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A two-dimensional nonlinear plate equation is revisited, which arises from the model of the
viscoelastic thin rectangular plate with four edges supported. We establish that the system is

exponentially decayed if the memory kernel satisfies the condition of the exponential decay.
Furthermore, we show the existence of the global attractor by verifying the condition (C).

1. Introduction

In this paper, we investigate the nonlinear plate equation with memory type:

PU + 11U + (P(O)AZ” - <Nl + ﬂ|ux|2)”xx - <N2 + ﬂ|”y|2>uw

% (1.1)
+f ¢ (s)A’u(t—s)ds=rif(x,y), in QxR
0
verifying the initial conditions:
u(x,y,0) =uo(x,y,t) (1.2)
and the boundary conditions:
u(0,y,t) =u(l,y,t) =u(x,0,t) = u(x,1,t) =0,
(1.3)

U (0,y,1) = trn (1, y,t) = 1y (x,0,t) = uy,y(x,1,t),
y y vy vy
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where x,y € [0,1], t € R, 1,171,712, N1, Ny, p are nonnegative constants, 2 = [0,1] x [0,1] isa
bounded domain with boundary 0Q, $(0), $(c0) > 0 and ¢'(s) < 0 for every s € R*.

The asymptotical behavior of solutions for the nonlinear plate equations had been
studied by many authors [1-10]; of those, Santos and Junior [5] studied a kind of plate
equation with memory type. Yang and Zhong [11] studies the plate equation:

uy + a(x) g(uy) + A%u+ \u+ f(u) =h(x), xeQ, (1.4)

where Q C R" is a bounded domain and proves the existence of a global attractor in the space
Hé(Q) x L*(Q). After Yang and Zhong [11], Yue and Zhong [12] obtained the existence of
a global attractor about some equations similar to (1.4). Xiao [13] discusses the long-time
behavior of the plate equation:

euy + A%+ Ay + Ppxyu=f(x,u), xe€Q=R"1t>0 (1.5)

on the unbounded domain R" and show that there exists a compact global attractor for the
above equation satisfying certain initial-boundary data. Wang and Zhang [14] prove that the
two-dimensional nonlinear equation

pUy + DAu + EpLL; — <N1 + I j uidx dy> Upy — (Nz + Z J w2 dx dy>uyy =0 (1.6)
2)a 2 )oY
has a global attractor in space (H& (Q)NL*(Q)).

2. Preliminaries

We denote by H = L*(Q),V = Hg (Q) endowed with the scalar product and the norm on
H and V(,-),| - |, ((,)), | - I, respectively, where (u,v) = jgu(x,y)v(x,y)dx dy, ((u,v)) =
fQ Au(x,y)Av(x,y)dx dy. Define D(A) = {v € V, Av € H}, where A = A?. For the operator
A, weassume that A : D(A) — H are isomorphism, and there exists & > 0 such that (Au, u) >
a||lul|?, for all u € V. We also define the power A® of A for s € R which operates on the spaces
D(A?®), and we write Vo3 = D(A®), s € R. This is a Hilbert space with the inner product and
norm defined

(1,0)55 = (A°u, A°),  |lullyy = (,0)y,)"?, Vu,v € D(A?), (2.1)

and A’ is an isomorphism from D(A?®) onto D(A*™), for all s,r € R. In particular, D(A") =
H, D(AY?) = V, D(A™"/?) = V*, D(A) ¢ V ¢ H = H* C V*, where H*,V* are the
dual space, respectively, and each space is dense in the following one and the injections are
continuous. Using the Poincére inequality we have

ol > Mifo|, YoeV, (2.2)

where \; denotes the first eigenvalue of A'/2.



Mathematical Problems in Engineering 3

Let p(s) = —¢'(s), ¢(o0) = 1 and assume that the memory kernel y is required to
satisfy the following assumptions:

(h1) pe CHR")NLY(RY), i/ (s) <0, forall s € R;
(h2) [ p(s)ds = M > 0;
(h3) W' (s) +au(s) <0, forall s € R*, a > 0.

In view of hy, let Li(R“’,Hg) be the Hilbert space of Hg—valued functions on R*,
endowed with the following inner product and the norm:

() = | 1) (A906), () s 3)

and |¢|,24v = (P = Iy 11(s)||$*ds. Finally, we introduce the following Hilbert spaces:

Ho=V xHxLy(R",V), H, = D(A) x V x L;(R*, D(A)). (2.4)
We define
1 (x,y,5) = ()~ u(x,y,t=5) 2n(x,v,5), 25)
and (1.1) is transformed into the system
pus + it + A%y — <N1 + [5|ux|2>uxx - (Nz + ﬂ|uy|2>uyy
+ J:O u(s)Ands = rif (x,y), (2.6)
M+ Mg =,

where the second equation is obtained by differentiating (2.5). The corresponding initial-
boundary value conditions are then given by

u(0,y,t) =u(l,y,t) =u(x,0,t) =u(x,1,t) =0,
Uxx(0,Y,t) = e (1L, y,£) = 1y (x,0,t) = 1y, (x,1,t),
n'(0,y,s) =n'(Ly,s) =n'(x,0,5) =7'(x,1,5) =0,
ec(0,9,5) = s (10,9) = 1y (5,0,9) = 1, (5, 1,) =0, 7
u(x,y,0) =w(x,y),  w(xy0)=uw(xy)),

1°(x,y,5) = uo(x,v,0) —uo(x,y,-5),

where uy (x,y) = uo(x,y,t), ua(x,y) = oruo(x,y,t)|=0, x,y € [0,1], t>0, s € R*.
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According to the classical Faedo-Galerkin method it is easy to obtain the existence and
uniqueness of solutions and the continuous dependence to the initial value, so we omit it and
only give the following theorem.

Theorem 2.1 (see [15, 16]). Let (hy) hold and f(x,y) € L*(Q). Then given any time interval I =
[0, 1], problems (2.6)-(2.7) have a unique solution (u,us, 1) in I with initial data (u1, up, 1o) € Ho,
and the mapping (u1,uz,1m0) — (u(t), us(t), 1) is continuous in H.

Thus, it admits to define a C° semigroup
S) : {ur, uz, o} — {u(t), w(t),nt}, teR, (2.8)
and they map H into themselves.
In addition, the following abstract results will be used in our consideration.

Theorem 2.2 (see [17]). A C° semigroup {S(t)} s, in a Banach space X is said to satisfy condition
(C) which arised by [17] if for any € > 0 and for any bounded set B of X, there exists t(B) > 0 and a
finite dimensional subspace Xy of X, such that {||PS(t)x||x,x € B,t > t(B)} is bounded and

(T = P)S(t)x[x <x &, (2.9)

where P : X — X; is a bounded projector.

Lemma 2.3 (see [17]). Let {S(t)};5q bea C semigroup in a Hilbert space M. Then {S(t) }is0 has a
global attractor if and only if

(1) {S(t)} 459 satisfies the condition C;
(2) there exists a bounded absorbing subset B of M.

3. Global Attractor A in H,

Theorem 3.1. Assume (hy1)—(h3) hold. Then the ball of Hy, By = Bg,(0, Ry), centered at 0 with
Ry = \/c/copo, is a bounded absorbing set in Hy for the semigroup {S(t)} 0.

Proof. We fixed 6 and take 6 € (0, 69), where 6y = min(rir,/4p, .)L% /2r113).
First, taking the inner product of the first equation of (2.6) with v = u; + du, after
computation we conclude

1d
=1 plof + |Aul + Nyjuy]* + N2|uy|2 + E|ux|4 + E|uy|4
2dt 2 2 (3.1)

+ 11 + NS + Nob|uy | + 6luyl* + p6|uy|* + (1,0),y =1 (f,0),

where I = -6p|v]? + rir|v|* + 6|Auf* — (11126 — p62)(u,v), and we can easily obtain

6 1
L > E'Au|2 + §r1r2|v|2. (3.2)
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Combining with the second equation of (2.6) we have
1d
(10),y = 5 3 My + (015) .y +6(1,0),, -
According to (hy)—(h3), we conclude
1 (" d PNY
1),y = 5 IO #(5)%|A71 (s)|"ds
1(* , .d Y a, 2
= —— —_— > —
[ e glarePas> Sk,
5(’7'0)#,\/ =6 Jo u(s)(An'(s), Au)ds

>-5([ #(S)|Aflt(5)|2ds>l/2 ([ ms)mufds)m

[e'e) 2 [e'e]
>4 [ "= 2 [ po)lautas
4 ) a Jo

Mé&?

|Aul?.
o

24 2
-7 1., -
Integrating with (3.4), from (3.3), entails

1d 2 a 2 M62 2
(ﬂ’v)‘u,v 2 §$|Tl|ﬂ,v + erl|‘u,z) - TlAul .

Write E(t) = {plof* + |Aul? + Nifux|* + Nojuy|* + (8/2)[ux* + (B/2)|uy|* + |q|i/v

(3.2), and (3.5), we obtain

2
M6>|A | 7'17‘2

o2
SE0+6(1- 22 o+ 51l

+ 26N |ux[? + 26 Na |uy | + 6luxl* + 6p|u,|* < ?lﬂz.
2

Take & small enough, such that 1 — 2M6&/a) > 1/2. Write ¢ = (2r1/n)|fI% co

min{6/2,mnr/2p,a/2}, thus in line with (3.6), we have
EE(t) +coE(t) < C.

By the Gronwall Lemma, we conclude

E(t) < E(0) exp(—cot) + Ci(l —exp(co)), VE>0.
0

(3.3)

(3.4)

(3.5)

}, from (2.7),

(3.6)

(3.7)

(3.8)
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Due to (3.8), write py = min(p, 1), we have

1 c
Aul? | +o]? | +|n]? < —E(0) exp(—cot) + — (1 —exp(cg)), Vt>0. 3.9
|Aul™ | +[o" [ +[n], e (0) exp(—cot) Copo( p(co)) (3.9)

Write R; = /c/copo, we end up with
lim sup{ )l | +o) | +|rl|ilv} <R, V>0 (3.10)

O

Theorem 3.2. Suppose f € L2(Q) and conditions (h1)—(hz) are hold. Then the solution semigroup
{S(t) } 50 associated with system (2.6) and (2.7) has a global attractor A in Hy, and it attracts all
bounded subsets of Hy, in the norm of Hy.

Proof. Applying Lemma 2.3, we only to prove that the condition (C) holds in H.
Let 2; be an orthonormal basis of D(A) which consists of eigenvectors of A. It is also
an orthonormal basis of H, V, respectively. The corresponding eigenvalues are denoted by

O<li<Ay<A3<--, Xi—o0, asi— oo (3.11)

with Aw; = Xifl’)i, for alli € N. We write H,, = span{w1,wy, ..., w,}. For any (u, u;, 1) € H,
we decompose that (1, us, 1) = (w1, uas, 1)+ Uz, Uz, 12), where (u1, uig, 1) = (Pt Pytis, Puty),
and P, : H — H,, is the orthogonal projector. Since f € H, for any € > 0, there exists some
m, such that

|(I - Pw)f] < fI' (3.12)

Taking the scalar product of the first equation of (2.6) in H with v, = uy + Aup, combining
with the second equation and using the same way with Theorem 3.1, we find

d — — 2r .0 1€l
el < < == 3.13
th(t)+C0E(t)_ . lf|” < Brs (3.13)

where E(t) = {plva? +| Atz + Ni a2+ Nofuzy >+ (B/2) [ua |* + (B/2) [uzy |* + |712|i,v~ According
to Theorem 3.1, some My and ¢, exist, for any t > to, such that E(ty) < My. By the Gronwall
Lemma, we conclude

€2

E(t) < E(to) exp(=co(t - to)) + 8cor

(3.14)
€

8C07‘2 !

< My exp(—co(t - to)) + Vt > ty.
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Take t; large enough, such that t; =ty > (1/¢o) In Mo/ €2, 50 we conclude

2 2 2 1 T »
A < —(1+— for t > 1. .
|oa|” + |Aup|” + |112|/4,V < p0< + 8001’2)5 , fort>tg (3.15)
Thus S{t},, satisfies the condition (C). O
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