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An explicit analytical formula for the any order fractional derivative of Shannon wavelet is given
as wavelet series based on connection coefficients. So that for any L,(R) function, reconstructed
by Shannon wavelets, we can easily define its fractional derivative. The approximation error is
explicitly computed, and the wavelet series is compared with Griinwald fractional derivative by
focusing on the many advantages of the wavelet method, in terms of rate of convergence.

1. Introduction

Shannon wavelet theory [1, 2] is based on a family of orthogonal functions having many
interesting properties. They enjoy the many advantages of wavelets [3, 4]; moreover, being
analytical functions they are infinitely differentiable. Thus, enabling us to define the so-
called connection coefficients [5-7] for any order derivative. Connection coefficients are an
expedient tool for the projection of differential operators, useful for computing the wavelet
solution of integrodifferential equations [8-13].

Wavelets are localized functions, in time and/or frequency, which are the basis for
energy-bounded functions and in particular for L,(R)-functions. So that localized pulse
problems [14, 15] can be easily approached and analyzed. Moreover, wavelet allows the
multiscale decomposition of problems, thus emphasizing the contribution of each scale. By
defining a suitable inner product on the orthogonal family of scaling/wavelet functions, any
L, (R)-function can be approximated at a fixed scale, by a truncated series having, as basis, the
scaling functions and the wavelet functions. The wavelet coefficients of these series represent
the contribution of each scale.

Shannon wavelets are related to the harmonic wavelets [3, 5, 8], being the real part
thereof, and to the well-known sinc function, which is the basic function in signal analysis.
It should be also noticed that, as compared with other wavelet families, the main advantage
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of Shannon wavelets is that they are analytical functions, thus being infinitely differentiable.
Moreover, they are sharply bounded in the frequency domain, so that, by taking into account
the Parseval identity, any computation can be easily performed by their Fourier transforms.

The theory of connection coefficients was initially given [10, 13] for the compactly
supported wavelet families, such as the Daubechies wavelets [4]. The computation of these
connection coefficients was based on the recursive equations of the wavelet theory and the
explicit forms of these coefficients were given only up to the second order derivatives. The
connection coefficients are the wavelet coefficients of the derivatives of the wavelet basis.
These coefficients are a fundamental tool for the approximation of differential operators, with
respect to the wavelet basis.

In some recent papers, the connection coefficients for Shannon wavelets have been
explicitly computed up to any order derivative with a finite analytical form. This is due to
the analytical form of Shannon wavelets and the discovery by Cattani of a suitable series
expansion for the connection coefficients [2, 6, 7].

In the following, we will define the wavelet representation of fractional derivative,
so that the fractional derivative of an L,(R)-function can be easily computed by knowing
the connection coefficients. The fractional derivatives of the Shannon scaling/wavelet basis
are defined and the error of the approximation will be explicitly computed. Moreover, a
comparison with the classical definition of Griinwald formula [16, 17] is given, by showing
the major performance of wavelets, in terms of rate of convergence.

In particular, Section 2 gives some preliminary remarks, definitions, and properties
about Shannon wavelets. Their corresponding connection coefficients are discussed in
Section 3. This Section deals with some properties of connection coefficients, functional
equalities, and error of approximation. Fractional derivatives of the Shannon scaling function
and wavelets are given in Section 4. In this section, it is also shown that the fractional
derivative is a semigroup. The error of the approximation is explicitly computed and
compared with classical definitions of the fractional derivative, and in particular with the
Griinwald formula.

2. Preliminary Remarks

In this section, some remarks on Shannon wavelets and connection coefficients are given (see
also [7]).

Shannon wavelet theory (see e.g. [1, 2, 6, 7, 9]) is based on the scaling function ¢(x),
also known as sinc function, and the wavelet function ¢(x), respectively, defined as

def SIn oTx T — g TiX

¢(x) = sincx = rx  2mix '
_sin 2or(x - (1/2)) = sin a(x - (1/2))
¥(x) = 70— (1/2)) (2.1)

e—2iﬂx(_i+ei7rx+e3i7rx+ie4i7rx)
- 27 (x - (1/2))
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The corresponding families of translated and dilated instances wavelet [1, 2, 6,7, 9], on which
is based the multiscale analysis [4], are

,sin o (2"x — k)
a(2nx — k)
2eaz'i(Z"x—k) _ e—yri(Z"x—k)

2ri(2"x - k)

¢r(x) =2"2p(2"x — k) =2"

n(x) = 22 sin 2o (2"x —k - (1/2)) —sin o (2"x -k - (1/2)) 22)
¥k Z(2"x -k - (1/2))
— 2n/2 le+s swi(2"x-k) _ :1-s 7571'1(2"36 k)
2w (2"x -k - (1/2)) &
being, in particular,
Pox) =9(x), $i(x) =¢(x), ¢l(x) =) = p(x k), 03
PR(x) = () = g (x - ). '

Let

f@ =70 o[ fwetdr, o= [ fwerd (2.4

be the Fourier transform of the function f(x) € L,(R), and its inverse transform, respectively.
The Fourier transform of (2.1) give us [2]

1 — - <
¢(w):2—x(w+37r): 2’ TSwsT
T 0, elsewhere 2.5)

#(00) = 52 [x(20) + x(-20)],

with

(2.6)

1, 2r<w<dr
(w) =
0, elsewhere.

Analogously for the dilated and translated instances of scaling/wavelet function, in
the frequency domain, it is

_ )
¢ (w) = = eiwk/2 x(z—n+37r>

st = T () i ()]

2.7)
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Both families of Shannon scaling and wavelet are L,(R)-functions therefore, for each
f(x) € Ly(R) and g(x) € L>(R), the inner product is defined as

(fg) % f i’° fx)g(x)dx =2 f f@)gwydw =27(f,2), (2.8)

where the bar stands for the complex conjugate.
Shannon wavelets fulfill the following orthogonality properties (for the proof see e.g.,

[2,7]):

(), g () = 66, (@h(x), @h(x) ) =6, (), g7 (x)) =0, m20, (29)
6™, Onk being the Kronecker symbols.
2.1. Properties of the Shannon Wavelet

According to (2.2), Shannon wavelets can be easily computed at some special points, being
in particular

or(h) = @n(k) = p(h—k) = p(k - h) = 6, (b, k €Z), (2.10)
so that
= Z,
Pr(x) = 0, x=hgk (hkeZ) (2.11)
1, x=h=k, (hkeZ).
It is also [7]
. 21+n/2
() = (-)*"* (2" —2k 10
vt = GO i D ( #0)
gr(x) =0, x=2—n<k+%:|:%), (neN,ke?Z) (2.12)

lim n(x) = =228,
xﬁzfn(m(l/z))qjk( ) hk

In the following, we will be interested on the maximum values of these functions
which can be easily computed. The maximum value of the scaling function ¢ (x) can be
found at the integers x = k

max|[pk(xm)] =1, xm =k, (2.13)
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and the max values of ¢ (x) are

1
27 k+—
e (%)
_9 /27, xv=4 ...\ © (2.14)
(18k +7).

max gy (xm)]

3

Both families of scaling and wavelet functions belong to L,(R), thus having a bounded
range and (slow) decay to zero

Hm g0 =0 mgiCo=0 215

Let B C L,(R) the set of functions f(x) in L,(IR) such that the integrals

w E (F@ i) [ s

. (2.16)
n def n (28 T TNY
B0 2 [ et
exist with finite values, then it can be shown [2—4, 7] that the series
fe) = D an gn() + 3, > Prop(x) (2.17)
h=-00 n=0 k=—co

converges to f(x).
According to (2.8), the coefficients can be also computed in the Fourier domain [7] so
that

ag = J‘ f(w) e“*dw,

v n . n (2.18)
‘BZ _ 2—n/2 [J‘Z”r f(w)elw(k+l/2)/2 dew + f_2”+1xf(w)EIW(k+l/2)/2 d(AJ]
In the frequency domain, (2.17) gives [7]
f(w) = LX((.;J + 3.%') i ‘xhei wh
27 h=—00
1 W O\ = o2 an ico(k+1/2)/2"
+E S Z Z 27/2pre (2.19)
n=0 k=-—c0

n=0 k=—co
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When the upper bound for the series of (2.17) is finite, then we have the approximation

K
fx) = D anpn(x) + Z Z Brot (x (2.20)
h=-K

n=0 k=-S5

The error of the approximation has been estimated in [7].

2.2, Reconstruction of the Derivatives

In order to represent the differential operators in wavelet bases, we have to compute the
wavelet decomposition of the derivatives. It can be shown [2, 7] that the derivatives of the
Shannon wavelets are orthogonal functions:

4¢
—n(x) = Z X ox(),
(2.21)
d( [ee] o0 (g)"m "
dxe‘/’h Z Z YO g (%),
being
def da¢ mn def d* n m
A0 = <y902(x),<l’?l(x)>, y e = <W‘Pk (x), ¢, (x)>, (2.22)

the connection coefficients [2, 5, 6, 8-13].
The computation of connection coefficients can be easily performed in the Fourier
domain, thanks to the equality (2.8)

dé/\ _ mn de/\ P
)Ll(f;l) = 27r<W(pk(x),(ph(x)>, Y = 2x<quZ(x),qf;”(x)>. (2.23)

In fact, in the Fourier domain, the £-order derivative of the (scaling) wavelet functions
are simply

— o —

4 4

d - Neon d  \lon
TP = (@) P, () = (@) G W), (2:24)
and, according to (2.7),
de/—\ 22 iwke/on [ W
e L0 = ) S (g ),
(2.25)

-

d¢ g2 " w w
W‘P;f(x) = (zw)ege (et (l/2))/2 [x(zn—_1> +X<_F)]'
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It has been shown [2, 6, 7] that the any order connection coefficients (2.22); of the
Shannon scaling functions ¢y (x) are

it & o\ors
Y T[] - 1], k#h
19 2 ; s![i(k - by [ I ke (2.26)
iéﬁ.éﬂ ¢
2@+ 1) 1+ 7], k=nh,
or, by defining
1, m>0
u(m) =sign(m) =4 -1, m<0 (2.27)
0,0 m=0,
shortly as,
PN PRIV [ S
kh—2(3+1)[ +( )]( _Il’l( )|)
e (2.28)
TS - T
(=1 u( ar;:}s' (k h) e (D7)
when ¢ >1,and for ¢ =0,
)‘I(c(;l) = Sk (2.29)

For the proof see [2].
Analogously for the connection coefficients (2.22), we have that the any order
connection coefficients of the Shannon scaling wavelets ¢’ (x) are

O = y(h - k)s™ % (=1) [T @e=s+1)/2 015 s (=1)7520k) gne=s-1
remEs = (C—s+D|h—kF

y {2“1 [(_1)4h+s + (_1)4k+€] _os [(_1)3k+h+e n (_1)3h+k+s] } }, k#h

O = 5nm[ f%(z"“ - 1)1 + ((—1)5)], k=h,
(2.30)
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or, shortly

nm — Jl.€2n€—l .
Y(e)kh =06 {le(l_lﬂ(h_k)l) 7T <2€+1_1><1+(_1) )
2+1 s Oms
01 o
h—k _1)[+(h-)20=5+1) /2
uth=k) 3D -

s=1

(_1)—5—2(I’l+k) znf—s—l

% {212+1 [(_1)4h+s n (_1)4k+€] _ 25[(_1)3k+h+€ + (_1)3h+k+s] } },

(2.31)
for¢>1,and
Y(O)ZZ" = 65, 6™, (2.32)
¢ =0, respectively.
For the proof see [2].
3. Remarks on Connection Coefficients
3.1. Recursiveness
The connection coefficients fulfill some recursive formula as follows.
Theorem 3.1. The connection coefficients (2.26) are recursively given by
241
L0 T ], kg
104D _ k-h k-h (3.1)
G €+l , (—i) ¢+ et P :
0+2 kh e+2 Y
Proof. Let us show first when k = h. From the definition (2.26), it is
€+1 €+2
(€+1) _ £+1
Ao = 20r(€ +2) [ ]
RS ittt e+
= 1 1)¢ - (-1 3.2
(€+2)23r(€+1)[ + ) (D)7 = (1] (3.2)

. (€+1) 1e‘71'£+1 p o
= 1Jz'(€+2) @+ ) [1+(—1) +2(-1) 1]/

from where (3.1), follows. Analogously with simple computation we obtain (3.1);. O
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Shorty and with some caution, (3.1) can be written as

A8 _ (1 - 6kh>[“1x‘“ <1>k’”” [( 1)° +1]]

k
3.3
041 @ ()t .
+6kh[l.71'€ 2')Lkh + V) ],
that is,

(e ) - 2+1]

)L N [(1 6kh)k h+6kh 7+ z]ikh
. hz Cort+ (=) e+t 4

s LY [

It is not so easy to find out a similar property also for the y-coefficients as a function of
¢ however, there is a simple rule for the recursiveness of the scale (upper) indexes, as follows.

Theorem 3.2. The connection coefficients (2.30) are recursively given by the matrix at the lowest

scale level:

11
@O pln1) @ (35)

Y

Proof. As can be seen from (2.30) parameter n appears only in the factor

el (3.6)
so that (3.5) follows from the identity
2n€ 1 2€(n 1)28 1 (37)
O
Moreover, it can be shown also that
pROE = Qe QO QO (3.8)

3.2. Taylor Series

By using the connection coefficients, it is easy to show the following theorem.
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Theorem 3.3. If f(x) € B, C L(R) and f(x) € CS the Taylor series of f(x) in xg is

F(x) = f(x0)
S o) r
+Z[ D an ¢k<xo>+Z Z 27 (D) gy (s g1 (xo>]( *0)" | RS (x, %),
r=1 Lhk=-—0 n=0 k,s=—c0

(3.9)

being ay, and B} given by (2.16), (2.18) and RS(x, xq) the error.

Proof. From (2.17), the £-order derivative (¢ < S) is

o d[
fOC = 3 an gm0+ DI I Lo,

n=0 k=—co

EEDWAD IS HTAOED NN WPIPCEN AP (310

h=—c0 k=—0c0 n=0 k=—oo M=—00S=—00

- 3w ifnr 33 AT,

h,k=-o0 n,m=0 k,s=—c0

so that by taking into account (3.5) the proof follows. O

In particular, by a suitable choice of the initial point xp, (3.9) can be simplified. For
instance, at the integers, xo = h, (h € Z), according to (2.10), (2.12) and (3.5), it is

2r(n—1)+1+n/2

B S 0 . 0 3 . . ( —hY
f(x):f(h)‘i‘Z[Zah )‘51}3+Z Z (_1)2h (2n+1h_25_1)‘7rﬁk}/()5k] o 1 ) .

r=1 Lh=—co n=0 k,s=—c0 r
(3.11)
3.3. Functional Equations
The connection coefficients fulfill some identities as follows.
Theorem 3.4. Forany k € Zand € € N, it is
(iw)fe ™k = Z /\,((h)e*’“’h, —r<w<um, (3.12)
or
(iw)’ = Z /\,(fh)e*’l“’(h’k), -r <w<ux Yk €. (3.13)

h=-o0
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Proof. From (2.21), by a Fourier transform of both sides and taking into account (2.24), we get

(i) Pr(@) = 3] 43 fn(w)
h=-c0
(3.14)
(iw)’ e * y(w + 3or) @7 D )L,(i)e‘i‘”h x(w +3),
h=-c0
from where the identity (3.12) follows. O

In particular, by assuming, without restrictions, k = 0, we have the following (see
Figure 1).

Corollary 3.5. Forany € € Nit is

(iw)® = Z )L(()i)e‘i“’h, —r<w<um, (3.15)

h=-c0

so that A(()i) are the Fourier coefficients of the power (iw)e.
Analogously, from (2.21),, we have the following.

Theorem 3.6. Forany k € Z and €,n € N it is
(iw)fe—iw(k+l/2)/2" — i Y(e Zﬁe—iw(h+1/2)/2”, w e [—2n+1.71', —2".71'] U [271.71' ,2n+1.71'], (316)
h=-c
or

(I(U)e — i Y(Z)ZZe’iw(hfk)/Z", w € [_2n+1ﬂ. ,_znﬂ_] U [2"]1‘ ,2n+1‘71'1|- (317)

h=-
In particular, with k = 0, and taking into account (3.5), we have the following.
Corollary 3.7. Forany €,n € Nitis

(lw)é — 25(11—1) Z Y(Z)(l):le—iwh/Z", w e [_2n+1m_ ,-2”.71'] U [2".71' /2n+1‘71.:|. (318)

h=-00

As a consequence of the previous theorems we have the following.
Theorem 3.8. Forany ¢,n € Nit is

Z J\éi)e_iwh, —r<w<a
(iw)’ = /== (3.19)
2¢(n-1) Z Y(f)é}le—iwh/ﬂ, w e [_2n+1‘7rr —Znﬂ'] U [2"]2', 2n+1ﬂ.] .

h=-o0
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() (d)

Figure 1: Approximation of (iw)e (plain) by the rh.s of (3.15) at different scale: (a) i“s[(iw)3], k =
5, |hmax| =5 (b) %[(1&))3],k =5, |hmax| =10; (C) ER[(u"))z]/ k=7, |hmaX| =5; (d) ER[(I(,())Z], k=7, |hmax| =
8.

There we have the following.

Corollary 3.9. The Fourier transform of the derivatives of a function is

- < 4 (0 —icoh

e R Z)‘Ohelw' —TSWST

@ =fl@)x gt (3.20)
X 2?(1171) Z Y(r’.’)khe—iwh/Z", w e [—27”1‘71', —Znﬂ'] U [2"]1', 2n+1‘7r].

h=—00
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If we express €' as a Taylor series we have

© [ 4
iw 1w
e =ZZ_0( e!) , (3.21)

so that e with —r < w < o is the solution of the functional equation

& 1
X=3 3 X (3.22)
¢=0 h=—0 *
Moreover, the theorem of moments
df(w
x4 f(x)dx = i flw) (3.23)
R dw®
can be written as
Z )Lgl)e"""h, —r<w<a

[ xtpeods=itf@ {7
R Z Y(Z)Zze—iw(h—k)/Z"l w E [_2n+1-7f/ —2”.71'] U [2".7[,211+1.7f].
h=-c0

(3.24)

3.4. Error of the Approximation by Connection Coefficients

For a fixed scale of approximation in (2.21), it is possible to estimate the error as follows. It
should be noticed that the approximation depends on a the upper bound of the limits in the
sums.

Theorem 3.10 (error of the approximation of scaling functions derivatives). The error of the
approximation in (2.21) is given by

© ©
< M nn + v | (3.25)

d@ N ©
dxg(Ph(x) - § )Lhk (Pk(x)
k_

Proof. The error of the approximation (2.21); is defined as

4 0

d N -N-1
o - 3 Aee® = Y Ao+ X Alpe). (3.26)
k=—N k=—o0 k=N+1
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Concerning the r.h.s, and according to (2.13), it is

T @+ S A )
k=—w0 k=N+1
< max [21/\ Pr(x) + Z )L( ) (Pk(x)] (3.27)
k=N+1

)L(f) +19

@) @)
= Loy O-N-1(X) + gy N () S sy F v

O

Theorem 3.11 (error of the approximation of wavelet functions derivatives). The error of the
approximation in (2.21), is given by

< |pllm=-1)+m/22V 2 3v3 [Y(e)h( -5 4 Y(e)h(sﬂ ] (3.28)

,Z‘Ifh( )—Z ZY(Z)“ pr(x)| <

n=0 k=-S

Proof. The error of the approximation is

© -5-1
- gw?(X) Z ZY o) = > [Z y O g (x) + Z y O g (x)] (329)

n=0 k=-S n=N+1 k= k=5+1

If m < N, the r.h.s. according to (2.30) is zero; therefore, we assume that m > N so that the
last equation becomes

N S -5-1
gqfh< x)= > 3y kgl (x) = [Z YOI g (x) + Z y O g (x)]

n=0 k=-S k=S+1

35) He(m-1) E= oy < @ m
=2 >y O+ 3 O gt (x)

k=-c0 k=5+1

51
< 2¢(m-1) max{ [ Z Y(g)hk + Z Y(e)hk:l ]Z”(x)}

k=S+1
5 11 1
— 9l(m-1) [Y(Z)h(fs—l)(ly(”_’s_l)(x) + Y(e)”(s*”(lf(rgﬂ)(x)]

< 200D [ Ocsy max gty ) (x) + s max g ()]

(2.14) 2é7<mfl>2m/zﬁ3 [Yw);},sfn + Y(f)i}m].
Jr
(3.30)

O
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4. Fractional Derivatives of the Wavelet Basis

The simplest way to define the fractional derivative is based on the assumption that the
noninteger derivative of the exponential function formally coincides with the derivative with
integer order so that

dV
dx»

e =a"e" veQ. (4.1)

For negative values of v, this formula still holds true and it represents the integration.
It is known that the fractional derivative cannot be analytically computed except for
some special functions, such as (see e.g., [16-18]) the following;:

av . av
dx»

cosax =a’ cos(ax + %v),

(4.2)
av . o L7
P sinax =a 51n<ax Ev).

From these, classical examples, we can see that the fractional derivative can be also
interpreted as an interpolating function between derivatives with integer order, so that

:(1—v)f(x)+v%f(x), 0<v<1. (4.3)

More in general, let f(x) be a single-valued real function, then the Riemann-Liouville
fractional order derivative is defined as [16]

wf 1 d f F© 4 0<v<1, x>0), (4.4)

ol T tayyax ), Goo

I'(v) being the gamma function.
Other equivalent representations were given by Caputo (for a differentiable function)

1 A

av def
Wf(x = A= ), (x_é),,dg, 0<v<l, (4.5)

and by Griinwald (see e.g., [17, 18])

ddx"f(x) m o v)( ) Z?EL’S [< —%)x], O<v<1, x>0). (46)

However, a drawback in the Griinwald definition, as well as in the Riemann-Liouville, is that
it cannot be computed for negative values of the variable (x < 0).
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4.1. Fractional Derivative of the Shannon Scaling Function

Let us assume that the fractional order derivative is defined by a linear interpolation of the
integer order derivatives, so that the fractional derivative of the scaling-wavelet basis

Z+v o+v

S () oy ().

with

can be defined as

Z+v 14 d€+1

T 1= dmw o)

Z+v def Z+1

R e e R o)

Let us show the following.

Theorem 4.1. The fractional derivative of the Shannon scaling functions is

dé+v

dx+v

def = v oo
S0 = X L) = 4 o
K=o S [ -6 + A o),
k=—c0
Proof. From (4.9), by taking into account (2.21), it is

déw 0
T () E (1-v) z Ldoe) +v 3 A e (x)
k=—c0

e i (=90 + D i)

and, when ¢ =0,

-3 [ )61 + 72 | ).
k=—c0

s [(A=mA2 +va™ pete),

(4.7)

(4.8)

(4.9)

>0

(4.10)
¢=0.

(4.11)

(4.12)
O

With this definition, the fractional order derivative of the scaling functions is a

commutative operator according to the following.
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Theorem 4.2. The operator (4.10) is a semigroup, so that

ar dv av 4+ arv
dxt a1 = o P9 = g on (-

Proof. Without loss of generality, let us show that

ar dv (x) = av dt
dxt dx”(P dx? dxt

——p(x).

According to (4.10),, it is

-3 (1= )80+ 1) Joi),
k=-c0

that is

dv

Ao = @-)p) +v [10900) + 3 1Pt [,
k#0
k=—

and, taking into account (2.26), by explicit computation we have

) = (1- V)tp(x)+vz k ‘Pk(x)-

d Y k#0
k=—c0
By deriving, with respect to y, we have
a*r a 1) dar
g = (V) "’(x)”k% k()
k=—o00

(4.17)

1-v)|(1- #)(p(x)wz <pk(x)
Pl

w3 ENA ),

k#0
k=—co
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(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)



18 Mathematical Problems in Engineering

that is, according to (2.26),

dr dv 1)k
o P = (1=9) [ (1= p)e(x) + p kZ#O ¢x (x)
k=-—c0
( 1= 6 40D
+VZ Z ( #) skt Y k(/’s(x)
k——
(4.19)
= (1-9) | (1-p)op(x) +p Z gok<x>
k#0
k=—co
+v(1-p) Z (pk(x) + VU Z (Ol ) Z )L( s (x).
k#0 k#0
k=—c0 k=-c0
From where,
g = -0 + [ v(1 -] 3 i
dxt dxv o
k=—o0
(4.20)
= ) Z A (),
k#0
k=—co
the proof follows due to the symmetry of the change y — v. O
It can be easily seen that together with (4.17) also the following equations hold:
1k
= (1-v)pi(x)+v Z —1 (pk(x)
ok
k=-c0
(4.21)
D ) = A= +v > S
dxv o1+ k
k=-o0
and, in general,
ar -1
Son(x) = (1= v)gn(x) +v Z Pk (x). (4.22)
dx G0 k-h
k=-o0

Moreover, when p + v = 1, then we can see that the definition (2.26) reduces to the
ordinary derivative, according to the following.
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Figure 2: Fractional derivative of the scaling functions (d”/dx")¢p(x) with upper limit N = 4 at different

values of v=0,1/5,2/5,3/5,4/5,1.

Theorem 4.3. When y+v =1, then

ar dv artv
() = () = ().

Proof. If we restrict to ¢(x), according to the definition (2.26), it is

ar dv

i g P00 = Z (= G w)) 60 + (e +v)AS |ge(),

and since (4 + v) = 1 we have

ar av
dxt dxv

TP = - w(x) Z)L i (x),

(4.23)

(4.24)

(4.25)
O

According to the definition (4.10), the fractional derivative is an interpolation between

integer order derivative (see Figure 2).

4.2, Error of the Approximation of (4.10)

In the definition (4.10), the fractional derivative depends on a fixed bound N of the infinite
series. In this section, it will be shown that the rate of convergence of the series, on the r.h.s of
(4.10), is quite fast; already with low values of N, the approximation is quite good (Figure 3).
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1<N<10 10< N <50

——

«l

(a) (b)

Figure 3: Fractional derivative of the scaling functions (d%/10/dx%/1%)¢p(x) with upper limit N = 1,...,10
(a) and N =10,...,50 (b).

4.2.1. Rate of Convergence

If we compare the fractional derivative (d”/dx”)pn(x) given by (4.10) with the Griinwald
definition (4.6), we can see that the approximation by connection coefficients is good (see
Figure 4), with a lower number of terms. Moreover, the definition based on connection
coefficients can be extended also to negative values of the variable.

Since we have defined the fractional derivative on an infinite series N — oo, as well
as the Griinwald formula, we can explicitly compute the error of the approximation as the
difference between the approximated value at N + 1 and the corresponding value of the
infinite series at N. For instance, with respect to (4.10), it is

N+1 N
€}y = max Z J\%:V)(pk(x) - Z )L%:V)(pk(x) i (4.26)
xeR
k=—(N+1) k=N

while for the Griinwald formula (4.6) we have
% N —
1 < x > I'(k v)le_ k )x]
[(-v)\N+1/ &T(k+1) N+1

T v)< ) Z?Eiﬁfi [(1 %)x]

€ = max
N~ x>0

(4.27)

Let us show the following.
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(a) (b)

() (d)

Figure 4: Fractional derivative of the scaling functions (d”/dx”)¢p(x) by Griinwald approximation (4.6)
(shaded) and connection coefficients interpolation (4.10), (plain): (a) v = 1/10, h = 0 with upper limit
N =1 (connection coefficients) and N = 4 (Griinwald); (b) v = 1/10, h =1 with upper limit N =1
(connection coefficients) and N =1 (Griinwald); (¢) v=1/20, h=1 with upper limit N = 2 (connection
coefficients) and N = 8 (Grtinwald); (d) v =9/10, h = 1 with upper limit N = 10 (connection coefficients)
and N =50 (Griinwald).

Theorem 4.4. For € = 0, the approximation error of (4.10), is given by

_1\N+1
v _2,1) ( 1) h
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Proof. By taking into account (4.22), it is

& o) (e+v) (-
> L er(x) - Z)‘ (P(x)=V|:m<P—(N+1)(x)

k=—(N+1)

1 N+1
+ U\(TRW(P(N”) (X)]

(223) v[ (_1)N+1 N (_1)N+1 ]

(4.29)

-(N+1)-h (N+1)-h

_ 2v(-1)N*1h
(N+1)2-h2 O
Analogously, the following can be shown.
Theorem 4.5. For x > 0, the approximation error of (4.6), is given by
N” T(N -v)

Proof. At the integer x =1, it is

ﬁ(Nl-H)_VNF(iJl);f[( N+1>
le:ii+11)) [( N+1)

@13) NY T(N-v)
T T(N+1)

i (v) Ziw (03]

r( v) Ziii;g [( ‘%”

(4.31)
O
4.3. Fractional Derivative of the Shannon Wauvelet
Analogously to (4.10), the following can be proved.
Theorem 4.6. The fractional derivative of the Shannon wavelet functions is
e def X (eon) m
dx g_H,(Ph( x) = k;]’ gt (x)
Zf(m—l) [ i (1 _ V)Y(é)},}C +p 2m—1Y(€+1)},}C:|qjlzn(x)l >0 (4.32)
— k=—00

[ i (1= v)6p + 121 <1>hk] "(x), 2=0.

k=-o0
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Proof. From (4.9), by taking into account (2.21)

@ =0-m3 Sy oS 5y

n=0 k=-—oo n=0 k=-—co

(35) [(1 _ V)Z Z 6mn2€(n71)},(f)},}< + VZ Z 5mn2(2+1)(n1)}’(€+1)}’}(]4’£ (€9)

n=0 k=—co n=0 k=-co

k=—c0 k=-c0

=[a_v)§:ymlwmﬁ+v E:ﬂhmmnfﬁ%ﬂ¢?W)

[*e]
= Ze(m_l) [ Z (1 —_ V)Y(e)ll’l}( + 7P 2m—1Y(€+1);1,}(] (P'lz” (x)

k=—c0

(4.33)
O

Analogously to the fractional derivative of the scaling function, also for the wavelet
function, the fractional order derivatives are enveloped by the integer order derivatives
(Figure 5).

4.4. Fractional Derivative of an L,(R) Function

Let f(x) € B C Ly(R) be a function such that (2.17) holds, then its fractional derivative can be
computed as

o )= 2 ), (434)

n=0 k=—oo

where the fractional derivatives of the scaling functions ¢ (x) and wavelets ¢ (x) are given
by (4.10) and (4.32), respectively.
For instance, a good approximation of v = e is (Figure 6)

e =0.97p(x) +0.39[p_1(x) + 1 (x)]. (4.35)

The fractional derivative is

v

dx"

)+03 )], (4.36)
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-1

Figure 5: Fractional derivative of the wavelet functions (d”/ dx”)tpg (x) with upper limit N = 4 at different
values of v=0,1/5,2/5,3/5,4/5, 1.

-1

Figure 6: Fractional derivative of the function y = ™ with upper limit N = 4 at different values of
v=0,1/5,2/5,3/5,4/5,1.
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so that by using (4.17) and (4.21) we have

A" e & (-1
dx"e 209711 -v)p(x)+v kZ#) i pr(x)
k=-c0
+0.39(1 = ) [p-1(x) + 91 (x)] (4.37)
w© -1 k+1 w© -1 k
+0.39v Z %(pk(x) + Z (k—)l pr(x) ],
o o

5. Conclusion

In this paper, fractional calculus has been revised by using Shannon wavelets. Fractional
derivatives of the Shannon scaling/wavelet functions, based on connection coefficients,
are explicitly computed and the approximation error is estimated. In the comparison with
the classical Griinwald formula of fractional derivative, Shannon wavelets and connection
coefficients make a better approximation and rate of convergence.
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