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Abstract

Five simple guidelines are proposed to compute the generating function for the nonnegative
integer solutions of a system of linear inequalities. In contrast to other approaches, the
emphasis is on deriving recurrences. We show how to use the guidelines strategically to
solve some nontrivial enumeration problems in the theory of partitions and compositions.
This includes a strikingly different approach to lecture hall-type theorems, with new g-series
identities arising in the process. For completeness, we prove that the guidelines suffice to
find the generating function for any system of homogeneous linear inequalities with inte-
ger coefficients. The guidelines can be viewed as a simplification of MacMahon’s partition
analysis with ideas from matrix techniques, Elliott reduction, and “adding a slice.”

1. Introduction

This continues our work in [18, 19] studying nonnegative integer solutions to linear inequal-
ities as they relate to the enumeration of integer partitions and compositions. Define the
weight of a sequence A = (A1, A, ..., \,) of integers to be |[A\| = A\ + -+ + \,. If sequence A
of weight N has all parts nonnegative, we call it a composition of N; if, in addition, A is a
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nonincreasing sequence, we call it a partition of N.

Given an r x n integer matrix C' = [¢; ;], we consider the set S¢ of nonnegative integer
sequences A = (Ag, Ag, ..., A,) satisfying the constraints

Ci0 + Ci71)\1 + Ci72A2 + ...+ Ci,n)\n Z 0, 1 S 1 S T. (1)
We seek the full generating function

Fo(xy,xo, ... x,) = Z P 7 RRRE el (2)
AeSc

which can be viewed as an encapsulation of the solution set So: the coefficient of ¢V in
Fe(qxy,qxs, ..., qr,) is a listing (as the terms of a polynomial) of all nonnegative integer
solutions to (1) of weight N and the number of such solutions is the coefficient of ¢" in

FC(Q?Q?"'?Q)'

Variations of this problem arise in other areas of mathematics, e.g., solving systems of
linear equations, finding volume of polytopes, as well as in enumeration. In the papers [18, 19|
we demonstrated that in the area of partition and composition enumeration many familiar
sets of linear constraints can be easily handled a matrix inversion: for homogeneous systems,
if the constraint matrix C' is an n X n invertible matrix, and if all entries of C~' = B = [b; ]
are nonnegative integers then by Theorem 1 in [19]:

n

1
FC('T17‘/B2’ tee 7:1;77’) = H (1 o xbl,j$b2,j .. .xb"vj> )
1 2 n

=1

This theorem (in its full generality) suffices to handle the enumeration of such families as
Hickerson partitions [22], Santos’ interpretation of Euler’s family [28], Sellers’ generaliza-
tion of Santos [29, 30], partitions with nonnegative second differences [3]|, super-concave
partitions [31], partitions with r-th differences nonnegative [3, 14, 33], partitions with mixed
difference conditions [3], and examples (0-5) of Pak in [27]. The theorem provides bijections
as well as generating functions.

However, it is easy to find simple examples where the “C matrix” technique fails. In
Section 2, we propose five simple guidelines for computing the generating function F¢ of a
system C of linear diophantine inequalities. The guidelines can be viewed as a simplification
of MacMahon’s partition analysis [25], with ideas from matrix methods, Elliott reduction
[20], and “adding a slice” (e.g. [23]).

Our focus is on the use of the guidelines to derive a recurrence for the generating function
Fe, of an infinite family {C,|n > 1} of constraint systems. This is in contrast to the focus
of the Omega package [6], a software implementation of partition analysis, well-designed to
compute the generating function of a given fixed, finite system of linear constraints. The
advantage of a recurrence for F¢, is a program which computes Fp, for any given n. But
more significantly, if the recurrence can be solved, it provides a closed form for the generating
function for the infinite family.
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In Sections 3-6, we show how to use the guidelines of Section 2 strategically to solve some
nontrivial enumeration problems in the theory of partitions and compositions. Sections 3 and
4 address well-studied problems, included as “warm-up” exercises to illustrate the approach
and the handling of the recurrences that result. Sections 5 and 6 apply the method to
the problem of enumerating anti-lecture hall compositions [16] and truncated lecture hall
partitions [17], giving a simpler approach than in [16, 17]. For completeness, in Section 7 we
prove that the guidelines suffice to find the generating function for the nonnegative integer
solutions of any homogeneous system of linear inequalities with integer coefficients.

This work was inspired by the the work of Andrews, Paule, and Riese in the sequence
of papers (2, 3, 6, 4, 12, 7, 8, 9, 5, 10, 11], which illustrate many applications of partition
analysis. The Omega Package software [6] was an invaluable tool in our early investigations.
As illustrated in papers such as [2, 3, 12, 9, 10], recurrences can certainly be derived using
partition analysis. However, we found that the task became easier with a simpler set of tools
which appear to be no less powerful. In Section 8 we discuss MacMahon’s partition analysis
and show how the proposed guidelines can be be viewed as essential ideas underlying his
theory.

2. The Five Guidelines

Let C be a set of linear constraints in n variables, A,..., \,, each constraint ¢ € C of the
form .
c: lap+ Zai)‘i > 0],
i=1

for integer values ag, aq, ..., a,.

Let S¢ be the set of nonnegative integer sequences A = (Aq,...,\,) satisfying all con-
straints in C. Since we are only interested here in nonnegative integer solutions, we will
always assume that C contains the constraints [N; > 0] for 1 < i < n. Define the full
generating function of C to be:

A A1, A2 An
Fe(xy,...,x,) = E A AR
AESe

If ¢ is the constraint: [ag+>_;_, a;A; > 0] define the negation of ¢, —¢, to be the constraint
[—ap — > 7 a;A; > 1]. Then any sequence (Aq,...,\,) satisfies ¢ or ¢, but not both. A
constraint ¢ is implied by the set of constraints C if Seuq-p = 0. A constraint ¢ is redundant
if Seuger = Se.

Let Cy,—x;+ar, denote the set of constraints which results from replacing A; by A; + a);
in every constraint in C. Note that if constraint ¢ is implied by C then ¢y, yay; is implied
by Cx,—+ar,- Thus observe that if C contains the constraints [\, > 0],1 < k < n, and if



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 7(2) (2007), #A09 4

[A\i —aX; > 0] is implied by C, then all of the constraints [A\; > 0],1 < k < n, are also implied
by C)\i<—>\i+ll>\j :

Lemma 1 Let C be a set of linear constraints on variables A\, ..., A\, which contains the
constraints [N\, > 0],1 < k <n. Let a be any integer (possibly negative). Suppose [N, —aX; >
0] is implied by C and let C" = Cx,—x,4an;- Then

ﬁ:(ﬁb---,ﬁn)ésc iff 6/:(ﬁla---;ﬁi—laﬁi_aﬂjaﬁi-ﬁ-l?"'aﬁn)GSC"

Proof. By the remarks preceding the lemma, the constraints C and C’' guarantee that Sc
and Sgr contain only nonnegative integer solutions. So, it suffices to show that (3 satisfies a
constraint in C iff §’ satisfies the corresponding constraint in C’.

Let ¢(A) = ¢ + >, e\ and assume [¢(\) > 0] € C. Under the substitution \; «
i + a);, ¢(A\) becomes ¢/(\) defined by

d(\) =co+ Z At + cialj = () + cia);

t=1
and [¢/(\) > 0] € C'. Thus
c(B) = (B) — ciaBy = (),
soc(B) > 0iff £(8') > 0. O
Finally, to simplify notation, we will let X,, refer to the parameter list x4, ..., z,, so that

F(X,) denotes F(z1,...,7,). Let F(X,;2; « z;z$) denote the function F(X,,) with all
occurrences of z; replaced by z;z{.

Theorem 1 (The Five Guidelines)

1. If C = {[\ > t]}, for integer t > 0, then

t

x
Fe(xy) = LI
C( 1> ]_ — I
2. If Cy is a set of constraints on variables A1, ..., \; and Cy is a set of constraints on
variables Nji1, ..., \n, then
F(ZlLJCg (1171, .. ,In) = FC1 (SL’l, Ce LL’j)F@ (xj-H? Ce ,.In).
3. Let C be a set of linear constraints on variables Ay, ..., A\, and assume C contains the

constraints [\; > 0],1 < i <n. Let a be any integer (possibly negative). If [\; —aX; > 0] is
implied by C,
Fe(X,)

J— . a
= FC>\,L-<7>\,L-+a>\j (Xm Lj < Tjxy )
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4. Let ¢ be any constraint with the same variables as the set C. Then

Fo(Xn) = Feurey(Xn) + Feug-a (Xn).

5. Letce C. Then

FC<Xn) = FC—{C} (Xn> - FC—{C}U{—\C}(XTL)'

Proof.
1. This is clear since Fe(z;) = ot + 2/t + .-+
2. The sequence (A1,...,\,) € Seyue, M (A1,...,Aj) € Se, and (Aji1,...,\,) € Se,.
3. Let C" = Cy,—r;4ar,- By Lemma 1,
(A1y-eyAn) € Ser HE (Ary ey Nim, N+ adj, A, -, An) € Se.
So,

. a _ A1, A2 Aj Aj+1 An
Fo(Xp; x5 — zjoy) = g rytap? - al (wad) i
)\ESC/
o Xi—1(Nitad;) )\H—l An
= E xle'” L Ly Tiv1 " Ty
>\6Scl

_ E An
= x1x2 .In

AESe
— Fe(X).

4. Sc can be partitioned into those A that satisfy ¢ and those that do not.

5. By guideline 4, FC—{c} (Xn) = FC—{C}U{C} (Xn)—f—FC_{C}U{ﬂC} (Xn) Then C—{C}U{C} =C,
since ¢ € C. O

3. Minc’s Partition Function and Cayley Compositions

Minc’s partition function v(d, N) is the number of compositions of N in which the first part
is d and each part is at most twice the size of the preceding part [26]. For example, in the
special case d = 1, these are called Cayley compositions [15, 1, 12]. In this section we compute
the generating function v(q) = Y-, yso¥(d, N)¢" = ¢+ 2¢° +4¢* + T¢* +13¢° +24¢° + - - -
For example, the coefficient of ¢° is 13, since of the 16 compositions of 5, only these three
violate the constraints: (1,4), (1,3,1), and (1, 1, 3).
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Let C,, be the set of constraints C,, = {\; > %)\Hl >0|1<i<n}andlet Cy(z,...,x,)
be the generating function of C,. Focusing on the constraint ¢ = [A,_1 > $),], after noting
that [A,—1 > 0] is redundant, we can write C,, as

) ) [ M > 3h ]
Ao> ia
1 = 3A2
Ao > 33
Ao > 33
)\n—2 > %)\n—l
Cn: )\n72 Z %)\nfl -
)\nfl 2 %)\n
)\nfl 2 %)\n
A1 > 0
A > 0
B ) L A > 0 |
[ Al > A | [ M= N |
A2 > 523 Ae > g
- )\n—2 Z %)\n—l B )\n—2 Z %)\n—l ’
)\nfl > 0 /\n > 2)\an
i A > 0 | _An,l > 0 |

where ¢ has been removed from the next-to-last system, making it C,,_1 U[A,, > 0], and ¢ has
been replaced by —c in the last system. By guidelines 1 and 2, z,,Cp,_1 (21, ..., 2p—1)/(1—x,)
is the generating function for C,_; U [\, > 0]. Note further that the substitution A, «
An + 2X\,_1 in the last system results C,_; U [\, > 0], so by guideline 3, the last system has
generating function z,C,_1(z1,...,T,_122)/(1 — z,). Putting this together with guideline
5 and the initial condition C (xl) = 21/(1 — xy) gives the recurrence

X
Cn(.fll'l, RN ,{En) = ﬁ((]n,l(xl, ce ,l'nfl) — Cn,1($1, R xn,1$721)).
n

Let Cy(q,s) = Cyn(q,4q,-..,q,8). Then the above recurrence gives C1(q,s) = s/(1 — s) and
for n > 2,

Cn(Q> S) = 1 i S(Cn—l(Qv Q) - Cn—l(Qa qsz))'

Set C(q,s) = >..—, Cu(g, s) and use the recurrence for C,(q, s) to get

s) = ch(QaS) =

Iterating the recurrence for C'(q, s) gives

= —(1+C(0,9) = Cla,q5").

-1 2J 1429

Cla.s) = 1+ Cla.a) XD [l 7= mrary:
i=1

J=0
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Let C(g) = C(q,q), then
1

v(g) =1+C(q) =

(—1)ig2iTt—i—2

L2 (1-¢)(1—¢3)(1—q7)-(1—¢* ~1)

4. Two-Rowed Plane Partitions

This example illustrates the advantage of guideline 3 of Theorem 1 when a < 0. The two-
rowed plane partitions are those integer sequences (ay, by, . . ., an, b, ) satisfying the constraints

P, = la; >2b;>0, 1<0<n; a; > aix1, b > b1, 1<i<n—1].

It is well-known that the generating function for P, is [24]

1
Pola) = 75—~ (3)
(¢ Dn (% Dn
In [3], Andrews shows how MacMahon’s partition analysis can be used to compute P,(q) by
considering an intermediate family G,,. We will use this approach, but with a slight twist,
to show how the generating function for P,, can be computed via G,, from the guidelines of
Theorem 1.

We will use the convention that when a constraint system is represented by a calligraphic
letter, its generating function is represented by the corresponding roman letter. Also, to
keep notation simple, when the meaning is clear from context, we will use the same letter to
refer to multivariable and single variable forms of the generating function.

Define G,, to be the set of constraints below:

[ a1 +as+-+ap > bitbat+by

ag+---+a, > by + -+ by

gn — . . .

an-1+an =2 bn—l + bn

an 2> bn,
L ai,bz-zo, z':l,...,n_

Denote the full generating functions for P, and G,, by
Pn(xlaylv"wxnayn) é Z xfltlyffl ---»xqa@"yz"a
(al,b1,...,an,bn)65pn

(a17b1:~-~7an:bn)65gn
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Note that P,, can be transformed into G, by the sequence of substitutions:

ai<—ai+ai+1; bini—i—biJrl; 221,2777,—1
We focus on G,,. Since for 1 <i<n—1, a; —a;11 > 0 and b; — b;11 > 0 in P, by guideline
3 of Theorem 1, P, is obtained from G,, by the sequence of substitutions:

Tj e Xiliq; Yi < Yildi—1 t=nn—1n—-2...2

Thus
Pn(iUh Yy T,y yn) = Gn(l"l, Y1, T1%2,Y1Y2, - - -, L1X2 T, Y1Y2 * * yn)

In particular, the generating function (3) for two-rowed plane partitions is obtained by setting
ri=y;=qin P, forv=1,... n:

P4.4:¢,---,q) = Gula, 4.6, ¢, ..., 4", ¢"). (4)

Since a,, — b, > 0 in G,,, by guideline 3, we can do the substitution a, < a, + b, in G, to
get F,, and recover GG, from F), as shown below.

[ a1 +ax+---+a, > bi+ba+-+by
ag+---+ap, > by + -+ by
Fn = Do C
an—1+ay, = bn—1
B ai,biZO, izl,...,n_

Gn(xlaylv o 7xn;yn) - Fn(:rlvylv vy Ty Yns Yn xnyn)

Since a,_1 + a, > 0 in F,, by guideline 3, we can substitute a,,_1 < a,_1 — a, in F,, to get
‘H,, and recover F,, from H, as shown.

(a1 +az+---+an1 > bi+bat++byi
ag+---Fan-1 2 by+ -+ bp1

Hy = : s
pn-1 =2 bn—1
p—1 = Gnp,

i a;,b; >0 t=1,...,n |

Fn(l‘l,yla cee axnayn> - Hn<l’1,y1, ceey Ty Yny T — xn/xn—l)‘

Summarizing to this point, we have

Gn(1,y1, - Tny Yn) = Hu (1,91, - - s Ty Yne1, Tn/ Te1s Tnln)- (5)
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Now apply guideline 5 to H,, using the constraint ¢ = [a,_1 > a,]. Then H,, = K,, — L,
where KC,, = H,, — {[an_1 > a,]} and £,, = H,, — {[an_1 > a,]} U {[an > a,_1 + 1]}, that is,

[ art+as+ - Fany > bitbyt by |
ag+--+ap_1 > by + -+ by
K, = : :
Ap—1 = bn—l
ai,biZO izl,...,n
and _ -
artag+-tap1 = by+bat-+b
ay+ -t > by + -+ + by
En = : : s
Ap—1 Z bnfl
Qp Z an—1+1
ai,biZO 7::]_,...,71
so that
Hy(x1,y1, o Ty Yn) = Kn(21,91, -+ Ty Yn) — L (T1,91, -+, Ty Yn)- (6)

Now observe that
Icn - gn—l U {[an Z 0]> [bn Z O]}?

so by guidelines 1 and 2,

Gn— L1, Y1y -5 Tn—15 Yn—
Kn('rbyl? s 7In7yn) = 1((11_; )(1 - yl) 1)' (7)

Returning to L,,, since a, — a,_1 > 0 in £,, we can do the substitution a, «— a, + a,_1,
resulting in
(‘Cn)an‘*an‘i’an—l =Gp1 U {[an > 1]7 [bn > 0]}7

so by guidelines 1, 2, and 3,

ann—l(xla Yty 3 Tpn—1yYn—1;Tp—1 < xn—lxn) (8)

Lo(T1, 91+, T, Yn) = (1= za)(1 = yn)

Combining (6),(7), and (8), we have

Gn—l(l‘l,yl, cee ,mn—lyyn—l) _ SCnGn—1($1,y1, ceey Tn—2, yn—z,mn—lxmyn—l)
(1= 2,)(1 — yn) (1 —=2,)(1 = yn)

Hn(xlayh .- -,meyn) =

Finally, substituting this expression for H, into (5) gives a recurrence for G,:

Ln

o Gn-1(21,91,- Tn—1,Yn—1) — 3772 Gro1(T1, Y15+ -+, Tn—2,Yn—2, Tn, Yn—1) 0
n x17y17"'7x’n7yn)_ (1—.rn/ﬂ:n_1)(1—xnyn) bl ( )
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with initial condition G (z1,y1) = 1/(1 — x1)/(1 — z1y1).

Let G%(q,5) = Gn(q,4,¢*, ¢%,...,5,q"). Then from the recursion (9),

\ G (g, = (s/4" NG (g, 8)
Golos) = T e U=y

It is straightforward to show by induction that G7 (g, s) satisfies

1

Gl ) = ST s @ D @ D

Substituting s = ¢" gives

1

Pn(q) = Gn(Qa q, QQ, q27 cee ,qn’ qn) = G;(Qv qn) = m’

the desired generating function for 2 x n plane partitions.

5. Anti-Lecture Hall Compositions

In [16], we considered the set of sequences A = (A1, ..., \,) satisfying the constraints
A, = ﬁ>ﬁ>...>ﬁ>0 )
1 = 2 = - n

We referred to these as anti-lecture hall compositions and showed that the generating function

1S
n

An(g) 2> M =T] 11%;;‘ (10)

AEAR i=1

Here we show how to apply the guidelines of Theorem 1 to get a recurrence for the full
generating function A, (x, z,...x,) and use it to give an “easy” proof of (10). The idea is
easily extended to the truncated anti-lecture hall compositions studied in [17]. We start with
B,,, a slight variation of A,.

Lemma 2 The full generating function for the integer sequences defined by the constraints

/\1 >‘2 )\n—l )\n
= —_ > =>...> > — > . 11
B 1 — 2 — “n—17"1 20 ( )
Anfl(l'l 7$n71)

satisfies By (x1,...,T,) =
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Proof. The following sequence of substitutions transforms B, into A,,_; U {[A\, > 0]}, as
illustrated in Figure 1: \; <— A\; +4)\,, ¢ =mn—1,...,1. Note that the constraint \;_; >
(1 — 1)\, is implied at each stage, so by guidelines 1,2, and 3, B,, is recovered from A, by

Ap_1(w1,..,Tn—1) .

performing the sequence of substitutions on e DXy — T, i=1,...,n— 1.
N > 1 oM > ]
Xy > 2 Xy > 2
)\n—3 Z Z—:gAn—Q _ )\n—?) Z Z—:gAn—2
An—2 2> Z—:?/\n—l An—z > Z%%An—l + (n - 2)/\n
)\nfl > (n - 1))\n )\nfl > 0
A >0 ] | A >0 i
o > %)\2 1 [N > %Az 1
Ae > 23 A2 > EA3 42\,
_ )\n—3 > Z—:gAn—Q + (’I’L - 3)/\n N o _ /\n—3 > Z—:g)\n—Q
)\n—2 Z Z:%)\n—l )\n—Q Z ::7:?)\71—1
A1 2 0 A1 > 0
An > 0 ] . W >0 |
_ _ i > 1 T
Moz Dot Moz gk
2
Ny > 2 A2 > A3
A > nf?))\ >\n—3 > Z:g)‘n—Q
N n—-3 Z p,°2\n—-2 N
_ )\nf > n—2 )\nf
)\n72 > Z—j)\nfl 2= -l !
, >
>\n—1 Z 0 An—l = 0
>
A >0 | v 0 |

Figure 1. Transformation of B,, into A,,_1 U {[\, > 0]} in proof of Lemma 2.

Proposition 1 The full generating function for anti-lecture hall compositions satisfies:

1 1
An(xl,...xn) = *An_l(SCl,...,In_Q,InfEn_l) (1 — . — 1 —,’1,‘1.1'%33ng>

with initial condition Ay(z1) = 1/(1 — x1).
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where \ \ \
1 2 n—1
L= A2 s >0, A\, >0l 12
¢ l1—2— 12" 0] (12
)\1 /\2 )\n—l )\n )\n—l
D, = —_>=>...> > 0; — . 1
[1—2— Z2p-12" n>n—1] (13)
Note that C, = A,,—1 U {[\, > 0]}, so by guideline 2, C,, has generating function
A, e T
Col@r ... 2,) = 1<f1 Tn-1) (14)

Since A, > \,_1 is implied by D,, in (13), by guideline 3, substituting A, < A, + A\,_1 in D,
gives

)\1 )\2 )\nfl )\nfl
E, = —>=>. .. > > 0; Ap > 15
1 = 2~ “n—17 n—1 (1)
and
Dn<w17 cee >wn) = En<Xn7 Tp—1 < (Enflxn)a
where X, represents the argument list 21, ..., x,. Using guideline 5 again, with ¢ = [\, >
’\":11], gives
where C,, is (12) and where B,, is (11). Putting this all together, we have
An(X,) = Cu(X,) — Dn(X,)
- Cn(Xn) - En<Xn; Tp—1 < xn—lxn)
- Cn(Xn) - Cn(Xn; Tp—1 < xnflmn) + Bn(Xru Tn—1 < -Tnflxn)
Substituting from (14) and Lemma 2 gives the result. O

In order to make use of the recurrence of Proposition 1 to prove the generating func-
tion (10) for anti-lecture hall compositions, let A,(q,s) = A,(¢,4,q,...,q,5). Then the
recurrence of Proposition 1 becomes

s(1— s”_lq(g))
(1—s)(1—s7q))

An—l (q7 Q)

— An-1(q,99) : (16)

with initial condition Ay(q, s) = 1. If we were to proceed as with two-rowed plane partitions,
we would (i) “guess” the form of A,(q, s), (ii) prove by induction that it satisfies (16), and
then (iii) show that setting s = ¢ gives (10). This would be the easiest proof and it would give
a refinement of the anti-lecture hall generating function, enumerating solutions according to
both the weight and the size of the last part:

> st = A,(q,99).

AES 4,
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Since we have not succeeded in guessing A,(q, s), we follow a different approach. Iterating
the recurrence of (16) gives:

S) = —1)¢ n—1-ilq, Si (;) .
An(q, s) io( 1)A (2,9)s'q il —od®)

Now, setting s = ¢ gives a recurrence independent of s:

n-l (%) — ("3
An(q,q) = Z<—1)1An—1—i(Q7Q> a 1

i=0 (@5 @)is1(1 — q(ngl))'

We show by induction that the solution to (18) is

An(q.q) =

Assume inductively that 4, 1 = (=¢)n-1-i/(¢*)n_1_s- Then we need to prove that

n+1

Balg) =4\ )Culg) _ (=q)u.
1— q(n;rl> (q2)n ’

with

Cala) = (1) et

=0 n-1-i(q)i+1

and

_ Vi i(i+1)/2 (=@)n—1-
Bu(g) =2 _(=1)'q Bl

We will prove that

Bonia(q) = (_g)ﬁ Cont1(q) = Z2ann

(D2 ¢ _ B
Ban(q) = @ (@ Can(q) =

Therefore, we need to prove the following identities for C), :

2n

Z(_1>z (q(_Q)Qn—i _ (_Q)Qn-‘rl‘ (19)

i=0 )on—i(q)ir1 (G%)2n+1

Z(_l)i(q(_Q)2n—l—i :(—Q)zn_ 1 ' (20)

p Don—1-i(q)i+1 (4%)2n (@*)2n
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A few g-series manipulations show that the two previous equations are equivalent to:

> v [ } — (1)

§=0 J

Recalling that

(1] ey

ily (9); ’

we see that the identity follows from the case a = —1,¢ — oo of ¢-Chu Vandermonde
summation (1.5.2 in [21]),

" (@), (g™ )y (c/a),
) R S P o w (22)

Now we need ,
YRRV S ) Y ) e
Zz;< 1) ! <q2)2n—i(Q)i+1 (q2)2n+1 ' (23)
S itz (CQwm--i (@) )
i=0( v @i @ir1 (@Pan | (@n (24)

The same g-series manipulations show that the two previous equations are equivalent to:

Sty | ] o3 = aygld) 25

=0 J

This follows in a similar way from the “other” ¢-Chu Vandermonde summation (1.5.3 in
[21)),

n

(a);(¢™);¢¢  a™(c/a)n
D P R Py (26)

Jj=0

under the substitutions a = —1,¢ = 0. O

6. Lecture Hall Partitions

In [13], Bousquet-Mélou and Eriksson studied the set of integer sequences A = (Ay,..., A\y)
satisfying the constraints

L, =

3| >
&
>
3
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They referred to these as lecture hall partitions and showed that the generating function is

n

L2 Y =Tl (27)

AESL, =1

In [2], Andrews showed how to use partition analysis to derive a recurrence for the full
generating function of £,,. However, substantial new ideas, outside of partition analysis,
were required to move from this to the solution (27).

In this section, we show that by strategic application of Theorem 1, we can derive a
recurrence for the full generating function of a generalization of £, that will reduce the
proof of (27) to a g-series calculation (albeit nontrivial). Our derivation here via the five
guidelines is both simpler and more elementary than the approach in [17] (at the expense of
a more challenging g-series calculation).

In [17], we defined truncated lecture hall partitions to be the integer sequences satisfying:

)\1 )\2 )\k
= —_ > > > .
Lo [n_n—l_ _n—k+1_0}
We showed that if
— /\1 )\2 /\k
n = —> > > — , 2
L ln_n—l_ _n—k+1>0] (28)

that is, all parts must be positive, the generating function is

v [ — R ),
L) =o(9) | | S (20)

It can be checked that setting k = n and dividing by q(n—;l) gives (27).

Proposition 2 The generating function for truncated lecture hall partitions (28) satisfies

T B kan,kfl(-fla . ,331@71) Ln,k71(l’1, vy T2, -Tk:flxk:)
n,k(ﬂﬁl,---,ﬂ?k) = -
1-— Tk 1-— T
 ZnkLnp1 (T, T2, TEo12)
1-— Zn,k '
with zn, = xiay b kL

Proof. Note that A\, > ), is implied by £, 1, so by guideline 4, £, , = L, s U{[Ae_1 > ]}
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Now apply guideline 5 with ¢ = [\, > =2 )1 to get L, ), =D — &:

n—k+1
A1 > A [ A = A T A>T
—1 -1 —1
A2 > =58 A2 > =53 R R
—k+4 o one L n—k44
) Az > PR N Mg > B Az > =R
L = —k+3 == — - —k+3
.k A2 > PEEEN Aeg > 2N A2 > PR
n—k+2 n—k+1
Ae—1 = TR M Ae > Skl
A—1 > g Ak—1 > X Ak—1 > A
A > 0 L A > 0 _ A > 0

(30)
The first system on the right, D, implies the constraint A\y_; > 0, so it can be added. Now
apply guideline 5 to D using ¢ = [A;_1 > ] to get:

[ A1 > A T [ A1 > A T [ A1 > A )
Aa > =g Ae > B A2 > =g
Moy > nokby Moy > nokby Moy > nokHy
D=1 > mian | T e > onbay Mo > mzhasy |- (1)
Ab—1 > g A 2> Ap—1
A1 > 0 A1 > 0 A1 > 0
B A > 0 _ L A > 0 _ B A > 0 _

The first system on the right of (31) is just L, x_; U {[Ax > 0]}. The second system on the

right becomes L, ;1 U {[\x > 0]} after the substitution Ay «<— Ay + Ar—1. So, by Theorem 1
and summarizing so far, we have

Lmk(xl, Ce

where E(zq,..

7xk)

Ln,kfl(l'ly .-

. 7951@71961@)

_ xkl_-/n,k‘fl(ld? Ce ,ilj'kfl)
(1 — .Z'k)

(1 — l‘k)

., %) is the generating function for the last constraint system, &, in (30).

—E(l’l,...

7xk)7

(32)

Apply A1 «— A1 + A to & followed by A\p «— Ap + (n — k + 1)\x_; as illustrated below
E—-E - F:

(33)
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- - > _n
Nz A > i 7 Moz
- > n=l
R L Ay > =P Az - n2’3
o o Aoz > Dokl
Ao—3 > :’;,ZEA;H Ap—z > Z_I,zig)\kfz F=3 = kg3 lhe2
—k43
n—k+3 — k43 — | M2 = TSN
Ae—2 = TS A1 Me—2 > =S (M- + Ak) n+(7—;2—k+3))\k71
—kt1
A > Z—k+2)‘k*1 A > (n—k—l—l))\k_l M > 0
A1 > Ak Ag—1 > 0 M1 > 0
A > 0 L A > 0 ]
By guideline 3,
/
E('Ilv 'axk) :E('Ila"'axk‘—laxk‘—lxk:);
—k+1
E,(xlv .. I'k) = F('rla sy Th—2, .Tk_ll'z * ,.Tk),
SO
—k+2,_n—k+1
E(zy,...,x5) = F(xy, ... xp_o, 2} 72l q2). (34)

Finally, starting from F, the last set of constraints in (33), perform the following sequence
of substitutions

Ai—=XN+n—i+1Dy; i=k—2,...1,
as illustrated below:
M > e i M > e ]
Ao > =l Ae > 2=IAg+ (n— 1) Ak
F o Mg > 2N o+ (n—k+ DN | ' Mg > BN
Apg > DR Apg > BN
e > 0 A > 0
| Ae—1 > 0 i | M—1 > 0 ]
[ A > gl ndeg | RS R P ]
Ay > =l e > =l
| s > RN, . Aeeg > PR - g (35)
Mg > BB, Apg > 2SN,
A > 0 A > 0
| Adk—1 > 0 i | A—1 > 0 i

The resulting system of constraints, G, in (35) can be viewed as £, 1, where A\;_; has been
replaced by Ay, together with the constraint [Ay_; > 0]. Thus,

g LT, T, W)

G(x1,...,x) = (1 —xp_1)

(36)
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By guideline 3, the generating function for F is obtained from G by the sequence of substi-
tutions .
Tpo1 — mpxl T i=1. k=2,

giving
F(xy,...,25) = G(xy,. .., &g, aah - -a:Z:I;JrSa:k_l, Tp). (37)
Returning to E in (34) and using (36) and (37),
E(xy,... ) = F(x1,..., 759, 1’2:?21’27“1, Tp_1T)
= G(x1,..., ¢ g, atalh ™ g h i 2kt 1)
x’fx’;*l - 'xszHLn,kq(xl, cee D9, Th_1T)
= n n—1 n—k+1 : (38)
1 —afwy™ oy

Combining (38) with (32) gives the result. O

Let Lnx(q,8) = Lox(q,q, ..., q,8). Setting 7, = s and z; = ¢ for i < k in Proposition 2
gives

_ C— — 1 Zn
Lnk(g;s) = :Ln,k—1<Q7Q> — Ly y-1(q, 59) (1 . + 1— Zk k) ) (39)

where z, ) = s"’k“q(n;l)_(ni?z). One would hope to prove (29) now by finding a closed
form for L, x(q, s), proving that it satisfies the recurrence (39) and then setting s = ¢ to get
(29). Since we were unable to guess Ly, x(q, s), we proceed as for anti-lecture hall compositions
to iterate the recurrence (39) and get

_Sn—k+jq(n—k+j>(j—2)+(”;1)—(nfgﬂ‘) -

- Y |
ank q’s = _]' i : n+1 n—k+2 .Lnak_A(q7q)’
D e i v TRy G J

Now setting s = ¢ we need only a single argument:

k(n—k+5)+(*3)

I3 — _1)-1 qj . l—¢ . )
Lni(q) = ;( 1) (@q); [ q(n;r1)_(n42c+1) Lnk-(q).

It remains to prove that this recurrence is satisfied by (29). We defer the details until a later
report; our main point was to show that strategic application of the guidelines reduce the
truncated lecture hall theorem to a g-series computation.

7. The Five Guidelines Suffice

Let C be the set of inequalities

Ci0 + Ci,l)\l + 01'72)\2 + ...+ Cz’,n)\n Z 0, 1 S 1 S T. (40)
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and let Se be the set of of nonnegative integer sequences satisfying all constraints in C.
In this section we show that the five guidelines of Theorem 1 are powerful enough to find
the generating function of Se for any integers ¢; ;. We will assume that all constraints are
homogeneous, i.e., that ¢;o = 0. Otherwise, introduce a new variable Ay and let C' be the
same as C, except that for every i, the ith constraint is now:

CioAo + Cit AL + Cigdo + ..+ CipA, > 0.
Then Fe(xy,...x,) is the coefficient of zq in Fer (2o, 21, . .. x,). We also generalize the claim

a bit to allow any of the constraints of C to be equalities.

Theorem 2 The five guidelines of Theorem 1 are sufficient to find the full generating func-
tion for any homogeneous system of linear inequalities and equalities.

Proof. Let C be a homogeneous system of linear inequalities and equalities with variables
A1, . ..y A, Since we require nonnegative integer solutions, we can assume that for each
variable );, C contains a constraint b; of the form [\; > 0] or [A\; = 0]. Call these constraints
b; basic. Write C in the form

C= [61762a"'7cr;b17627"'7bn]a

where ¢q, ¢, .. ., ¢, is an ordered list of the non-basic constraints in C. If r = 0, all constraints
are basic and the generating function follows from guidelines 1 and 2 (and Fjy,—q)(z;) = 1).

Otherwise, define:
M: the largest positive coefficient of ¢; (0, if none);
emaz: the number of occurrences of M among the coefficients of ¢y;
m: the smallest negative coefficient of ¢; (0, if none);
emin: the number of occurrences of m among the coefficients of ¢;.

When r > 0 we show that we can use the guidelines to reduce the computation of the
generating function of C to the computation of the generating function of one or more
systems C" in which at least one of the statistics {r, M, €4z, ||, €min} has been reduced.

If m = 0, all coefficients of ¢; are nonnegative, so ¢; is redundant and can be deleted.
Otherwise, if M = 0, all coefficients of ¢; are nonpositive and so we get an equivalient system
replacing A; by 0 in ¢4, ..., ¢, and setting b; = [A\; = 0]. In so doing we have decreased |m|
oI Cmin-

Otherwise, m < 0 and M > 0; we do a version of Flliott reduction [20]. Let ¢ and j be
such that m is the coefficient of A; in ¢; and M is the coefficient of A\;. We would like to
use guideline 3 and reduce to a system with smaller M or e,,4, or |m| or e,;,. First use
guideline 4 with ¢ = [\; > \j]:

Fe(Xn) = Feupaza) (Xn) + Feupysag (Xn).
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For the first term, Feup, > (X,), do the substitution \; «— A\;+\; into constraints ¢y, ¢a, . . ., ¢,
in C. This decreases the coefficient of A;, thereby decreasing M or €,,,. By guideline 3, the
substitution z; <« x;z; in the generating function of the resulting constraint system gives

FCU[)\Z'Z)\]'] (Xn) .

For the second term, Feup,>a,)(Xn), if b; = [A; = 0], there are no solutions and the
generating function is 0. Otherwise, b; = [A; > 0]. Substitute \; < \; + \; into constraints
€1,C2,...,¢ in C to get C'. This increases the coefficient of \;, thereby decreasing |m| or
€min. Substituting \; < A; + \; into [A; > \;] gives [A; > 0]. By guideline 3,

Feupg>a)(Xn) = Ferupy >0 (Xn; 25 < 2535).
However, we disallow strict inequalities. So, use guideline 5 with ¢ = [A\; > 0] and observe
that b; = [\; > 0] € C'. Let C” denote C" with b; < [A\; = 0]. Then
FC/U[)\]'>O] (Xn) - FC/<XTL) - FC/U[)\jSO}(XTJ = FC/ (Xn) - FC”(Xn)-
|

(Note that we have optimized the proof for simplicity at the expense of algorithmic efficiency.)

It follows from Theorem 2 and its proof that the full generating function of (40) can
be built up from the functions 1/(1 — z;) by a finite number of additions, subtractions,
and substitutions. We get then as a corollary the following well-known result: The full
generating function for the nonnegative integer solutions to any system of linear inequalities
in n variables with integer coefficients has the form

p(xlv s an)
(1—061)(1—@2)"‘(1—0575)7
where t > 0, p is a polynomial in x1,...,z, and each «; is a monomial in z, ..., x,.

8. Relationship to MacMahon’s Partition Analysis

We give a brief introduction to partition analysis in order to highlight the fact that the
guidelines of Theorem 1 underlie the work of MacMahon. Indeed, they were distilled from
partition analysis by a study of MacMahon’s work in [25] and its application by Andrews,
Paule and Riese in the series of papers [2, 3, 6, 4, 12, 7, 8,9, 5, 10, 11].

Consider the set of constraints C = {cy,...¢,} where
C; = [ai,1>\1 + -+ CLim)\n 2 0]

We seek the full generating function for the set Se of nonnegative integer sequences A =
(A1, ..., Ap) satisfying ¢;, 1 <@ <r:

A1 An
Fe(xy,...,x,) = E A AR
AESe



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 7(2) (2007), #A09 21

The method of partition analysis, developed by MacMahon in [25] is to view the problem as
follows. Let

n
P(zy,29,...,2y,C1,Co, ..., Cp H o - (41)
1_1. -C .7 J"'C sJ
j=1 J+1 T

Expanding P gives

. ai,j a2] Ay j Aj
P(zy,29,...,2Zp,C1,Coy .., Cp) = g ijcl cee (O )N

A, A >0 j=1

T

o A1 Ao An a; 1M1+ i nAn

= E <x1 xy? - Ilcz . (42)
i=1

My An>0

Observe that A € Se iff in the term corresponding to A in the sum (42) every ¢;, 1 < i < r, has

nonnegative exponent. Thus F¢(z1,...,x,) is recovered from P(x1,xo,..., Ty, C1,Co,. .., Cp)

by deleting all terms in which some ¢; has a negative exponent and then setting ¢; = ¢y =
- = ¢, = 1. MacMahon uses the Omega operator to express this process:

Fe(xy,...,x,) = §>2 P(xy,x9,...,Tp,C1,Coy ..., Cp).

The core of partition analysis is a system of Omega-rules designed to be applied strategically
to transform P(xy,za,...,%,,¢1,Co, ..., ¢p) step-by-step into Fe(zq, ..., x,). This view con-
verts the combinatorial problem into an algebraic one, opening the possibility, for example,
of a partial fraction decomposition of (41) to assist in the transformation from P to F. A
list of basic Omega-rules appears in [25](pp. 103-106) and [2].

This approach has proven both powerful and systematic in the computer solution of
systems of inequalities. However, for deriving recurrences for infinite families, we found that
a return to some of the basic underlying ideas simplified the process. We note the roots of
guidelines 3-5 of Theorem 1 in the work of MacMahon [25].

Our use of guideline 3 (which performs limited column operations on the constraint
matrix) is used to much the same effect as the following Omega-rule:

0 1 B 1
> (L—me)(1-2) (1)1 - aaf)

The utility of guideline 4 was recognized by MacMahon. He writes in [25], p. 103, “A
very useful principle is that of adding an inequality which is afortiori true.” It is also used
in a decomposition shown at the beginning of [25], Section 379, p. 131. Guideline 5 is one
of MacMahon’s Omega-rules, found in [25], Section 351, p. 104 (slightly transformed):

Q P(c)=P(1)— §>2 P(1/c).

>
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9. Concluding Remarks

The “five guidelines” of Theorem 1 provide a unified setting for computing the full gen-
erating function for many challenging families of constraints. However, even though they
are guaranteed to be sufficient to find the generating function for any homogeneous linear
system, we are not necessarily guaranteed to be able to use them to devise a recurrence for
a parametrized family of constraint sets.

In continuing work we consider the case when all constraints have the form \; > A;
or \; > Jj, forming a directed graph. We show how to get a recurrence by strategically
manipulating the diagrams. Many examples are presented, including two- and three-rowed
plane partitions, plane partitions with diagonals, plane partition diamonds, and hexagonal
plane partitions.

Finally, we note that in [32], Xin offers a speed-up to the Omega package for implementing
MacMahon’s partition analysis. Xin’s method uses the theory of iterated Laurent series and
partial fraction decompositions.

Acknowledgement. We are grateful to the referee for a careful reading of the manuscript
and detailed suggestions to improve the presentation.
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