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Abstract

We give an explicit formula for the figure of merit py of 2-dimensional rank 2 lattice rules
in terms of continued fractions for rational numbers. Further we generalize Fibonacci
lattice rules to rank 2 Fibonacci lattice rules which have the same ratio of the figure of
merit to the number of points as the classical Fibonacci lattice rule.

1. Introduction

For approximating integrals f[O,l]S f(x) de one often uses a quasi-Monte Carlo rule, that
is, one approximates the integral by the average of the function value at certain quadra-
ture points. In this paper we restrict ourselves to dimension two and consider a special
class of those quasi-Monte Carlo rules, so-called rank 2 lattice rules.

A 2-dimensional rank 2 lattice rule is a quasi-Monte Carlo quadrature rule for func-
tions f over the 2-dimensional unit cube [0, 1]* of the form

QUf) = % D> F{kiz/m + kaza/ns}), (1)

k1=1ko=1
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which cannot be re-expressed in an analogous form with a single sum. Here ny,ny > 2 are
integers such that ng|n;, N = niny and z, z, are vectors in 72 (note that for ny = 1 we
obtain what is called a rank 1 lattice rule). The integers ny, ny are called the invariants of
the lattice rule. (For a vector x € R? the fractional part {x} is defined component wise.)
For the definition and the general theory of lattice rules for multivariate integration we
refer to the books of Niederreiter [2] and of Sloan and Joe [4].

For a given rank 2 lattice rule with invariants n; and ns, N = niny and with z; =
(21, 22) and zy = (1, (o) for z;, (; € Z we define the quantity

pn(Z1,29) == min r(hy)r(hs),
(h1,h9) €22\{(0,0)}
h1z1+hgz9=0 (mod ny)
h1¢1+h2C(2=0 (mod nj)
where r(h) = max(1, |h|) for h € Z. This quantity is often called the figure of merit
of the lattice rule. (If no = 1 we obtain a rank 1 lattice rule and in this case we write
Pny (z1) for the figure of merit.) The figure of merit is an effective quality measure for

lattice rules as will be explained in more detail in the following.

For reals a > 0 and C' > 0 let £2(C') be the class of all continuous periodic functions
f:[0,1]2 — R with period 1 in each variable and with Fourier-coefficients f(h), h =
(hy,hy) € Z2, satistying |f(h)] < Cr(h)~® for any h € Z2, where r(h) = [T, r(h).
Then for the worst-case error for integration in the class £2(C) using a rank 2 lattice rule
(1) we have the relation

1 +log pn (21, 22)

pn (21, 22)"

< max

2C

PN (Z1,22)" ~ fe€2(C)

(@)

/ fx)dx—Q(f)] < C - ca
[0,1]2

where the constant ¢, depends only on a. So the quantity py determines — up to a log
factor — the exact order of the worst-case error for integration in the class £2(C) using a
rank 2 lattice rule. For a proof of the above result see [2, Theorem 5.34].

Furthermore one can use the figure of merit of a lattice rule to estimate the discrepancy
Dy of the corresponding node set

{k‘lzl/nl + ]{JQZQ/TLQ}, for 1 S kz S n; and 7 = 1, 2. (3)

(For the definition of the discrepancy Dy see for example [1] or [2].) The discrepancy of
the point set (3) can be estimated by
1 2 1 2

—— < Dy<—+
4pn (21, 22) MON pn(21,22) log 2

((log N)? + glog N) . (4)
For a proof see [3] or [2].

From (2) and (4) it follows that for a given number of points N one would like to
obtain a figure of merit as large as possible. In dimensions larger than two there is no
theoretical foundation how this can be achieved, whereas in dimension two this is known
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if the number of points is a Fibonacci number, see [5]. These lattice rules are called
Fibonacci lattice rules and are obtained by setting ny = 1, ny = F}, the k-th Fibonacci
number, z; = (1, F_1), where F}_; is the k — 1-th Fibonacci number, and z, = (0,0) in

(1).
Note that a trivial upper and lower bound on the figure of merit is given by

1 < pn(z1,22) < . (5)

In this paper we prove an explicit formula for the figure of merit py(z1,2z2) in terms
of continued fractions for rational numbers. Our result is the rank 2 analogue to Nieder-
reiters formula [2, Theorem 5.15] for the figure of merit of rank 1 lattice rules. Using
this result we can give a rank 2 version of the well known Fibonacci lattice rules, which
achieve the same ratio of the figure of merit to the number of points as do rank 1 Fi-
bonacci lattice rules. Further, using our formula we can give good bounds for the figure
of merit of rank 2 lattice rules.

2. The figure of merit of rank 2 lattice rules

We consider 2-dimensional rank 2 lattice rules with invariants ny; and ns, N = nin, and
with z; = (21, 22) and zo = ((1, (o) with z;, (; € Z and ged(z;,n1) = 1 and ged (G, ng) =1
for i« = 1,2. In this case we may assume w.l.o.g. that z; = (; = 1. For simplicity we
write in the following z for 2z, and ( for (5.

Before we state our main result we introduce some notation which is used throughout
the paper. For z,n € Z with ged(z,n) = 1 let
z

ﬁ = [ao;al,...,al]

be the continued fraction expansion of z/n, where a; € N for 1 < j <[ and where ¢; = 1.
The convergents to z/n are defined by
pj
4;
for 0 < j <. The integers p; and ¢; are uniquely determined if we impose the conditions
¢; > 1 and ged(pj,q;) = 1. Further let K(z/n) denote the largest partial quotient a;,
1 < j <, in the continued fraction expansion of z/mn.

= [ag; as, . . ., ajl, (6)

Remark 1 With this notation we can improve the lower bound in (5). We have

. ny
Z1,Z9) > min r(hy)r(hy) > ——m——
P (2, 20) 2 (h1,hg)€22\{(0,0)} (hJr(ha) 2 K(z/n1)+2’
h1+hgz=0 (mod nqy)

(7)

where K(z/n1) denotes the largest partial quotient in the continued fraction expansion
of z/ny. Here the last inequality follows from [2, Theorem 5.17].
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The following theorem is a rank 2 version of [2, Theorem 5.15] and expresses the
figure of merit using the convergents to z/n, where the integer 1 depends on z,(, ny, ng
and is defined in the subsequent theorem.

Theorem 1 Let ny,ny € N, nglny and let z,{ € Z such that ged(ny,z) = 1 and
ged(ng, Q) = 1. Let d:= ged(z — ¢, ng), nf :=ny/ng and n := nid. Then we have
nsy . ~
pn(Z1,22) = min (711, 2 alin, ;1952 — pjn’) ;

where pj/q;, 0 < j <1 are the convergents to z/n as defined in (6).

Remark 2 1. From [2, Theorem 5.17] we obtain

N n3 ~
< 2 min q:lgiz —pin| < —— .
TR T2 S @ dinslez —pil s s

2. If the parameters are chosen in such a way that d = n,, then we have

W < PN(Z17Z2) < m

Compare this result with Remark 1.

Proof of Theorem 1. Since py(z1,22) < n; we have

on(z1,22) = min r(h1)r(hy) = min | nq, min r(hy)r(hs)
h(h1};h2)622>{(0(,{0)}) 1§hh26<Z”1
+hoz=0 mod n 1
hi+h§{50 (mod n;) h1+hgz=0 (mod nqy)

h1+ho¢=0 (mod ng)

Define
pn(Z1,22) == min r(hy)r(hs).

1<hg<ny

h1€Z
h1+hoz=0 (mod nqy)
h1+ho¢=0 (mod ng)

For hy € Z the system

hi+hez=0 (mod ny) (8)
hi+ho¢ =0 (mod ny) 9)

has a solution hy iff ged(ny, no) = ny is a divisor of —hyz + ho(, i.e., iff

ho(z—¢) =0 (mod ny). (10)
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Let d = ged(z — ¢,nz2). Then (10) has d incongruent (modulo d) solutions xy, ..., z4_1
with 0 < z; < d. In fact it is clear that z; = iny/d for 0 < i < d. It follows that hy must
be of the form

hg = X; + ﬁgng.
Now the system (8 & 9) becomes
hi + (z; + hona)z =0 (mod ny) (11)
hy 4 (z; 4 hano)C =0 (mod ny). (12)

From (12) we obtain
hi + ;=0 (mod ng)

and hence h; is of the form B
hy = —x;¢ + hing.

Inserting this back into (11) gives
—x;C + 7L1n2 + X2 +%2n2z =0 (mod ny).
This is equivalent to
Elng —I—ﬁgan = —z;(z—¢) (mod ny).
Since z; = ing/d and since d = ged(ng, z — (), the last congruence is equivalent to

711 +77:QZE —’LZ;C

(mod ny),

where nj = ny/ny. Define a := %C. Therefore we get

pn(2z1,29) = min _min (x; + hang)| — ;¢ + hing|
0<i<d 0<hg<n}—i/d
max(i,ﬁg);ﬁO,‘leEZ
hi+hgz=—ia (mod ny)

= min  min (z; 4 hona)| — ¢ + (t0] — ia — 2hy)ns).
0<i<d 0<hg<n}—i/d
max(i,%g)io
teZ

We have

- i~
—z;¢ + (tn] —ia — zhy)ng = tning — nyz (3 + hg) )

Hence

pn(z1,22) = min  min (xz-—l—ﬁgng)
0<i<d 0<hg<n}—i/d

max(i,ﬁg)io
teZ

2

tning — nyz (E —1—712) '
d
ny

- ﬁ Orglgld ogﬁgi?_i/d (th + 2)‘Z(h2d + Z) — tnld]

max(i,flg);ﬁo
teL

I R ST 13
= 5, Min |hz — tnid]. (13)

teZ
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We define n = njd and show that ged(z,n) = 1. Trivially we have ged(z,n}) = 1 since
ged(z,nq) = 1. Now assume that ged(z,d) = dy > 1. Then d; is a divisor of z, of z — ¢
and hence of (. Further d; is a divisor of ny and hence it follows that d; is a divisor of
ged(ng, ¢) = 1. Thus ged(z,d) = 1 and also ged(z,n) = 1.

Let p;/q;, 0 < 7 <, be the convergents to z/n as defined in (6). Then it is easy to

see that )

~ ny . -
P (21, 22) = =5 min qlg;z — p;7i

and we are done. O

In the following lemma we state a few special cases not included in the Theorem 1
which will be usefull in the next section. The proofs of those results can be obtained
using similar arguments as in Theorem 1.

Lemma 1 Let ny,ny € N, ny|ny, z,( € Z and n} = ny/na.
a. If z is odd and ¢ = 0, then
. 2 . *
p(21,22) = min (nu n5 min g;lg;z — pﬂh!) :

b. If ng =2, ged(z,m1) =2 and ¢ = 0, then

pn (21, 22) = 2pm;((1,2/2)),

where p,+((1,2/2)) denotes the figure of merit of a rank 1 lattice rule with gener-
ating vector (1, z/2) and n} points.

c. If ng =2, ged(z,n1) =2 and ¢ =1, then

pn(21,22) = 4pn; (1, 2)),

where p,:((1, 2)) denotes the figure of merit of a rank 1 lattice rule with generating
vector (1,z) and n} points.

3. Rank 2 lattice rules with a large figure of merit

In order to be able to compare the quality of lattice rules with different number of points
we consider the relative figure of merit which is given by the ratio of p to the number of
points, i.e., py/N. In the following we investigate how good rank 2 lattice rules can be
in terms of the relative figure of merit compared to rank 1 lattice rules.
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Note that the best rank 1 lattice rules are obtained by choosing the number of points
a Fibonacci number (see Section 1). Recall that Fibonacci numbers are defined by
Fi=F,=1and F, = F,_1 + F,,_, for n > 3. For this case we have py(z1,22) = Fy_»
(see Zaremba [5]) and
PN Fr_
N R
We remark that limy_. Fr_o/Fr = (3 —+/5)/2 =0,3819... and

PN _ Fr o _ Fi o > Fr o
N F, 2F, o+ Fip_3  2Fp 5+ Fy_o

1
=3

We search through all rank 2 lattice rules by considering all choices for ny. First
observe that for ny = 1 the lattice rule we obtain is actually a rank 1 lattice rule. Hence
we consider only the cases where ny > 1.

Now consider the case where ny > 2. Then we have py(z1,22) < n; and hence

px 1

<
N Ng

Wl

Thus in this case the relative figure of merit is worse than the relative figure of merit of
rank 1 Fibonacci lattice rules.

We are left with the case ny = 2. As ny = 2 it follows that n; has to be even and the
value of d in Theorem 1 can either be 1 or 2.

We first consider the case where ged(z,n1) = 1. Now if ( = 1 we can use Theorem 1.
It follows that d = 2 and by Remark 2 we have

2
ny . ~ . _
p(z1,22) = 5 in g;lg;z — pjn| = min ¢jlg;z — pinl = pa((L, 2)),
that is, the figure of merit for our rank 2 lattice rule coincides with the figure of merit of a
rank 1 lattice rule with 7 points and generating vector (1, z). Note that 7 = dn; /ny = ny
and hence in this case we have

pN((l,Z), (LC)) _ pN((laZ>7 (LC)) _ lpﬁ((laz))'

N 2711 2 n

This means that under the above assumptions the best rank 2 lattice rule can only be
half as good as the best rank 1 lattice rule with an even number of points in terms of the
relative figure of merit (note that n has to be even as ny|ny and n = n;y).

On the other hand if we choose ( = 0 in the above case we can use Lemma 1. Then
we have d =1 and n} = n;/ny = n;/2 and hence by [2, Lemma 5.8] it follows that

min 4lg52 — pimil = par((1,2)) < = = —.
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Hence we have
2 min a:la. 2 — p.n*| = in a:lag.z —p.n*l <
np Win, gjlq;% — pymal = 4 min gjlq;z —pymaf < m
and thus in this case
pN((]-?Z)u (LC)) =4 min QJ|qu _p]nﬂ = 4pnf((17 2))7
0<y<l

with p,x((1,2)) being the figure of merit of a rank 1 lattice rule with nj points and
generating vector (1,z). As N = niny = 2n; = 4n} we have

pN((172)7 (Lg)) _ 4pnf((1vz)) . pnf((lvz))

* * Y
N 4ny nj

that is, for any rank 1 lattice rule with an even number of points we can always find a
rank 2 lattice rule with four times the number of points and the same relative figure of
merit.

Now let z be such that ged(z,n1) = 2 (note that as ng|n; and ny = 2 it follows that
2|ny). If we choose ( = 0 we obtain from Lemma 1 that

pn(21,22) _ 200 ((1,2/2)) 1 pny((1,2/2))
N 2n, 2 n} ’

again showing that in this case rank 2 lattice rules are worse than rank 1 lattice rules. If
we choose ¢ = 1 on the other hand, then Lemma 1 yields

pn(21,22) Ao (1,2))  puy((1,2))

N 2n ny

and thus in this case we can obtain a rank 2 lattice rule with the same relative figure of
merit as a rank 1 lattice rule.

Observe that for no = 2 we can obtain the figure of merit for the rank 2 lattice rule
via a rank 1 lattice rule with nj = n;/2 points. The above results can hence also be used
the other way round. For a given rank 1 lattice rule with n] points and generating vector
(1,2) with ged(z,n}) = 1 we can always construct a rank 2 lattice rule with four times
the number of points and the same relative figure of merit.

We have shown the following theorem.

Theorem 2 Let a rank 2 lattice rule with generating vectors (1, z) and (1,(), z,( € Z,
and N = nyng with ns|ny be given. For ny > 2 we have

pN((laz)a(LC)) <1
N -3
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If ged(z,mq) is either 1 or 2, ng = 2 and z — ¢ odd we have
pN((la Z)a (1: C)) _ pm/Q((L Z))
N n1/2 ’

where py, /2((1,2)) denotes the figure of merit of a rank 1 lattice rule with ni/2 points
and generating vector (1,2z). If z — ( is even we obtain

pr((1,2),(1,Q)) _ 1pnpa((1,9))
N 2 n1/2

where y = z if z is odd and y = z/2 if z is even.

Remark 3 Theorem 2 shows that the best rank 2 lattice rules are obtained by choosing
ny = 2 and ( such that z —( odd. In all other cases Fibonacci rank 1 lattice rules achieve
a larger relative figure of merit.

Theorem 2 further shows that for every rank 1 lattice rule with m points and gener-
ating vector (1,z) with ged(z,m) = 1 there exists a rank 2 lattice rule with four times
the number of points which has the same relative figure of merit. This rank 2 lattice rule
is obtained by choosing ny = 2m, ny = 2 and ¢ € {0, 1} such that z — ( is odd.

In particular, if we choose n; = 2F}, z = Fy_1 and ( such that z — ( is odd, then we

obtain
par, (1, Fr1),(1,0))  Fro
4F, R
which is the same ratio as for the relative figure of merit of rank 1 Fibonacci lattice rules.
Hence we shall name those point sets rank 2 Fibonacci lattice rules. (See Figures 1, 2
and 3 for examples.)
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Figure 1: Nodes of a rank 1 Fibonacci rule with 21 points (left) and of a rank 2 Fibonacci
rule with 20 = 4 - 5 points (right).

Figure 2: Nodes of a rank 1 Fibonacci rule with 34 points (left) and of a rank 2 Fibonacci
rule with 32 =4 - 8 points (right).

Figure 3: Nodes of a rank 1 Fibonacci rule with 55 points (left) and of a rank 2 Fibonacci
rule with 52 = 4 - 13 points (right).



