A)}. If not, then by (4.1), ¥(9)
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does not have any generalized zero in T, so ¢(#) 7 0 and ¥(p(?)) - ¥(£) >0
for all tin T. Hence we also have 1(¢) - ¥(o(£)) >0, Vt € T.
From the equation

[P(P2 () + q()d(o() =0, 1€T (4.2)

we have

A AfA A
/0 ———-——»———[p (12(1(/;(5;)] At + /0 g(t)At = 0.

Therefore using the integration by parts formula

A A A
/ UA(1) - V(o (1) At = V()| — / Ur) - VA (1) At
0 0 0

and noting that, by the periodicity of p() and the Eq. (4.1),

$2(0) _
¥(0)

OIS0
¥(1)

b p(AAA) _ p(0)A(0)
VN $(0)

= [p(A) = P(0)]

we get that

POWAO? / _

e R

Hence taking into account the condition (1.5) of the theorem along with
the facts that ¥(f)y(a(£)) > 0 and p(f) >0, we obtain ¢*(#)=0 for all
t€[0, p(A)), i.e. ¢¥(f) = C=const. on [0, A]. Note that C# 0, since ¥(¢) is
a nontrivial solution of Eq. (1.1). Therefore, setting =0 in (4.1) we get
B=1.Hence 1(f) = C for all t € T. Consequently, from Eq. (4.2) we have
q(f)-C=0on T and hence ¢(t)=0 on T, which contradicts the condi-
tion (1.5) of the theorem. Thus 1(¢) has at least one generalized zero a in
[0, p(A)). From (4.1) we get that () will have also a generalized zero at
a+ A. It is not difficult to show that on the segment [a, a + A] the solu-
tion ¥(f) may have only finitely many generalized zeros. Denote by b the
smallest generalized zero of 1(¢) lying to right of a and different from a.
Then b<a+ A, therefore b>a, b—a<A, and (¢) does not have
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generalized zero at ¢ for a < ¢ < b. Since ¥(f) must keep a constant sign
on (a, b), and together with 1(¢) the function —1/(¢) also is a solution of
Eq. (1.1) with the same generalized zeros at a and b, we may assume that
() > 0 for a < t < b. The lemma is therefore proven.

LEMMA 4.2  Under the hypothesis of the preceding lemma the inequality

[po +/0AI%] -/OA g+ (At >4 (4.3)

holds, where py and q..(t) are defined by (1.4).
Proof Letusset

s = [ ﬁ—) G(1) = [ (0]

G+ (1) = max{G(¢),0}, G_(¢) = —min{G(z), 0}.
Evidently
G:(+G-()=1G@), G(1)—G-(1) =G().

Let 9(¢) be a solution of Eq. (1.1) possesing the properties indicated in
Lemma 4.1. There are four possibilities with respect to a and b.

Case 1: ¢(p(a)) - ¥(a) <0 and ¢(p(b)) - Y(b) <O.
Case 2: ¥(p(a)) - ¥(a) < 0 and ¥(b) =0.

Case 3: ¥(a) =0 and y¥(b) =0.

Case 4: y(a) =0 and ¥(p(d)) - ¥(b) < 0.

Let one of the Cases 1 and 2 hold. Then p(a) < a and p(b) < b. Choose
¢ € [a, p(b)] such that

P(e) = max (z).

a<t<p(b)
It is easy to see that, in the cases considered,
PY(e) —¥(p(a)) > P(c),  P(c) — p(b) > ¥(c),

with the strict inequality in the latter one occurring in Case 1.
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Consequently,

1 1
20— g(p(@) " &(B) — 20
L WO-e@) 1 90 -)
g(c) —g(p(a)) Y(c) g(b) —g(c) P(c)
_ [w(o—w(p(a»_w(b)-zb(c) L
2(0) —g(p(@)  2B) —g(0) ] 90

Furthermore, by Proposition 2.2 there exist £ €[p(a), c) and 7€ (c, b)
such that

¥(e) —¥(p(a)) _ $2(E) Y(b) = 9(e) , $A(7)
gle)—glo(@) ~ g2(&)"  g(b) —glc) ~ g4(r)

Therefore

1 1 A€ pi(n)] 1
g(c) — g(p(a)) * FOETCR [gA(s) g2(7) ] Y(c)

1 Twre]®
= w<c)/g [g'A' (r)] Al
—-o= A (P A
Y(c) Je
1 T
=_WA G(I)At

1 T
Sw_(cj/g G_(t)At

T G-(1)
< Ji Wyt

(4.4)

since <t < 7= pla) <t < pb)=a<a(t)< p(b).
On the other hand for arbitrary real numbers x, y, zsatisfyingx < y < z
the inequality

1 1 4
+ 2>
y—x z—-y z—X
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holds. Consequently, from the inequality (4.4) we get

_ [T G-
(6) (o] | g 4 @3)
Since
ey [ A 60 .
s ~slola) = [ 5 =0 €@ o0,

it follows from (4.5) that

b T
[ /,, a)}-f?—t’)} : /E 44 (0)A1 > 4. (4.6)

Next, taking into account that p(a) < £ < 7 < p(b), b < a+ A, and that for
any periodic function f(¢) on T with period A the equality
to+A A
swar= [ rwar
0

to

holds for all zy € T, we have
b a+A _ a+A A

/ AI_S/ ﬂza_pwu/ éis,,ﬁ/ At
o@P(t) ~ Jua P()  plp(a@) Jo p(2) o p(?)

T p(b) pla)+A A
/ g4 (DA < / g4 (DA < / OIS / g4 (DAY,
13 p(a) p(a) 0

since by the A-periodicity of T and p(¢)

max 2P _ ay CO=_
a0 P(p(@)  relopy p(d) 1

and from the inequality b < a+ A it follows that p(b) < p(a) + A. Con-
sequently, (4.3) follows from (4.6).
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Now we assume that one of the Cases 3 or 4 holds. In these cases
choosing ¢ € (a, b) such that

P(e) = max (1)

o(a)<t<p(b)
yields
Ple) —pla) =¥(c),  ¥(e) —(b) 2 ¥(c),

with the strict inequality in the second one holding for the Case 4.
Consequently,

1 1
2(0) — 2@ ' 20) -2
L 90-v@, 1 90-¥k)

S0-2@ 90 b -g© 90

_ [¢(c> — (@) () —w(c>] i
£ —ga)  £06)—g0) | 90

Finally, reasoning as in the previous case we obtain the inequality,

UOAZJ%] '/OA g+ (At > 4.

Therefore the inequality (4.3) is true in these cases as well. The Lemma is
thus proven.

Since the inequality (4.3) contradicts the condition (1.6) of the theorem,
the inequality D? >4 cannot beé true. Thus D? < 4 and Eq. (1.1) is stable
and the Theorem 1.2 is proven.
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