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The propagation of Rayleigh and Stoneley waves in a thermoelastic orthotropic granular half-space
supporting a different layer under the influence of initial stress and gravity field is studied. The
frequency equation of Rayleigh waves in the form of twelfth-order determinantal expression and
the frequency equation of Stoneley waves in the form of eighth-order determinantal expression
are obtained. The standard equation of dispersion is discussed to obtain Rayleigh and Stoneley
waves that have complex roots; the real part gives the velocity of Rayleigh or Stoneley waves but
the imaginary part gives the attenuation coefficient. Finally, the numerical results have been given
and illustrated graphically, and their physical meaning has been explained.

1. Introduction

The propagation of thermoelastic waves in a granular medium under initial stress and gravity
field has applications in soil mechanics, earthquake science, geophysics, mining engineering,
and so forth. The theoretical outline of the development of the subject from the mid-thirties
was given by Paria [1]. The present paper, however, is based on the dynamics of granular
media as propounded by Oshima [2, 3]. The medium under consideration is discontinuous
such as one composed numerous large or small grains. Unlike a continuous body, each
element or grain cannot only translate but also rotate about its centre of gravity. This motion
is the characteristics of the medium and has an important effect upon the equation of motion
to produce internal friction. It is assumed that the medium contains so many grains that
they will never be separated from each other during the deformation, and that the grain
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has perfect elasticity. The propagation of Rayleigh waves in granular medium was given by
many authors such as Bhattacharyya [4], El-Naggar [5], Ahmed [6, 7], and others. Ahmed
[8] discussed Stoneley waves in a nonhomogeneous granular medium under the influence of
gravity.

The problem of Stoneley waves plays an important role in the earthquake science,
optics, geophysics, and plasma physics. Many authors such as Abd-Alla and Ahmed [9, 10],
El-Naggar et al. [11], Das et al. [12], and others investigated the effect of gravity of the
propagation of surface waves (Stoneley waves and Rayleigh waves) in an elastic solid
medium. Goda [13] illustrated the effect of inhomogeneity and anisotropy on Stoneley waves;
Abd-Alla et al. [14] discussed Rayleigh waves in a magnetoelastic half-space of orthotropic
material under influence of initial stress and gravity field. Sharma et al. [15] studied the
propagation characteristics of Rayleigh waves in transversely isotropic piezothermoelastic
half-space with rotation and thermal relaxation. Sharma et al. [16] investigated the problem
of propagation characteristics of Rayleigh waves in transversely isotropic piezothermoelastic
materials. Sharma and Walia [17] investigated Rayleigh waves in piezothermoelastic
materials. Ting [18] illustrated the surface waves in a rotating anisotropic elastic half-space.
Abd-Alla and Abo-Dahab [19] investigated Rayleigh waves in magneto-thermo-viscoelastic
solid with thermal relaxation times. Recently, Ahmed and Abo-Dahab [20] pointed out
Propagation of Love waves in an orthotropic granular layer under initial stress overlying
a semi-infinite granular medium. Vinh and Seriani [21] illustrated explicit secular equations
of Rayleigh waves in a nonhomogeneous orthotropic elastic medium under the influence
of gravity. Vinh and Seriani [22] discussed the explicit secular equations of Stoneley waves
in a nonhomogeneous orthotropic elastic medium under the influence of gravity. Vinh
[23] discussed the explicit secular equations of Rayleigh waves in elastic media under the
influence of gravity and initial stress. Lo [24] investigated the propagation and attenuation
of Rayleigh waves in a semi-infinite unsaturated poroelastic medium. El-Naggar [25]
investigated the dynamical problem of a generalized thermoelastic granular infinite cylinder
under initial stress. Recently, Abd-Alla et al. [26] investigated Rayleigh waves in generalized
magneto-thermo-viscoelastic granular medium under the influence of rotation, gravity field.

This paper is devoted to study the effect of gravity field and the initial stress on
the propagation of Rayleigh and Stoneley waves in thermoelastic orthotropic granular half-
space supporting a different layer under initial stress and gravity field. The frequency
equations are obtained: the frequency equation of Rayleigh waves in the form of twelfth-order
determinantal expression and the frequency equation of Stoneley waves in the form of eighth-
order determinantal expression. The standard equation of dispersion is discussed to obtain
the Rayleigh and Stoneley waves that have complex roots; the real part gives the velocity
of Rayleigh or Stoneley waves but the imaginary part gives the attenuation coefficient. The
results obtained are displayed graphically and their physical meaning has been explained.

2. Formulation of the Problem

Let us consider an initially stressed orthotropic granular layer of finite thickness H overlaying
a semi-infinite orthotropic granular medium. The upper surface of the upper layer is assumed
to be free and horizontal. We take a set of orthogonal Cartesian axes Oxj;x>x3 such that
the interface and the free surface of the granular layer resting on the granular half-space of
different material are the planes x3 = H and x3 = 0, respectively, with the origin O being any
point on the interface surface; x3-axis is positive in the direction towards the exterior of the
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half-space, and xj-axis is positive along the direction of Rayleigh waves and Stoneley waves
propagation. Let the both media be under initial compression stress P along x;-axis, with the
influence of gravity and at initial temperature Ty. It is assumed that both media exchange
heat freely with their surroundings; an initial stress is produced by a slow process of creep,
where the shear stresses tend to become small or vanish after a long interval of time.

In view of the two-dimensional nature of the problem, we assume that the state of
initial stress is

TH=TR=T, T13 =0, (2.1)

the equilibrium conditions of the initial stress field are given by [12]

oT ot
a—x1 = O, a—x3 — P8 = 0. (22)

The state of deformation in the granular medium is described by the displacement

vector U = (u1,0,u3) of the centre of gravity of a grain and the rotation vector 5 = (¢,1,¢) of
the grain about its centre of gravity. There exist a stress tensor and a couple stress which are
nonsymmetric, that is,

Tij 75’1']'1', Mi]' #M], ( l,] = 1, 2, 3) (23)

The stress tensor 7;; can be expressed as the sum of symmetric and antisymmetric
tensors

Tjj = Ojj + o{j, (2.4)

where
1 , 1
Gij = E(Tij +Tji), 0jj = E(Tij - Tji). (2.5)

The symmetric tensor o;; = 0j; is related to the symmetric strain tensor

1/ ou; auj
€ij = €ji = §<a—x] + 6_xl> (2.6)

by the Hook’s law.
The antisymmetric stress o; j 1s given by

on )

03 :
al 012 - a/

0'53 = —Fa, 031 = -F
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the couple stress M;; is given by

M;j = Mvij,
0 0
Vi1 = a_.fll Voo = 01 V33 = a_x?)/ Vo3 = O/
0¢ 0 0
V31 = a—x?), V2 = a—xl(ﬂ + wz), V32 = a—x3(11 + wz),
0
Vi3 = 6_xgl' vy =0,
(2.8)
where, w, = Ouy/0x3 — Ouz/0xy.
The six equations of motion are [9, 11, 12]
om Oy Pow,  Ous _ Om
ox1  dxs 20x Soxm Por
aT12 67-32 _
Er
om  O0ms  Powy Ow O
ox, ox; 20x 8ox; P
T3 — T +%+6M31 =0
23 32 ax1 ax3 - Y
OM1; OMs, _
T31 — T13 + ax1 + ax3 = 0,
OMy3  OMz;
T2 — T2 + o1 + —6x3 =
(2.9)

The components of stress for orthotropic body, under the effect of an initial
compression stress P, are given by [11]

ou ou ou ou
1 = (e + P)a_xi + (c13 + P)a_xz -uT, T33 = Cl3a—xi + C33a_xz - usT,
3 ou; Ous on 3 ou; Ous on
731—055(ax3+ax1) For T13_C55<6_x3+6_xl)+12§'

(2.10)

where

U = (c11 + c2)ar + ci3ay, U3 = 2¢13001 + C33000. (2.11)
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Substituting (2.9) into (2.10), we obtain
62u1 P 62u1 P 62u3 au3
(CH+P)6_x%+<C55+E>a_x§+<cl3+C55+ )m (Ul ) — Pgax
9] 871 621/[1
F6t<6x3> ~P o

05 9\ _
Fai’ <aX3 ax1> a O/

(c +C13 + P>—82u1 + (c - B)—azug +c _a2u3 (v T) + Oy
55 13 D103 55 5 ax% 33 ax§ 3 P8 ~— o1
0 aTl _ (321/[3
F6t<6x1> ~P o
_ 6§ 2 _ 01 2[ ( ouy 6u3> 3
2F +V(M¢) =0, 2F 3 + Vo IM(n+ el =0,
- ZF? +V3(ML) =0
(2.12)
The heat conduction equation is given by [11]
10T ou
2 —_———— =
v°T 1ot ev - < o > 0, (2.13)

where X= (61 + 62)/2p5,8 = T()(Ul + U3)/(51 + 62)

3. Solution of the Problem

By Helmholtz’s theorem [27], the displacement vector ii can be written in the form of the
potentials ¢(x1,x3,t) and ¢ (x1, x3,¢) which are related to the displacement components 1
and u3 by the relations

o9 oy o, oy

6x1 6x3' "= 6x3 6x1 ’ (31)

uy =

Substituting (3.1) into (2.12) and (2.13), we get the following wave equations satisfied
by ¢, ¢,¢,1, and &:

2 2 2

0y o’y Oy _ 9
(C11 + P)a—x% + (C13 + 2C55 + P)a_xg pga—xl UlT = pw, (32)
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ot <§fl aai) =0 (33)

P\ 0% P\ &g o Oy
<C55 - 5) a_x% + <C33 ~ €31 — C55 — —> o2 + Pgax at =Pan (34)

05 _

V% -8=2 = = (3.5)

V2 - 5% -Vig =0, (3.6)
\are 5‘3? (3.7)

V2T - j}aa_{ —eV? < %‘f) 0, (3.8)
S= % (3.9)

Eliminating # from (3.4) and (3.6), we get

d P\ o’¢ Py Oy o o
2 4
(v-si) (o 3) 3 (esmenmen-3) 3 oG emsgt [ o' (5) o

(3.10)

Also, T can be eliminated by using (3.8) and (3.9) as follows:

10 > >’ o 0% o

2 2

<V —}a> |:(C11+P)a—x%+(C13+2C55+P)a_x§_pga_gﬁ—pw —U1£V < > 0.
(3.11)

Assuming that

(9, ¢) = {p1(x3), g1 (x3)} exp {i(Lx1 —bt)}, (3.12)
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(&1,¢) = {&1(x3), m1(x3),¢(x3) } exp {i(Lxy - bt)},

where b is real positive and L is in general complex.
Substituting (3.13) into (3.3), (3.5), and (3.7), we get

D¢ - il =0,
D* + h?¢ =0,

D*¢ + h*¢ =0,

where h?2 =ibS - 12,D =d/dx.
Solutions of (3.15) and (3.16) are

él — Alelhx3 + Aze—zhx3, él _ B1€lhx3 + Bze_lhx3,

respectively.
From (3.14) and (3.17), we obtain

h<Aleihx3 _ Aze_ihx3> _ L<BleihX3 _ Bze—ihx3> =0.

Equating the coefficients of /s and e~"* to zero in (3.18), we get

L L
A ==B Ay =-=B,.
1 h 1, 2 h 2

Substituting (3.12) and (3.13) into (3.10) and (3.11), we get

P
[(CSS —C13 — C55 — 5 ibF>D4

+ {<lb5 - L2> <C33 — C13 — C55 — g) - L2 <C55 - g) + sz + ZibFLz}Dz

+(ibS-1?) <pb2 - 12 <c55 - g) - ibFL4>] ¥

+ipgL[D? ~ L2 +ibS|¢r =0,

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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{(C13 +2cs5 + P)D*

+ [pr - LZ(CH +C13 + 2655 + 2P) + ibU1€ + %(CB + 2C55 + P) D2
. (3.21)
+ [<@ - L2> (pb? = L(cr1 + P)) - ibvlsL2] }¢1
X
—ing[DZ—LZ L @1 = 0.
X
The solution of (3.20) and (3.21) has the form
(i)l — Aje—i)tjxg + B]_eij\jx;;l
(3.22)

1 = Eje’i)‘fx3 + Fjeufx\‘ (j=3,4,56),

where the constants Aj, B; are related with the constants E;, F;, respectively, by means of
(3.20) or (3.21), and \; (j = 3,4,5, 6) are taken to be imaginary.
Equating the coefficients of e %, ethixs ( j=23,4,5,6) to zero, we have using (3.21)

E]' = m]'A]‘, F] = m]B] (] = 3,4, 5, 6), (323)

where

) 1
ipgL[-A2 -2+ ib/y]

mj

X {(C13 + 2C55 + P))L;l
(3.24)

ib
— [pb2 — L2 (C11 +c13 + 2¢55 + ZP) + ibvls + l}(clg +2cs55 + P) )L]2

ib
+ ——L2> b? — L*(cy1 + P)) —ibv sLZ},
<X (P 11 > 1

where A3, A4, A5, Ag are the imaginary roots of the equation

ks A3 + ko A® + kad? + kod2 + ko = 0, (3.25)
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ks = (c13 + 2c55 + P)<033 — (13— C55 — g —ibF>,
2_ 12 : ib
k6 = - pb -L (C11 + C13 + 2C55 + 2P) + 1b1)1€ + }(613 + 2055 + P)
P .
X <C33 — C13 — C55 — E — le> — (C13 +ZC55 + P)
. P P .
X [(lbs - L2> <C33 — C13 — C55 — E) - L2 <C55 - E) + pbz + ZleLZ],
] P
k4 = (% — L2> (sz — LZ(CH + P) - ibU1€L2> <C33 — C13 — Cs55 — E - ibF)

+ (c13 +2cs5 + P) (ibs - L2> [pb2 -~ 12 <c55 - g) - ibFL4]

+

<lb5 - L2> <C33 —C13 — Cs5 — g) + pb2 - Lz <C55 — g) + 2leL2]
X [pr - LZ(CH +cC13+ 2C55 + 2P) + ible + %(CB + 2C55 + P)] - Pzgsz’
ko = [(ibS - L2> <C33 — €13~ C55 — g) - <655 - g) +pb? + 2ibFL2]
ib
X —_— L2> b* - L2(011 + P) - ibUlé'Lz]
() )

+

pbz - L2 (C11 + C13 + 2C55 + ZP) + ibU1£ + %(Clg + 2C55 + P)]
; 2 2_ 12 P L pT4 2.272( 72 _; ib
x(zbS—L)pb -L €55~ 5 —ibFL*| — p~g°L~( 2L _le_E .
; 2 2_r2 p L ETd
ko = (zbS—L)[pb -L <C55—E> —1bFL]

ib ., 212 . 2 2 272( b 0\ 2
x [(E_L ><pb -L (c11+P)> —ibviel”| - p°g°L }—L <1bS—L >
(3.26)
Using (3.2), (3.3), (3.12), (3.13), (3.22), and (3.23), we get
¢= (Aje‘i)‘fx3 + B,-e“f’“) exp(i(Lx; — bt)),

(327)
g = m;(Aje™® + Bie™™ ) exp(i(Lxi - bt))  (j =3,4,5,6)
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From (3.2) and (3.27), the temperature T has the form
T =n ( Aj e 4 B ei)‘fx3> exp(i(Lx; —bt))  (j =3,4,5,6), (3.28)
where

nj = _Ull [(CB +2¢s55 + P)A; + L*(ci1 + P) +iLpg m; — pbz] (3.29)

also, from (3.6) and (3.27), 71 has the form
1 =Qjm; (Aje’i’\/"3 + Bjei)‘fx3> exp(i(Lx; - bt)) (j=3,4,5,6), (3.30)

where

(1)

= NT ) (i23456). 331
(RS TRy Y ) (3:51)

We use the symbols with a bar for the quantities in the lower medium (except
x3,L,b, P, g), and by assuming that the solution of (3.20) and (3.21) satisfies the condition
that the corresponding stresses vanish as x3 — —oo, we obtain

L— _ih - —_— — — 0
& =—=Bye M, {1 = Boe™, 1=QmjAeh™m,
—il;. — i, 3.32
$1=Aje™™, g1 =m;Aje™, ( )

T=mAjexp(i(Lxi bt -1jxs))  (j=3,4,5,6).

4. Boundary Conditions and Frequency Equation

The boundary conditions on the interface x3 = 0 are

(i) w1 =, (ii) us = us, (iil) ¢ = ¢,

(iv)n=17, V) ¢=¢ (vi) Ms; = M3,

(vil) M3z = M3, (viil) M3z, = M3, (ix) T33 = T33, 4.1)
(X) 31 = T31, (xi) 32 = T2, (xii) T =T,
(iii) O or=-2T 3T

a.X'3 aX3
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The boundary conditions on the free surface x3 = H are
(xiv) M3s3 =0, (xv) Mz =0, (xvi) M3, =0,
(xvii) 133 =0, (xviii) 731 =0, (xix) 132 =0, (4.2)
T
(xx) aa—x3 +0T =0,
where
o ) 2 95
Mgz =M= Mz =M—(n-Vy), Mz =M—,
33 o3 32 o3 (11 w ) 31 o3
2 20 24
= —_— _— —_ —_— TI = —F—,
T35 = C13 o2 +Ca3 o2 + (c33 — €13) oxon; 732 5t (4.3)
oy 07 ? )
T31 = C55 _qzr__q2r+2 ) -r3L
ox7 0x3  Ox10x3 ot
0 is the ratio of the coefficients of heat transfer to the thermal conductivity.
From the boundary conditions (iii), (v), (vi), and (vii), we get
B, et _ B, e thH _ _B—2 e—iﬁH
Byt 1 ByemitH = _B—zeiﬁH,
' ' I (4.4)
M(Bleth _ Bze—zhH> — _MBze—th,

M (BleihH + Bye MH ) = —M_BzeiﬁH ,

hence

Bi=B,=B;=0, =

g=(=¢=(=0.

(4.5)

The other significant boundary conditions are responsible for the following relations:

(vi) (240 +17) (e A - eVHB;) =0,
(xvii)

(c1aL(L +mjd;) + esadj (N — Lmj) + vsn)e A,

+ (esL(L = mydy) + e (Aj + Lim;) + v3n;)e™i T B; = 0,
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(evil)  [ess (A2 = L2)m; + 2L, + ibFQym;|e M A
+ |ess (42 = L2)m; - 2L, + ibFQym; | e B; = 0,
(@) (L+mpd)A;+ (L-md))B; = (L+mm;)A;,
(i) (Lmj—)A;+ (Lmj+;)B; = (Lim; - 1) 4,
(iv)  Qjm;(Aj+By) = QA
(vili)  Mmd; (A2 +Q; + L2) (A - By) = M (12 + 0 + 12),
(ix)  [eisL(L +mjAj) + cashj(Aj — Lm;) + vsnj] Aj

+ [C13L(L - m])L]) + C33/\]’ ()L] + Lm,) + USnj] B]

= [@L(L+mY) +@x (% - L) + o | A,
00 {ess[my(12+22) -
s
(el (e

(xii) njA;+n;B; = n]A

ZLA]] ibFm;Q }
A2) +2LA;| - ibFm;Q; | By
12) - 2L - ibFmQ; ) 4,

]/
(xiii) (0 —id;) A} +m; (0 +i);) B = 7; (0 - iX; ) A;
(xx)  nj(0-i\;)e VA +n;(0+i);)e™B; =0,  (j=3,4,5,6).
(4.6)

Elimination of A;, B]-,X]- (j =3,4,5,6) gives the wave velocity equation in the form
det-(d;c) =0 (r,c=1,2,...,12), (4.7)
where the nonvanishing entries of the twelfth-order determinant of d,. are given by

di= (B+Qs+12)e™,  dip= (4 +Qu+ L),

d13 = (.)Lé + Q5 + L2> E_MSH, d14 = <)Lé + Q6 + L2)€_M6H,
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dis = —<)L§ +Q5+ L2>6M3H,

dy7 = —<A§ +Qs + L2>ei*5H,

13
d16 = —<.)LZ + 94 + L2>8M4H,

dig = —<A§ + Qg + L2>e’“6H,

dn = (ci3L(L + m3A3) + c33hs (A3 — Lms) + vgng)e ™H,

do = (c13L(L + myls) + c33ha(As — Lmy) + vang)e4H,

d23 = (013L(L + m5./\,5) + C33)L5 ()L5 — Lm5) + USnS)e—MSH,

das = (c13L(L + mgs) + c3306(As — Lmg) + v3ng)e oH,

dos = (c13L(L — m33) + c33ds (A3 + Lms) + vanz)e™H,

dae = (c13L(L — mydy) + c33ha(Ng + Liny) + v3ng)e™H,

do7 = (c13L(L — msAs) + c33A5(As + Lms) + vsnis)e

i\s H
’

i\e H

dzg = (C13L(L - m6A6) + C33)L6()L6 + Lm6) + U31’l6)€ ,

1 = [oss (A3 = L) ms + 2LAs + ibFQams| e,

[e55 (A2 = L2)ma + 2104 + ibFQumy| e M,
das = [es5 (A2 = L?)ms + 2Ls + ibFQsms| e,
|55 (42 = 12) g + 226 + ibFQermg| e o7,
[ess ( )ms = 2Ls + ibFQyms| e,
da = [oss (A3 = L2)my — 2114 + ibF Q] e,
[oss (23 - 12)

ms — 2L)L5 + ibFQ5m5] eMSH,

d38 = [C55 <)Lé - L2>m6 - 2L)L6 + 1bFQ6m6] ei)LGH,

d41 =L+ m3A3,
d43 =L+ ﬂ15)L5,
dys = L —m3l3,
dyy = L —mshs,
dyo = —<L +W3J\_3>,
dy = —<L + m_51_5>,
dsi = Lmz — A3,

ds3 = Lms — s,

d42 =L+ m4.)L4,
d44 =L+ m6)t6,
dys = L —mygly,
dig = L —mghs,
dao = —<L + m_4)u_4>,
dap = —<L + W)L_6>,
dsy = Lmy — A4,
dsq = Lmg — A,
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d55 = Lm3 + )Lg,
d57 = LTH5 + )L5,
dso = —Lims + A3,

dsiy = —Lims + s,

dg1 = Qamg, der = Qumy,
des = Qams, des = Q4my,
deg = —Qazms, deio = —Qqmy,

dy = Mimads (A3 + Qs+ 17),
dzy = Mms)s (12 +Qs + 12),
dzs = ~Mma)s (13 + Qs + 1),
dr = =Mms)s (A2 + Qs + 1),
dyo = -M%ﬂ(fg + Q5+ L2>,

dr = —Mm_5)L_5<A_§ +Qs + L2>,

Mathematical Problems in Engineering
dse = Lmy + A4,
dsg = Lmg + A,
dsio = —Limiz + Ay,

dsiz = —Lintg + A,

de3 = 25ms, des = Qems,
de7 = Qsms, deg = Qemg,
de11 = —Q5ms, de12 = —Q6mg,

d72 = Mm4)t4 <)Li + 94 + L2>,

dyy = Mmglo (12 + Qg+ 17),
)
)

d7io = —MWA_ALO_E +Qy + L2>

d76 = —Mm4)u4 ()\i + 94 + L2

d7g = —Mmé)té (.A% + Q6 + Lz

7
7
7

d7ip = —MWEQ_E +Qq + L2>,

dg1 = ci3L(L + m3\3) + c33A3(A3 — Lms) + vsns,

dgz = 6‘13L(L + M4)L4) + C33)L4()L4 - LTI’Z4) + U3ty,

dss = ci3L(L + ms)s) + c33As5(As — Lms) + vsns,

dgs = ci3L(L + mghg) + c33A6(As — Lmg) + vane,

dgs = ci3L(L — m3\3) + c33A3(A3 + Lms) + vsns,

dge = c13L(L — my)y) + c33As(Ag + Lmy) + v3ny,

ds7 = ci3L(L — ms)s) + c33As5(As + Lms) + vsns,

dsg = c13L(L — mghg) + c33A6 (A + Lmg) + vane,

dgo = —[C_BL<L +m_3f3) +c_33A_3()»_3— Lm_g) +W],

dsio = =[erL (L + ks + ke (A4 - Limg ) + 03,

dsir = —[ewL (L + 7515 ) + s (1s - Lirts ) + 073,

dsi> = = [eL (L + meXe) + 53k (A6 - L) + g,

d91 = C55 [m3 <L2 + )L%) - 2LJ\3] - ime3£23,
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dgz = C55 [1114 <L2 + .)Li) - 2L,/\4] - ime4Q4,

dos = css[ms (L2 + 02) - 2Ls] - ibFmsQs,
dos = css[ms (L? +13) + 2143 | - ibFma,
(
(
(

d98 = Cs55 [m6 L2 + )Lg + 2LJ\6] — ime6Q6,

)
)
d96 = Cs55 [m4 L2 + )Li) + 2LJ\4] - ime4Q4,
do7 = cs5 [m5 )
)
doo = ~{ @3 (12 + 12) - 2L75] - ibFrmss |,
doro = —{@s [ma (L2 + 12) - 2L04] - ibFra },
L

{ )
don = —{@s [ms (L2 + \2) - 2L1s] - ibFrms0s
{ )

dora = —{ @5 [ (L2 + A2) — 2L - ibFie |,
digr = n3, dip2 = 1y, digz = ns, dios = ng,
dios = n3, dios = 14, dyo7 = ns, dios = ng,
dige =13, dior0 = g, dion1 = 75, dio12 = 7,

diin = n3(0 —il3),
di1a = ne(0 —ikg),

diip = n4(0 —ily),
diis = n3(0 +il3),

diiz = ns5(0 —iks),
diie = n4(0 +ily),

duy=ns(@+ids),  dus=ne(0+ike), o =—73(0-ik3),

= T(ET), = (), = (0 T)

dizn = n3(0 —iks)e ™,

dins = n5(0 —iks)e ™,

i H
7

d125 = 113(9 + i)Lg,)e

d127 = 1’[5(6 + i/\5)€m5H,

diny = na(0 — idg)e ™M,

dis = n6(60 —ike)e o
dioe = n4(6 +iky)e™H,
dig = ng (0 + i)%)ei)“"H.

(4.8)

Equation (4.7) determines the wave velocity equation for the Rayleigh waves in an
orthotropic thermoelastic granular medium under the influence of initial stress and gravity

field.
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5. Stoneley Waves
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To investigate the possibility Stoneley waves in thermoelastic granular medium under the
influence of initial stress and gravity field, we replace the layer by a half-space (H — o), in
the preceding problem, in this case e’/ — 0, and the coefficients of e (j = 3,4,5,6) must
vanish. Hence, the wave velocity equation (4.7) reduces to

where

l
d31 = Q31113,

!
d35 = —Lm3,

dy; = —Mmshs( X

det-(d..) =0

dyy = L+m3l;,

diz = L+msls,

dis = L-mzl;,
dy; =L —msls,
dy = Lmz — A3,
dy; = Lms - \s,

d’25 = Lm3 + )L3,
dy; = Lms + s,
déz = §24m4,

!
d36 =-Qymy,

(r,c=1,2,...,8),

diy = L+ myly,

dyy =L +mgls,

dig =L —myly,
d,18 =L- m6)%,
d'zz =Lmy — )L4,
dyy = Lme — e,

d,26 = Lm4 + .)L4,
d,zg = Lm6 + )L6,
dg?, = 957115,

I
ds; = —Qsms,

!
d34 = nge,,

!
dss = —Q¢ms,

dyy = Mmyh, (Aﬁ +Qu+ L2),

dy, = Mmgle <)L% + Qg + L2>,

dys = —Mmyly (Ai +Qy+ L2>,

dig = ~Mmee (A2 + Q6 + L),

dyy = ci3L(L + m3A3) + c3A3 (A3 — Lmg) + vzng,

d,52 = c13L(L + mals) + c330a(As — Lmy) + U3y,

dyy = c13L(L + mss) + c33As(As — Lms) + vans,

dg4 = C13L(L + mé)%) + C33)L6()Lé - Lm6) + U3MNg,

dys = c13L(L — m3A3) + c33A3(A3 + Lms) + v3ng,

(5.1)
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l
d57

l
d58

déé = c13L(L — mydy) + c33Ma(Ng + Lmy) + vsng,

dyy = ess[ma (12 + 13) = 2LAs | - ibPmaQs,
2LAy| - ibFmyQy,

l
d62 = C55 [m4

dly = css [m5 L2+ 2L,\5] — ibFmsQs,

h
N

+

&=,

d,64 = Cs5 [1116 2L./\6] - ime6Q6,

dig = css[ma(L? +13) + 2LA] - ibFmQy,
diy = css[ms(L? +02) + 2L1s] - ibFmsQs,

(1 +5) -
(L4 5) -
(14 25) -
dis = css[ms (L2 +13) + 2145 ] - ibFma,
(12 +)
(12 +3)
)

dig = css[me (L2 +02) + 2L4g| - ibFmeQe,

c13L(L — msAs) + c33A5(As5 + Lms) + vsns,

ci3L(L —mghg) + c33A6 (N6 + Lmg) + vsne,

! ! ! !
d71 =ns, d72 = Ny, d73 = ns, d74 = e,

d/75 =
dg = n3(0 —ilz), dg, = ns(0 —ils), dgs = n5(0 —ils),

dgy = n6(0 —ide), dgs = n3(0 +1il3), dgg = n4(0 +1iMs),

! ! !
ns, dzg = Na, dz; = ns, dzg =

dg; = n5(6 +is), dyg = 16(0 + ie).

Ng,

17

(5.2)

Equation (5.1) determines the wave velocity equation for the Stoneley waves in an
orthotropic thermoelastic granular medium under the influence of initial stress and gravity

field.

6. Special Cases

The transcendental equations (4.7) and (5.1), in the determinant form, have complex roots.
The real part gives the velocity of Rayleigh waves and Stoneley waves, respectively, while
the imaginary part gives the attenuation due to the granular nature of the medium. It is clear
from the frequency equations (4.7) and (5.1) that the phase velocity depends on the initial
stress P, the friction F, the gravity field, and the coupling factor ¢.
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Figure 1: Effect of the density p on (real, imaginary, and magnitude) of Stoneley waves determinant with
respect to initial stress.

When the gravity field is neglected, there is no coupling between the constants A;, B;,
and E;, F; (j = 3,4,5,6), the equations (3.10), (3.11) become, respectively,

5 P\ & P\ o’y Py oy
) 4 _
() (o )2 e D)

10 &y Fp O i
, 2 —
(V - }&> [(011 + P)a—x% + (c13 + 2c55 + P)a_xg P eV (E) =0

(6.1)

Equation (6.1) are in agreement with the corresponding equations obtained by Ahmed

[7]-
In the absence of initial stress and when there is no coupling between the temperature
and strain fields, (4.7) takes the form as obtained by Oshima [2].
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Figure 2: Effect of the parameter b on (real, imaginary, and magnitude) of Stoneley waves determinant
with respect to initial stress.

7. Numerical Results and Discussions

For a numerical computational work, Potash material is considered as an upper granular
media with thickness H and Fe as lower granular media [28]

p =1.098, M =04, F =05, Q1 =04, Q, =0.6,

! ! ! ! ! (7'1)
p =449, M' =046, F = 0.6, Q) = 0.6, Q, =08

A Mathcad program is used to invert the transform in order to obtain the results in the
physical domain. From Figure 1, It is obvious that the determinant of Stoneley waves velocity
increases and decreases with an increasing of the various values of the initial stress P, also
with an increasing of the density p; the real and imaginary parts of the determinant of
Stoneley waves frequency equation increase. It is seen that magnitude of determinant of the
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frequency equation for Stoneley waves takes a large decreasing with an increasing of the
initial stress and density.

Figure 2 displays the influence of parameter b on the frequency equation of Stoneley
waves. It is concluded that the determinant of frequency equation of Stoneley waves increases
with an increasing of the initial stress P. Also, it is clear that Re(A) increases with an
increasing of parameter b but Im(A) decreases.

Finally, it appears that the magnitude of A increases with the increased values of the
parameter b.

8. Conclusion
From the results obtained, we concluded the following.

(1) The determinant of frequency of Rayleigh and Stoneley waves is affected by the
influences of initial stress, density, gravity, and orthotropic of material and very
pronounced on the waves propagation phenomena that indicates their utilitarian
aspects in diverse fields as Geophysics, Geology, Acoustics, Plasma, and so forth.

(2) From Figures 1 and 2, it is obvious that the magnitude of Stoneley waves increases
clearly with the influences of the density p and parameter b.

(3) If the media considered are isotropic, the relevant results obtained deduce to the
results obtained by El-Naggar [25].

Nomenclature

ii: Are the elastic constants
ij: Are the components of strain tensor
Is the coefficient of fraction
Is the acceleration due to the gravity
: Is the third elastic constant
Is the initial stress
Is the specific heat per unit mass
Is the temperature change about the initial temperature Tj
Is the phase speed
aq: Is the thermal expansion coefficient in the planes of orthotropic
ay: Is the thermal expansion coefficient along the x3-axis
p: Is the density
7: Is a function of depth
7;j: Are the components of stress tensor
w: Is the frequency.

S0
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